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Abstract. In this paper, the structure of completely semisémgemigroups and the

structure of the Rees (completely) nilpotent radedension semigroups were fully

described by introducing the concepts of the Répstant radical of a semigroup and
(completely) semisimple semigroup, which differenfr the method of the nilpotent

extension in the article [1,2] and the concepthef tadical of a semigroup in the article
[3]-[7]. The properties of the Rees nilpotent radliovere discussed. These results
illustrate that the radical theory is an effectimeans of studying the structure of
semigroup.
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1. Introduction and preliminaries

It is well known that rings and algebras all havlpatent radical concepts. The famous
Wedderburn-Artin theory formed by proving a righttiA ring having nilpotent radical.
But so far , there is no nilpotent radical concaptsemigroups. The main reason is the
quotient semigroups are determined by congruences.

In [1,2], the nilpotent extension of semigrougpassociated with the radical concept
of semigroups which are determined by ideals. Rbgethe [3]-[6] have overcomed the
difficulties mentioned above by introducing sevenmadicals of semigroups and
investigated the structure of semigroups which hadecals.

This paper tries to use different method fratpatent extension method in [1, 2]
and different concept from radicals concept in[[3]-We from another point of view,
introduce the concept of (Rees) nilpotent radmfakemigroups, nilpotent extension
semigroups and (completely) semisimple semigroupttioly properties of the radical.
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Finally, the structure of the completely semisimgdenigroup and Rees nilpotent radical
(ideal) extension semigroup are given.

From this section, we always assume that semignoentioned below contains zero
element, unless otherwise stated. Some conceptseandts without being marked are
invoked from [1]-[7]. The following Lemma is clear.

Lemmal.l Let | be an ideal of semigroujs, then
(1) If s is nilpotent, then the subsemigroup & and Rees quotient semigroup

S/ are all nilpotent:
7o potent;

(2) If Rees quotient semigroup%o is nilpotent, then for everyx(dS, there exist
|

nON™, such thatx" 01 .
(3)If 1 and quotient semigroup is nilpotent, th% is nilpotent, thenS is also
|

nilpotent.

(4)

Lemma 1.2. Let S be a right (left) completely semigroup with nhoneédempotents,
then

(1) s has primitive idempotent elements.

(2) If 0zelE(S)is a primitive idempotent element d, then 00 f R, is a
primitive idempotent element.

Proof: We need only to prove the conclusion holds fortriggmpletely semigroup.

(1) Since s is a right completely semigroup and satisfies tha, condition, then its
non-empty right idealw ={eS| 0 #zeE(S)} has minimal element, denoted by
eS(eE(9)). If there existoz f OE(S), such thatf < e, where < " is the natural
order onE(S), i.e. fe=ef =f .Thenfsges. Since esis minimal, so we obtain that
fs=es, that is, fRe. According to e= fe,we have e=f , which implies thate is a
primitive idempotent element o§.

(2) Suppose thatoz f OR,, then fS=eS.If there exist a0O#hOE(S), such that
h<,e, which implies fh=hf=h, so hsO fs=es. Since eS is minimal, we have
hS=eS=fS, i.e.f is a primitive idempotent element & o

Lemma 1.3. Suppose thats is a right completely semigroup, then every rigiaal

K of s and every Rees quotient semigro% are right complete.
|

Proof: We need only to prove the conclusion holds fortrigeal K of s.
If K has aright ideal descending chain:
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K, 0K, OO K, 0,

then there exist two descending chainssof

K,K* O K,K* O K, K* 00 K,S' 0 K,S' O i K, S* O (L

Since s is right complete, then there exist, mON*, such that

K,K'=K, ,K'=K, S"=K,,,S" =

Take t=max{n, m}. Notice that K,K' O K, OK,S", thus K, =K, =0, i.e. K is right
complete.

Lemma 1.4. Let s be a right completely semigroup, then its nilpbtelement right
ideal is nilpotent.

Proof: Suppose that is a nilpotent element right ideal of, then

| 010000 1" OO0 is a descending chain o8.

By condition, we have that there existsON®, such that B=|"=|""=[I.
Hences? = B, we obtain thatb(0B,and bB #{0} . Let W ={bB #{0}] b0 B , then wis
a non-zero right ideal set of. So we know thatw has the minimal element, denoted by
hB#{0} . Hence we get that there existJB, such that{0} #hcBOhB from
h,B?=b,B #{0} . By the conditionpB is minimal, we know thatyB=pcB.That is, there
exist xOB, such thathc=bgex . Therefore forDkON*, we have

0 # by,c = byex = (M bex*.

But x is a nilpotent element, so there existIN*, such thatx*=0, then

0 # b,c = bycx = [ bex*=0.

This contradiction impliesB={0} , i.e. | is a right nilpotent ideal.

2. Definitions and basic results
For the sake of convenience, we first cite somessary and basic results which will be
needed in the sequel.

Definition 2.1. Let p be a Rees congruence on semigradBipwith zero elements, if
I is a nilpotent subsemigroup db, then we call p, a nilpotent (Rees) congruence of
S.

Clearly, {0} is an ordinary nilpotent ideal of semigroup which has zero elements.
Therefore py, =l is a minimum nilpotent Rees congruence 8n

Lemma 2.1. For semigroup withs zero elements, the following conclusions hold:
(1) Denote the least upper bound of the whole nilpoRees congruenge, (a Cw) by
Py 1-€.
Pri = Doeed £, 1(Dar Dw) p,take over all thenilpotent Rees congruence on S}, (2.1)
If o, beanilpotent Rees congruence 8f then p,, - set
N SFU,,{N,|N,takeover all the nilpotent ideals of S} (2.2)
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is existent, andN(S) is a nilpotent ideal ofS.
(2) Nilpotent Rees congruengg =p,, if and only if N is the maximum nilpotent ideal

of S.

Proof: (1) If p,, is a nilpotent Rees congruence & clearly,0,, — set can be denoted
by (2.1). By Definition 2.1, we know thaN(S) is a nilpotent ideal ofS.

(2) = We need only prove thaN(S) is the maximum nilpotent ideal o8. If it
is not, we can suppose that there is a nilpotezdlidh 0 N(S) of S, then the Rees
congruence
pyWhich regardsN as p-setof S, i.e.

£y 00,040, (Oa Ow) p,take over all the nilpotent Rees congruence on S}.

This is contrary to the least upper bound & ffet. Thereforll(S) is the maximum
nilpotent ideal of S.

O If N isthe maximum nilpotent ideal 0§, then N(S)=N from
NO{N,IN/ a0« isthe nilpotent Rees congruence p, — set},
thus p,=p,,; -

Lemma 2.2. Let N=0O,,,{N,|N takeover all the nilpotent ideals of S}, S be a
completely semigroup, thenN is the minimum nilpotent ideal. Thus
Py = UywPy, =Pu 1S the nilpotent Rees congruence &n
Proof: According to [2]Nis an ideal of S, let x(ON, then there existio Ow and
xON, . Therefore x is the nilpotent element o6. So we obtainN is the nilpotent
elements ideal ofS. Then N is the nilpotent ideal ofS. Clearly, N is the minimum
nilpotent ideal. Thus its corresponding nilpoteeeR congruencep, = 0,0, =0, IS
nilpotent Rees congruence dd.

By the lemma above, the concept of Rees nilpotatital different from [3] to [6] is
introduced.

Definition 2.2. For semigroupS with zero elements, if the least upper bound ef th
whole nilpotent Rees congruenge, (a Jw) by p,.(2.1) on S are the nilpotent Rees
congruence, then we calp,; the Rees nilpotent radical (congruence) and dadl t
nilpotent radical idealN(S) (2.2) nilpotent radical ideal. Sometimes we calleRe
nilpotent radical congruencep,; and nilpotent radical idealN(S) are both Rees
nilpotent radical of S. If Rees nilpotent radical congruengg,; = o, =15, then we call
Sa semisimple semigroup. If semisimple semigro8pis a completely semigroup, then
we call S a completely semisimple semigroup.

Clearly, the Rees nilpotent radical of nilpotentiggroup is itself. A (completely)
0- simple semigroup is a (completely) semisimple seooig.

Proposition 2.1. Let S be a semigroup with zero elements, then the fatigw
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conclusions hold:
(1) If Rees nilpotent radical congruenge,; is existent, then

(a)p,; is the minimum Rees nilpotent congruence;

(b) N(S) is the minimum nilpotent ideal ;

(© %mi is a semisimple semigroup.
(2) If S is a completely semigroup, then the Rees nilpatedical o, and N(S)of
S is existent, andN(S) contains all the nilpotent elements right (ledi@al.

(3) If N(S) is a completely semigroug; is a completely regular semigroup, then

prni

S is a completelyr- regular semigroup.

Proof: (1) (a) By Definition 2.2, we can easily know.
(b) By Lemma 2.2 and Definition 2.2 , we caet gN(S) is the minimum

nilpotent ideal .
. . S " . S . . .
(c) If the Rees nilpotent radltm(ﬁmi) {0} of /Omi , let its nilpotent index

be t, then by [2], we have there exist non-zero idéal of S, such that

N(%K)zN ON(S) N(s) where N NS =(0} .

Notice that for [n, O N(k =1,[), we have

nkprni g N(% ‘)' ( nanEDIEhI ) prni =n1prni Ij:thrni |:l:l]:lmtlorni =(_) ’

i.e. nn, I ON n N(S)={0} . Therefore N is the non-zero ideal o5 which is
contradict to the condition N(S) is the minimum nilpotent ideal
ThusN(% )={0}, N(% )={0} , that s, % ~ is a semisimple semigroup .

(2) According to Lemma 2.1 ,Lemma 2.2 and Defimit®.2 ,we can know easily.
Then Rees nilpotent radicgb,, and N(S) of S are existent . By Lemma 1.6 and

rni

Lemma 1.7, we can obtain thdd(S) contains all the nilpotent elements right (left)
ideal of S.

(3) By [2], the Rees congruenpe, satisfies the condition

S=N(S)OM,M D% , and it is a completely regular semigroup.Hf is the right

ideal of S, then we have
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HS=H(N(S)OM)=HN(S)OHM OH from Lemmal.l. Hence
HN(S)OH,HM OH , thus
HYZH n N(S),H" 2£H n M are the ideal ofN(S)and M ,with H=H"OH" . If
S has the descending chain:
H, OH, 00 H, OO0 (2.3)
According to Lemma 1.1 and the above analysis, etdhe right ideal descending chain
of N(S) and S:
H'OH) OO0 H)Y O0H, OHY OO HY O,
but N(S) and M are completely semigroups, so there exist natwralber k,tON*,
such thatH) =H}, =0H" =H Y, = 0L Take n=max{k, t}, then
H,= HnN 0 HnM = HHN+1 0 Hml =H,,, =1L

That is, the right ideal descending chain)(&t8ps in finite steps. Therefors is
right complete. Similarly,S is left complete. SinceN(S) is a nilpotent semigroup,
then for OXxON(S), there exsistnON®, such that x"=00Reg S), i.e.N(S) is
asr-regular semigroup. By the conditioM is a regular semigroup, witlts=N(S)O M ,
S0 S is asr-regular semigroup. To sum up, we have tiatis a completely 7-regular
semigroup.

3. The structure characteristics of completely semismple semigroup

Lemma 3.1. If the minimal O-ideal K of semigroup S satisfiek* #{0} , then K is

a 0-simple semigroup.

Proof: Let | be an ideal ofK . Since K®#{0} , then we hav&IK'O | .Thus
=04 K'aK*, 00za0l {0} 2K'aK' 01 .By K'aK'SOK'aK'OK ,we can get
that K'aK® is a non-zero ideal contained in theé of S. We obtain K'aK'=K from

the minimality of K . Hence

I= DOtaDI KlaKl: DOtaDI K=K '

then K is a 0-simple semigroup.

Lemma3.2. Let S be a completely semigroup, then the following cosidns hold:
(1) If the minimal O-ideal K of semigroup S satisfiesk? #{0} , then K is a
completely 0-simple semigroup.

(2) If the minimal O-ideal K of semigroup S satisfiesk®#{0} , then K has
primitive idempotent generators.

(3) If S is a semisimple semigroup, then its non z€radeal K satisfiesk? {0} ,
and K contains the the minima0-ideal of S

Proof: (1) If K?#{0}, then there existaOK, such that{0} #aS' 0K . By the
minimality of K we have aS'=K .We easily know = S'aS'#{0} is a non zero ideal of
S. In caseH is a non-zero ideal ofS contained in thel . TakeO# h=tasl]H . By
O#asS'JaS' and the minimality of aS'=K ,we have asS'=aS' . Hence
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S'asS'=S'aS'=l OH ,thus H =1 .

That is) is a minimal O-ideal of S. By lemma 3.2, is a regular semigroup.
Therefore, there exiseJE(R,), such tha¢S' = eS=aS'=K , i.e.K is generated by. If
there exist0# f OE(S)n K,such thatfe=ef = f , then{0} # fSSefSOeS=K . We
have fS=K=€eS from the minimality of K . Thus there existudS such that
e=fu,then f = fe=fu=e. That is , e is a primitive idempotent generator &f .
Similarly, we can prove it holds for the minim&l-left ideal of S.

(2) We prove the conclusion by reduction to absurdyK #{0} , K={0} we
have that K is a non-zero nilpotenD-right (left) ideal of S. By lemma 1.7,S has
non-zero nilpotent0- ideals which is opposite to the conditicB is a completely
semisimple semigroup.

(3) Combine the conclusion (1)and (2),we can e&sibyw.

Lemma3.2. Let S is a completely semigroup, then the the followdogclusions hold:
(1) If the minimal O-right (left) ideal K of semigroup S satisfiek? {0} , then K
has primitive idempotent generators.

(2) If S is a semisimple semigroup, then its non zdleright (left) ideal K
satisfied<* {0} .

(3) If S is a semisimple semigroup, then its non zero mahi®-right (left) ideal K
has primitive idempotent generators.

Proof: (1). If K?#{0}, then there exist K, such that{0} #aS' 0K .By the
minimality of K we have aS'=K .We easily know = S'aS' #{0} is a non zero ideal of
S.In case H is a non zero ideal ofS contained in thel .TakeO# h=tas(lH .By
0#asS' 0 aS'and the minimality ofaS'=K , we have

asS'=aS' = S'asS'=SaS'=l OH = H =1 .

That is, | is a minimal O-ideal of S.By lemma 3.2,1 is a regular semigroup.
Therefore there exise(JE(R,), such tha¢S' = eS=aS'=K , i.e. K generated bg. If
there existO# f DE(S)n K,such thaffe=ef = f , then {0} # fSefSOeS=K . We
have fS=K=eSfrom the minimality of K. Thus there existuS, such thate= fu,
thenf = fe= fu=e. That is, e is a primitive idempotent generator & . Similarly,
we can prove it holds for the minimd-left ideal of S.

(2) We prove the conclusion by reduction to absurddyK #{0} , K={0} , we
have thatK is a non-zero nilpoten©-right (left) ideal of S. By [2], S has non-zero
nilpotent O-ideals which is opposite to the condition th@t is a completely semisimple
semigroup.

(3) Combine the conclusion (1)and (2),we can e&sityw.

Note: The reverse side of Lemma 3.2(2) and lemma 3.3(hpt necessarily holding on
completely semigroup. That is, in the completelyiggoups, the ideal generated by
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primitive idempotent elements is not necessary mimal O-right ideal. We here give
the following example.

Example 1.1. Let S be a completely semigroupg be a primitive idempotent

generator, buteS = Sis not the minimal O-right ideal of S
S|0 e a

0[O0 O O
el0 e a
al0 0 O
Therefore, based on Lemma 3.2 and 3.3 w

necessary.

e knmsv following concept is

Definition 3.1. In the completely semigroufs,we call the idempotent generator of its
minimal O-right (left) ideal the right (left) completely pritive idempotent generator of
S. If e is not only the right completely primitive idempat generator but also the left
completely primitive idempotent generator, then gal e the completely primitive
idempotent generator. And denote the Set@BE(S). If CPE(S)=H S), then S is
called a completely primitive semigroup.

By Definition 3.1, we know th&PE(S) 0 PE(S) 0 E(S), then a completely
primitive semigroup is a primitive semigroup. Bupamitive regular semigroup is not
necessary to be a completely semigroup.

Lemma3.1. Let S be a completely semisimple semigroup with zermelgs, then the
following conclusions hold:

(1)CPE(S) O PE(S);

(2) Let {A},, be the different non-zero minimaD- ideal class of S, then
A=0,,A,is the0-direct union ideal ofS;

(3)S is theD-direct union of its finite number of minimaD-ideal Se§ e[1CPE(S)),

eICPE(S)
(4) Sis theO-direct union of its finite number of completeQ-simple semigroup, then
S is a completely primitive regular semigroup.
Proof: (1). We need only prove fare[] PE(S), it is clearly eS is a minimal O-right
ideal of S. If eS is not a minimal O-right ideal ofS, sinceSis a completely
semisimple semigroup, then
W ={H| H isthe non zero right ideal of SH OeS
is non-empty andw has the minimal element denotedHby Clearly,H is a minimal
O-right ideal contained ineS#{0} . ByLemma3.2, there exisl1CPE(S) such that
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H =hSOeS. which lead toh=eh=he, h<_ e. Since e is a primitive idempotent
element, soh=¢g, i.e. eSis a minimal O-right ideal of S.

(2). Clearly,Ais an ideal of S. Since S is a completely semisimple semigroup, By
Lemma 3.2, the non-zero minimé-ideal A( aOw)of SsatisfiesA > #{0} . Assume
there existr, 0w, a # B such tha#, n A, #{0} , thenA, n A;is a non-zer@-ideal
of S contained im, and A;. By the minimality ofp, , A,we haveA =A n A=A . It
is opposite to the assumption .Therefggen A;={0} . We can getA=0_ A is
a0-direct union ideal ofS from A [A, O A n A,={0};

(3). By Lemma 3.2, Definition 3.1 and conclusion),(2we have

thatK:dIPDE(S)S‘eS is the non-zero minimalO- ideal of S. By [2], quotient

semigroup%< OS\K {0} 2M , then SSMOK M n K={0} . If M #{0} , we can

proveM is a completely semisimple semigroup.By lemma WM5s a completely
semigroup. Let

#:S - =S, #0=x0,,

If Rees nilpotent radicaN (%K) ¢{6} of %K , suppose its nilpotent indextisby [2]

we have, there exist a non-zero iddalf S, such thatNOK = ((N(% D¢t #{0} is
K
a non-zero ideal &, whereN n K ={0} . For On,,n,,0Ch, ON ,

( nyn, M, ) ¢= ( nn, I ) o =n,, th o, [ oy ={6}’

i.e. nn,n ONn K={0} . ThusN is a non-zero nilpotent ideal o8, which is
opposite toN(S) ={0} .SoN(7 ):{6}, that is,Y is a completely semisimple
semigroup. FromS/ 6M we capﬁ getM is a comple'toé<ly semisimple semigroup. M

K
has non-zero minimaD-ideal A, then by Lemma 1.1 and 3.2, we have that thergt exi
f OE(S) n CPE(M), such thatA=MfM #{0} .If f is not the primitive idempotent
element of S, then according to the conclusion (1), we ha/é PE(S)=CPE(S), such
that ef = fe=e.Thus
{0} £ MeM = MefM O MM = MeM = MfM 0 SeSOK = M n K #{0} ,
it is impossible, sof OPE(S)=CPE(S) . But it lead to MfM OSSOK , so
M n K £{0} ,it is also impossible. These contradiction imdy{0} , i.e.S=K . Let
|, denote al-class representative element set OPE(S), |, OCPE(S), then
S:e:DU SeS. If |, contains infinite number of idempotent elements. Might suppose
|,={e,.e, g M, make w={S = O SeSkON"},then Wis the ideal set ofS.

ﬂ'J\{ﬂ}lf
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Clearly, W has no minimal element, th88s not a completely semigroup. Therefote
should be a finite set. So the conclusion (3) holds

(4). By the conclusion (3), paper [2] and Definiti8.1 we can get it easily.

By the conclusion above, we can prove the ¥ahg structure of the completely
semisimple semigroup.

Lemma 3.2. For a semigroupS with zero elements, the following conclusions are
equivalent.
(1) S is a semisimple semigroup;

(2) S is a0-direct unions of a completeltsimple semigroup ;

(3) S isa primitive regular semigroup .
Proof: According to Lemma 3.1 and paper [2], we need tmigrove (2)=> (1) .

Let S= eDFE(S)Ses is a0-direct unions of a completelssimple semigroup , we need

only to prove S has no non-zero nilpotent ideal . If N is a nomzglpotent ideal of S,
by the expression of0O- direct union of S, we know easily , there exsist

& #wdPE(S), suchthaN = E SeS. Let its nilptent index bet, then

N'= (0 SeS)' = 0 (SeS)' ={0} -

Sincé Delw) SeSis a0-simple semigroup, so
for OtON*,0# e (SeS) = (SeS)' # {0} .
That is, the formular above doesn’t hold. So has no non-zero nilpotent ideal.

4. The structure of the nilpotent ideal extention semigroup

In this section, the structure of the nilpotentaldextention semigroup is given using
the'nilpotent extention’ concept in basic theoryseimigroup’s ideal extention ( see [7],
but not [2]) .

Lemma 4.1. [2] Let C be a semigroup with zero elements ddde a nilpotent
semigroup with its nilpotent index be C n N ={0} . If @is a homomorphic mapping
of C to N, then

(1C"0(0) 8%

(2) If C is a regular semigroup, thér0) 8'=C, i.e. 8 is a zero homomorphic
mappingof C toN

Lemma 4.2. Let C be a semigroup with zero elements ahd be a nilpotent
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semigroup with its nilpotent index ba,Cn N ={0} . If & is a homomorphic
mappingof C to N, make S=NU0OC, define the operationo” determind by (a)

to (d)on S:

(@)0x,yOC ,xoy=xy isin C;

(b)OxOC,nON,xon=x8 is in N;

(c)OxOC ,nON,nox=nx8 isin N;

(d)On,mOM ,nom=nm is in N.

thenSform a semigroup. By [2],Sis called an extension semigroup from semigroup
C totheideal N.

Lemmad4.3.If C and N are all right (left) completely semigroup, then

(1) The extension semigroug is a right (left) completely semigroup;

(2) If 8 is a zero homomorphic mapping C to N in lemma 4.2, then the extension
semigroup Sis a 0—direct union semigroup, i.e.
S=CON,CnN={0},cCN=NC={0.

Proof: (1) The method to prove is same to property 2.1(8)can getS is a right (left)
completely semigroup.

(3) Since @ is a zero homomorphic mapping C toN ,then we have the conclusion
by the operation definite in lemma 4.2.

Theorem 4.1. Let S be an extension semigroup of the ided , with

S=CON % 0C, then the following statements are equivalent:
N

(1) S is an extension semigroup of completely regulamigeup C about the
completely Rees nilpotent radical N.
(2)S is an extension semigroup of completely semisingaenigroup C about the
completely Rees nilpotent radica .
(3)S is acompletelys- regular semigroup, withC=Reg(S)= . CeC E=KS);
(4)S is a O-direct union of completelyO-simple semigroupCf aUOw) and
completely nilpotent semigroup. Wit =0,,C,, SSCON,Cn N ={0} .
Proof: (1)<=>(2). By Proposition 2.1 and Lemma 3.2, we gandirectly.

(1)=>(3). Acoording toC is a regular semigroupN is nilpotent ideal ofS, by

Proposition 2.1(3) we have tha&g is a completelys- regular semigroup.

SinceE O N = JeJE,CeCOC ,then‘EE CeC OC. Conversely, fordadC, there

exist edJE, such thata=ea=eeallCeC . SoCDEECeC , C:EECeC,E:E(S) .

Furthermore, by SSCON,Cn N={0} , N is a nilpotent ideal ofS, we have
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C=RegS). i.e. the conclusion (3) holds
(3)=>(1). Since S is a completely 7 regular semigroup,

C =Reg (S):EECeC, N:%D{O} , S=CON, so N is the set of all non regular

elements inS. Since S is a 7= regular semigroup, thudN is the set of 7-regular
elements of all non-regular elements $ By NSO N,SNON, we have that for

OxON,CnON", such thatx" OC n N={0} = x=0. i.e.Nis a nilpotent elements

ideal.

According to the completeness &and Lemma 1.5, we have tha\l is the
completely nilpotent ideal ofS, so the conclusion (1) holds.

(1)=>(4). By lemma 3.2, completely regular semigroG@ is a O-direct union

semigroup of completely0-simple semigroug( a Ow), i.e.

C=0C,(a, 0w, a#pB)C,C,={0}.

alw

Notice that C is a regular semigroup aidlis a nilpotent semigroup and Lemma 4.1, the
homomaorphic mappinggd of Cto N can only be a zero homomorphic. By lemma

4.3, Sis a O-direct union semigroup ofand N,
i.e.S=CON, Cn N={0} , CN = NC ={0} . So the conclusion (4) holds.

(4)=>(1) We need only to provél is the Rees nilpotent ideal of the extension
semigroup S. By Lemma 2.2, we need only to prove is the maxmmnilpotent ideal of
S. From the 0-direct union compaosition

S=CON,CnN={0} ,CN=NC={0} ofS, by(a, 0w, a# ) C,C,={0} we

know thalCis a completely regular subsemigroup 8f Nis a completely nilpotent
ideal of S. If M is a completely ideal ofS, such thaN O M, then there exist

0#x0OM \N, then xOC. Butxis a regular element o, thus there exiseE(R),

such that0# x =ex=e[llléx , i.e. M can not be the nilpotent ideal d&. Therefore

N is the maximum nilpotent ideal 05. So the conclusion (1) holds.

REFERENCES

1. S.Bogdanovic and M.Ciric, Primitiver-regular semigroup$roc. Japan Acad., 68,
Ser. A.1992.

64



Rees Nilpotent Radical and Semisimple Semigroups

A.H.Clifford and G.B.Preston, Algebraic Theory oferSigroups, American
Mathematical Society, 1961.

Zhenlin Gao and Chengsu Xu, The expantion structirewrpp rees radical of
semigroup,Journal of University of Shanghai for Science and Technology, 34(6)
(2012) 604-608.

Zhenlin Gao and Tufang Song, The cwrpp radical eshigroup and semi -cwrpp
semigroup,Journal of University of Shanghai for Science and Technology, 34(5)
(2012) 499- 504.

Z.Gao and H.Li, Primary Semigroup with strofg—wrpp rees radicaljournal of
University of Shanghai for Science and Technology, 34(6) (2012) 613 -618.

Huan Li and Zhenlin Gao, CRCE- semigrodpurnal of University of Shanghai for
Science and Technology, 35(1) (2013) 97-102.

J.M.Howie, An Introduction to Semigroup Theory, Alemic Press, 1976.

T.Vasanthi and M.Amala, Some special classes ofirsgya and ordered semirings,
Annals of Pure and Applied Mathematics, 4(2) (2013) 145-159.

T.Vasanthi and N.Sulochana, On the additive andipfichtive structure of semirings,
Annals of Pure and Applied Mathematics, 3(1) (2013) 78-84.

65



