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Abstract. In this paper, the structure of completely semisimple semigroups and the 

structure of the Rees (completely) nilpotent radical extension semigroups were fully 

described by introducing the concepts of the Rees nilpotent radical of a semigroup and 

(completely) semisimple semigroup, which differs from the method of the nilpotent 

extension in the article [1,2] and the concept of the radical of a semigroup in the article 

[3]-[7]. The properties of the Rees nilpotent radical were discussed.  These results 

illustrate that the radical theory is an effective means of studying the structure of 

semigroup. 

Keywords: Nilpotent left (right) ideal; nilpotent congruence; (rees) nilpotent radical; 

completely semisimply semigroup; expansion P-congruence 

AMS Mathematics Subject Classification (20M10): 20M10 

1. Introduction and preliminaries 
It is well known that rings and algebras all have nilpotent radical concepts. The famous 

Wedderburn-Artin theory formed by proving a right Artin ring having nilpotent radical. 

But so far , there is no nilpotent radical concept on semigroups. The main reason is the 

quotient semigroups are determined by congruences. 

    In [1,2], the nilpotent extension of semigroups is associated with the radical concept 

of semigroups which are determined by ideals. Recently, the [3]-[6] have overcomed the 

difficulties mentioned above by introducing several radicals of semigroups and 

investigated the structure of semigroups which have radicals. 

    This paper tries to use different method from nilpotent extension method in [1, 2] 

and different concept from radicals concept in [3]-[7]. We from another point of view, 

introduce  the concept of (Rees) nilpotent radical of semigroups, nilpotent extension 

semigroups and (completely) semisimple semigroup to study properties of the radical. 
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Finally, the structure of the completely semisimple semigroup and Rees nilpotent radical 

(ideal) extension semigroup are given. 

From this section, we always assume that semigroup mentioned below contains zero 

element, unless otherwise stated. Some concepts and resurlts without being marked are 

invoked from [1]-[7]. The following Lemma is clear. 

 

Lemma 1.1. Let I  be an ideal of semigroup S , then 

(1) If S  is nilpotent, then the subsemigroup of S  and Rees quotient semigroup 

I

S
ρ are all nilpotent; 

(2) If Rees quotient semigroup 
I

S
ρ is nilpotent, then for every x S∈ , there exist 

n N +∈ , such that nx I∈ . 

(3) If I  and quotient semigroup is nilpotent, then 
I

S
ρ  is nilpotent, then S  is also 

nilpotent. 

(4)  
Lemma 1.2. Let S  be a right (left) completely semigroup with non-zero idempotents, 
then 
(1) S  has primitive idempotent elements. 
(2) If 0 ( )e E S≠ ∈ is a primitive idempotent element of S , then 0 ef R∀ ≠ ∈  is a 
primitive idempotent element. 
Proof:  We need only to prove the conclusion holds for right completely semigroup. 
(1) Since S  is a right completely semigroup and satisfies the minR condition, then its 
non-empty right ideal { | 0 ( )}W eS e E S= ∀ ≠ ∈  has minimal element, denoted by 

( ( ))S e E Se ∈ . If there exist 0 ( ),f E S≠ ∈  such that 
nf e≤ , where “ n≤ ” is the natural 

order on E(S), i.e. = =fe ef f .Then fS eS⊆ . Since eS is minimal, so we obtain that 

fS eS= , that is, fRe . According to e fe= ,we have =e f , which implies that e  is a 
primitive idempotent element of S . 
(2) Suppose that 0 ef R≠ ∈ , then fS eS= .If there exist a 0 ( ),h E S≠ ∈  such that 

nh e≤ , which implies = =fh hf h , so =ehS fS S⊆ . Since eS  is minimal, we have 
hS eS fS= = , i.e. f  is a primitive idempotent element of S .                    □ 
 

Lemma 1.3. Suppose that S  is a right completely semigroup, then every right ideal 

K of S  and every Rees quotient semigroup 
I

S
ρ are right complete. 

Proof:  We need only to prove the conclusion holds for right ideal K  of S . 
If K  has a right ideal descending chain: 
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1 2 nK K K⊇ ⊇ ⋅⋅⋅ ⊇ ⊇ ⋅⋅⋅, 
then there exist two descending chains of S  

1 1 1
1 2 nK K K K K K⊇ ⊇ ⋅⋅⋅ ⊇ ⊇ ⋅⋅⋅ ; 1 1 1

1 2 nK S K S K S⊇ ⊇ ⋅⋅⋅ ⊇ ⊇ ⋅⋅⋅ . 
Since S  is right complete, then there exist ,n m N +∈，  such that 

1 1 1 1
1 1,n n m mK K K K K S K S+ += = ⋅⋅⋅ = = ⋅⋅ ⋅ . 

Take { },  t max n m= . Notice that 1 1
t t tK K K K⊆ ⊆ S , thus 1t tK K += = ⋅⋅⋅ , i.e. K  is right 

complete.                                                     
 
Lemma 1.4. Let S  be a right completely semigroup, then its nilpotent element right 
ideal is nilpotent. 
Proof:  Suppose that I  is a nilpotent element right ideal of S , then 

2 nI I I⊇ ⊇ ⋅⋅⋅ ⊇ ⊇ ⋅⋅ ⋅  is a descending chain of S .  
By condition, we have that there exists ,n N +∈ such that 1n nB I I += = = ⋅⋅ ⋅ . 
Hence 2B B= , we obtain that , {0}b B and bB∈ ≠ . Let { {0}| }W bB b B= ≠ ∈ , then W is 
a non-zero right ideal set of S . So we know that W has the minimal element, denoted by 

0 {0}b B ≠ . Hence we get that there exist c B∈ , such that 0 0{0} b cB b B≠ ⊆  from 
2

0 0= {0}b B b B ≠ . By the condition 
0b B  is minimal, we know that 

0 0=b B b cB .That is, there 
exist x B∈ , such that 0 0b c b cx= . Therefore for k N +∀ ∈ , we have 

0 0 00 kb c b cx b cx≠ = = ⋅ ⋅ ⋅ = . 
But x  is a nilpotent element, so there exist k N +∈ , such that =0kx , then  

0 0 00 =0kb c b cx b cx≠ = = ⋅⋅ ⋅ = . 
This contradiction implies ={0}B , i.e. I  is a right nilpotent ideal.               
 

2. Definitions and basic results 
For the sake of convenience, we first cite some necessary and basic results which will be 

needed in the sequel. 

 

Definition 2.1. Let Iρ be a Rees congruence on semigroup S  with zero elements, if 
I is a nilpotent subsemigroup of S , then we call Iρ  a nilpotent (Rees) congruence of 
S . 
    Clearly, { }0 is an ordinary nilpotent ideal of semigroup S  which has zero elements. 
Therefore {0} =I Sρ  is a minimum nilpotent Rees congruence on S . 
 
Lemma 2.1. For semigroup with S  zero elements, the following conclusions hold: 
(1) Denote the least upper bound of the whole nilpotent Rees congruence ( )wαρ α ∈  by 

rniρ ,i.e. 
( )     {   }|rni take over all thenilpotent Rees congruence on Swα ω α αρ ρ α ρ∈= ∨ ∀ ∈  ,    (2.1) 

If rniρ  be a nilpotent Rees congruence of S , then rniρ − set 

     = {N | N }take over all the nilpotenN S t ideals of Sα ω α α∈∪       （ ）         (2.2) 
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is existent, and ( )N S  is a nilpotent ideal of S . 
(2) Nilpotent Rees congruence =N rniρ ρ if and only if N  is the maximum nilpotent ideal 

of S . 
Proof: (1) If rniρ  is a nilpotent Rees congruence on S , clearly, rniρ − set can be denoted 
by (2.1). By Definition 2.1, we know that ( )N S  is a nilpotent ideal of S . 

(2) ⇒We need only prove that ( )N S  is the maximum nilpotent ideal of S . If it 
is not, we can suppose that there is a nilpotent ideal ( )N N S⊃  of S , then the Rees 
congruence 

Nρ which regards N as ρ − set of S , i.e. 

( )    { |     }.N take over all the nilpotent Rees congruew nce on Sα ω α αρ ρ α ρ∈∈∨ ∀ ∈  
    This is contrary to the least upper bound of this set. Therefore ( )N S is the maximum 
nilpotent ideal of S . 
⇐  If N  is the maximum nilpotent ideal of S , then ( )=NN S  from  

   {N | N )          Re }N is the nilpotent es congruence setα α αα ω ρ∈ ∈ −（ , 
thus =N rniρ ρ . 
 
Lemma 2.2. Let = {N | N } take over all the nilpotentN ideals of Sα ω α α∈∪       , S  be a 
completely semigroup, then N  is the minimum nilpotent ideal. Thus 

=N N rniαα ωρ ρ ρ∈= ∨  is the nilpotent Rees congruence on S . 
Proof:  According to [2],N is an ideal of S , let x N∈ , then there exist α ω∈  and 
x Nα∈ . Therefore x  is the nilpotent element of S . So we obtain N  is the nilpotent 
elements ideal of S . Then N  is the nilpotent ideal of S . Clearly, N  is the minimum 
nilpotent ideal. Thus its corresponding nilpotent Rees congruence =N N rniαα ωρ ρ ρ∈= ∨  is 
nilpotent Rees congruence on S . 

By the lemma above, the concept of Rees nilpotent radical different from [3] to [6] is 

introduced. 

 

Definition 2.2. For semigroup S  with zero elements, if the least upper bound of the 
whole nilpotent Rees congruence ( )wαρ α ∈  by rniρ (2.1) on S  are the nilpotent Rees 
congruence, then we call rniρ  the Rees nilpotent radical (congruence) and call the 
nilpotent radical ideal ( )N S (2.2) nilpotent radical ideal. Sometimes we call Rees 
nilpotent radical congruence rniρ  and nilpotent radical ideal ( )N S are both Rees 
nilpotent radical of S . If Rees nilpotent radical congruence {0} =1rni Sρ ρ= , then we call 
S a semisimple semigroup. If semisimple semigroup S  is a completely semigroup, then 
we call S  a completely semisimple semigroup. 

Clearly, the Rees nilpotent radical of nilpotent semigroup is itself. A (completely) 

0- simple semigroup is a (completely) semisimple semigroup. 

 
Proposition 2.1. Let S  be a semigroup with zero elements, then the following 
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conclusions hold: 

(1) If Rees nilpotent radical congruence rniρ  is existent, then  

(a) rniρ is the minimum Rees nilpotent congruence; 

(b) ( )N S is the minimum nilpotent ideal ; 

(c) 
rni

S
ρ is a semisimple semigroup. 

(2) If S  is a completely semigroup, then the Rees nilpotent radical rniρ  and ( )N S of 
S  is existent, and ( )N S  contains all the nilpotent elements right (left) ideal. 

(3) If ( )N S  is a completely semigroup,
rni

S
ρ  is a completely regular semigroup, then 

S  is a completely -π  regular semigroup. 

Proof:  (1)  (a) By Definition 2.2, we can easily know. 
     (b) By Lemma 2.2 and Definition 2.2 , we can get ( )N S  is the minimum 

nilpotent ideal . 

     (c) If the Rees nilpotent radical( ) {0}
rni

SN ρ ≠
—

 of 
rni

S
ρ , let its nilpotent index 

be t , then by [2], we have there exist non-zero ideal N  of S , such that  

( )( )= ( )K

N N SSN N Sρ
∪ , where {0}N N∩ =（S) . 

Notice that for ( 1, )kn N k t∀ ∈ = ⋅⋅ ⋅ , we have 

_

1 2 1 2( 0k rni t rni rni rni t rni
rni

Sn N n n n n n nρ ρ ρ ρ ρρ∈ ⋅⋅⋅ = ⋅ ⋅ ⋅ ⋅ =) , （ ）  , 

 i.e. 1 2 ( ) {0}tn n n N N S⋅ ⋅ ⋅ ∈ ∩ = . Therefore N  is the non-zero ideal of S  which is 

contradict to the condition ( )N S  is the minimum nilpotent ideal . 

Thus ( )={0}
rni

SN ρ
—

, ( )={0}
rni

SN ρ
—

, that  is, rni

S
ρ  is a semisimple semigroup . 

(2) According to Lemma 2.1 ,Lemma 2.2 and Definition 2.2 ,we can know easily. 
Then Rees nilpotent radical rniρ  and ( )N S  of S  are existent . By Lemma 1.6 and 
Lemma 1.7, we can obtain that ( )N S  contains all the nilpotent elements right (left) 
ideal of S . 

(3) By [2], the Rees congruencerniρ  satisfies the condition  

( ) ,
rni

SS N S M M ρ= ∪ ≅ , and it is a completely regular semigroup. If H  is the right 

ideal of S , then we have  
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( ( ) ) ( )HS H N S M HN S HM H= ∪ = ∪ ⊆ from Lemma1.1. Hence  

( ) ,HN S H HM H⊆ ⊆ , thus  

( ),N MH H N S H H M∩ ∩≜ ≜  are the ideal of ( )N S and M ,with N MH H H= ∪ . If 
S  has the descending chain: 

1 2 nH H H⊇ ⊇ ⋅⋅⋅ ⊇ ⊇ ⋅⋅⋅                 (2.3) 
According to Lemma 1.1 and the above analysis, we get the right ideal descending chain 
of ( )N S  and S : 

1 2 1 2,N N N M M M
n nH H H H H H⊇ ⊇ ⋅⋅ ⋅ ⊇ ⊇ ⋅⋅ ⋅ ⊇ ⊇ ⋅⋅⋅ ⊇ ⊇ ⋅⋅ ⋅ , 

but ( )N S  and M are completely semigroups, so there exist natural number ,k t N +∈ , 
such that 1 1,N N M M

k k t tH H H H+ += = ⋅⋅ ⋅ = = ⋅⋅ ⋅ . Take { },  n max k t= , then  

1 1 1
N M N M

n n n n n nH H H H H H+ + += ∪ = ∪ = = ⋅⋅ ⋅ . 
     That is, the right ideal descending chain (2.3) stops in finite steps. Therefore S  is 
right complete. Similarly, S  is left complete. Since ( )N S  is a nilpotent semigroup, 
then for ( ),x N S∀ ∈ there exsist ,n N +∈  such that 0 Re ( )nx g S= ∈ , i.e. ( )N S is 
a -π regular semigroup. By the condition M is a regular semigroup, with ( )S N S M= ∪ , 
so S  is a -π regular semigroup. To sum up, we have that S  is a completely -π regular 
semigroup. 
 

3. The structure characteristics of completely semisimple semigroup 
Lemma 3.1. If the minimal 0- ideal K of semigroup S  satisfies 2 {0}K ≠ , then K  is 
a 0- simple semigroup. 
Proof:  Let I be an ideal of K . Since 2 {0}K ≠ , then we have 1 1K IK I⊆ .Thus 

1 1
0= a II K aK≠ ∈∪ , 1 10 ,{0}a I K aK I∀ ≠ ∈ ≠ ⊆ .By 1 1 1 1SK aK S K aK K⊆ ⊆ ,we can get 

that 1 1K aK  is a non-zero ideal contained in the K  of S . We obtain 1 1=K aK K  from 
the minimality of K . Hence   

1 1
0 0= = =a I a II K aK K K≠ ∈ ≠ ∈∪ ∪ , 

then K is a 0- simple semigroup. 
 
Lemma 3.2. Let S  be a completely semigroup, then the following conclusions hold: 
(1) If the minimal 0- ideal K of semigroup S  satisfies 2 {0}K ≠ , then K is a 
completely 0-simple semigroup. 
(2) If the minimal 0- ideal K of semigroup S  satisfies 2 {0}K ≠ , then K has 
primitive idempotent generators. 
(3) If S  is a semisimple semigroup, then its non zero 0-ideal K satisfies 2 {0}K ≠ , 
and K  contains the the minimal 0- ideal of S . 
Proof:  (1) If 2 {0}K ≠ , then there exist ,a K∈  such that 1{0} aS K≠ ⊆ . By the 
minimality ofK we have 1=aS K .We easily know 1 1 {0}I S aS= ≠  is a non zero ideal of 
S . In case H  is a non-zero ideal of S  contained in the I . Take0 =h tas H≠ ∈ . By 

1 10 asS aS≠ ⊆ and the minimality of 1=aS K ,we have 1 1=asS aS . Hence 
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1 1 1 1= =S asS S aS I H⊆ , thus H I= . 
    That is,I is a minimal 0-ideal of S . By lemma 3.2, I  is a regular semigroup. 
Therefore, there exist ( )ae E R∈ , such that 1 1= =eS eS aS K= , i.e.K is generated bye . If 
there exist 0 ( ) ,f E S K≠ ∈ ∩ such thatfe ef f= = , then{0} =fS efS eS K≠ ⊆ = . We 
have = =efS K S from the minimality of K . Thus there exist u S∈  such that 
e fu= ,then f fe fu e= = = . That is , e  is a primitive idempotent generator of K . 
Similarly, we can prove it holds for the minimal 0-left ideal of S .     

(2) We prove the conclusion by reduction to absurdity. By 2{0} ={0}K K≠ ，  we 
have that K  is a non-zero nilpotent 0- right (left) ideal of S . By lemma 1.7, S  has 
non-zero nilpotent 0- ideals which is opposite to the condition S  is a completely 
semisimple semigroup.                           

(3) Combine the conclusion (1)and (2),we can easily know.   
 
Lemma 3.2. Let S  is a completely semigroup, then the the following conclusions hold: 
(1) If the minimal 0- right (left) ideal K of semigroup S  satisfies 2 {0}K ≠ , then K  
has primitive idempotent generators. 
(2) If S  is a semisimple semigroup, then its non zero 0- right (left) ideal K  
satisfies

2 {0}K ≠ . 
(3) If S  is a semisimple semigroup, then its non zero minimal 0-right (left) ideal K  
has primitive idempotent generators. 
Proof:  (1). If 2 {0}K ≠ , then there exist a ,a K∈ such that 1{0} aS K≠ ⊆ .By the 
minimality ofK we have 1=aS K .We easily know 1 1 {0}I S aS= ≠  is a non zero ideal of 
S .In case H is a non zero ideal of S  contained in the I .Take0 =h tas H≠ ∈ .By 

1 10 asS aS≠ ⊆ and the minimality of 1=aS K , we have 
1 1 1 1 1 1= = =asS aS S asS S aS I H H I⇒ ⊆ ⇒ = . 

That is, I  is a minimal 0- ideal  of S .By lemma 3.2, I  is a regular semigroup. 
Therefore there exist ( )ae E R∈ , such that 1 1= =eS eS aS K= , i.e. K generated bye . If 
there exist 0 ( ) ,f E S K≠ ∈ ∩ such thatfe ef f= = , then {0} =fS efS eS K≠ ⊆ = . We 
have = =efS K S from the minimality of K . Thus there exist ,u S∈  such that e fu= , 
then f fe fu e= = = . That is, e  is a primitive idempotent generator of K . Similarly, 
we can prove it holds for the minimal 0-left ideal of S .     

(2) We prove the conclusion by reduction to absurdity. By 2{0} ={0}K K≠ ， , we 
have that K  is a non-zero nilpotent 0-right (left) ideal of S . By [2], S  has non-zero 
nilpotent 0-ideals which is opposite to the condition that S  is a completely semisimple 
semigroup.  

(3) Combine the conclusion (1)and (2),we can easily know.                                                 

 
Note: The reverse side of Lemma 3.2(2) and lemma 3.3(1) is not necessarily holding on 

completely semigroup. That is, in the completely semigroups, the ideal generated by 
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primitive idempotent elements is not necessary a minimal 0-right ideal. We here give 

the following example. 

 
Example 1.1. Let S  be a completely semigroup, e  be a primitive idempotent 

generator, but eS S= is not the minimal 0-right ideal of S  

                                    0S e a  
                                    0 0 0 0 
                                    0e e a   
                                    0 0 0a  
    Therefore, based on Lemma 3.2 and 3.3 we know the following concept is 

necessary. 

 
Definition 3.1. In the completely semigroup S ,we call the idempotent generator of its 
minimal 0-right (left) ideal the right (left) completely primitive idempotent generator of 
S . If e  is not only the right completely primitive idempotent generator but also the left 
completely primitive idempotent generator, then we call e  the completely primitive 
idempotent generator. And denote the Set by ( )CPE S . If ( )P SSC E E= （ ）, then S  is 
called a completely primitive semigroup. 
    By Definition 3.1, we know that ( ) ( ) ( )S PEC S SP EE ⊆ ⊆ , then a completely 
primitive semigroup is a primitive semigroup. But a primitive regular semigroup is not 
necessary to be a completely semigroup.  
 
Lemma 3.1. Let S  be a completely semisimple semigroup with zero elements, then the 
following conclusions hold: 
(1) ( ) ( )C SE PEP S⊆ ;  
(2) Let { }Aα α ω∈ be the different non-zero minimal 0- ideal class of S , then 
A Aα ω α∈= ∪ is the0- direct union ideal of S ; 

(3)S  is the0-direct union of its finite number of minimal 0-ideal ( ))SeS e CPE S∈（ , 

( )e CPE S
S SeS

∈
= ∪ ; 

(4)S is the0-direct union of its finite number of completely 0-simple semigroup, then 
S  is a completely primitive regular semigroup. 
Proof:  (1). We need only prove for ( )e PE S∀ ∈ , it is clearly eS  is a minimal 0-right 
ideal of S . If eS  is not a minimal 0- right ideal ofS , sinceS is a completely 
semisimple semigroup, then 

               { | , }H is the non zero righW t ideH Sal So Hf e= ⊂  
is non-empty and W has the minimal element denoted byH . Clearly,H is a minimal 
0-right ideal contained in {0}eS ≠ . ByLemma3.2, there exist ( )h CPE S∈ ，such that 
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H hS eS= ⊆ . which lead to = =h eh he , nh e≤ . Since e  is a primitive idempotent 
element, so h e= , i.e. eS is a minimal 0-right ideal of S . 

(2). Clearly,A is an ideal of S . Since S  is a completely semisimple semigroup, By 
Lemma 3.2, the non-zero minimal 0-ideal Aα α ω∈（ ）of S satisfies 2 {0}Aα ≠ . Assume 
there existα β ω α β∈ ≠， ， ，such that {0}A Aα β∩ ≠ , thenA Aα β∩ is a non-zero0-ideal 
of S  contained inAα  and Aβ . By the minimality ofA Aα β， we have = =A A A Aα α β β∩ . It 
is opposite to the assumption .Therefore ={0}A Aα β∩ . We can get A Aα ω α∈= ∪ is 
a0-direct union ideal of S  from ={0}A A A Aα β α β⋅ ⊆ ∩ ; 

(3). By Lemma 3.2, Definition 3.1 and conclusion (2), we have 

that
( )e CPE S

K SeS
∈

= ∪ is the non-zero minimal 0- ideal of S . By [2], quotient 

semigroup \ {0}S S K MK

φ
≅ ∪ ≜ , then =S M K∪ ， ={0}M K∩ . If {0}M ≠ , we can 

proveM is a completely semisimple semigroup.By lemma 1.5,M is a completely 

semigroup. Let 

: , ( ) K
K

S SS x xKϕ ϕ ρρ→ = = , 

If Rees nilpotent radical ( ) {0}
K

SN ρ ≠
—

of 
K

S
ρ , suppose its nilpotent index ist , by [2] 

we have, there exist a non-zero idealN of S , such that -1(( ( )) {0}
K

SN K N ϕρ∪ = ≠ is 

a non-zero ideal ofS , where {0}N K∩ = . For 1 2, , , tn n n N∀ ⋅⋅⋅ ∈ ,  

{ }1 2 1 2 1 2= 0t t K K K t Kn n n n n n n n nϕ ρ ρ ρ ρ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ = ⋅ ⋅ ⋅ ⋅ =（ ） （ ） , 

i.e. 1 2 {0}tn n n N K⋅ ⋅ ⋅ ∈ ∩ = . ThusN is a non-zero nilpotent ideal of S , which is 
opposite to ( ) {0}N S = .So ( )={0}

K

SN ρ
—

, that is,
K

S
ρ is a completely semisimple 

semigroup. From S MK

φ
≅ we can get M is a completely semisimple semigroup. If M  

has non-zero minimal 0-idealA , then by Lemma 1.1 and 3.2, we have that there exist 
( ) ( ),f E S CPE M∈ ∩ such that {0}A MfM= ≠ .If f is not the primitive idempotent 

element of S , then according to the conclusion (1), we have ( )=C ( ),e PE S PE S∈  such 
that ef fe e= = .Thus 
{0} {0}MeM MefM MfM MeM MfM SeS K M K≠ = ⊆ ⇒ = ⊆ ⊆ ⇒ ∩ ≠ , 
it is impossible, so ( )=C ( )f PE S PE S∈ . But it lead to MfM SfS K⊆ ⊆ , so 

{0}M K∩ ≠ ,it is also impossible. These contradiction imply={0}M , i.e. =S K . Let 

JI denote aJ -class representative element set of C ( )PE S , ( )JI CPE S⊆ , then 

Je I
S SeS

∈
= ∪ . If JI  contains infinite number of idempotent elements. We might suppose 

1 2={e ,e , ,e , }J kI ⋅ ⋅⋅ ⋅ ⋅⋅ , make 
1\{ }

{ ( )}
k

J i
k

e I e
W S SeS k N +

∈
= = ∪ ∈ , then W is the ideal set of S . 
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Clearly, W has no minimal element, thusS is not a completely semigroup. Therefore JI  
should be a finite set. So the conclusion (3) holds. 

(4). By the conclusion (3), paper [2] and Definition 3.1 we can get it easily. 

    By the conclusion above, we can prove the following structure of the completely 

semisimple semigroup. 

 

Lemma 3.2. For a semigroup S  with zero elements, the following conclusions are 

equivalent. 

(1) S  is a semisimple semigroup; 

(2) S  is a0-direct unions of a completely0-simple semigroup ； 

(3) S  is a primitive regular semigroup . 

Proof:  According to Lemma 3.1 and paper [2], we need only to prove (2)=> (1) . 

Let 
( )e PE S

S SeS
∈

= ∪  is a0-direct unions of a completely0-simple semigroup , we need 

only to prove S  has no non-zero nilpotent ideal . If N is a non-zero nilpotent ideal of S , 

by the expression of 0- direct union of S , we know easily , there exsist 

( )PE SωΦ ≠ ⊆ ， such that
e

N SeS
ω∈

= ∪ . Let its nilptent index be t , then  

( ) ( ) {0}t t t

e e
N SeS SeS

ω ω∈ ∈
= ∪ = ∪ = . 

Since e SeSω∀ ∈（ ） is a0-simple semigroup, so  
for ,0 ( ) ( ) {0}t tt N e SeS SeS+∀ ∈ ≠ ∈ ⇒ ≠ . 
That is, the formular above doesn’t hold. So S  has no non-zero nilpotent ideal.  
                                 

4. The structure of the nilpotent ideal extention semigroup 
In this section, the structure of the nilpotent ideal extention semigroup is given using 

the‘nilpotent extention’ concept in basic theory of semigroup’s ideal extention ( see [7], 

but not [2]) . 

 
Lemma 4.1. [2] Let C  be a semigroup with zero elements andN be a nilpotent 
semigroup with its nilpotent index ben , {0}C N∩ = . Ifθ is a homomorphic mapping 
of C  to N , then 
(1) -10nC θ⊆（ ） ; 
(2) If C  is a regular semigroup, then -10 Cθ =（ ） , i.e. θ  is a zero homomorphic 
mapping of C to N . 
 
Lemma 4.2. Let C  be a semigroup with zero elements and N  be a nilpotent 
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semigroup with its nilpotent index be n , {0}C N∩ = . If θ  is a homomorphic 
mapping of  C  to N ,  make S N C= ∪ , define the operation ‘� ’ determined by (a) 
to (d)on S : 
(a) *, ,x y C x y xy∀ ∈ =�  is in C ; 
(b) , ,x C n N x n x nθ∀ ∈ ∈ = ⋅�  is  in N ; 
(c) * , ,x C n N n x n xθ∀ ∈ ∈ = ⋅�  is in N ; 
(d) , ,n m M n m nm∀ ∈ =�  is  in N . 
thenS form a semigroup. By [2], S is called an extension semigroup from semigroup 
C  to the ideal N .  
 
Lemma 4.3. If C  and N are all right (left) completely semigroup, then 

(1) The extension semigroup S  is a right (left) completely semigroup; 
(2) If θ  is a zero homomorphic mapping of C to N in lemma 4.2, then the extension 
semigroup S is a 0− direct union semigroup, i.e. 

{ } { }, 0 , 0S C N C N CN NC= ∪ ∩ = = = . 
Proof: (1) The method to prove is same to property 2.1(3).We can get S  is a right (left) 

completely semigroup. 

(3) Since θ  is a zero homomorphic mapping of C to N ,then we have the conclusion 

by the operation definite in lemma 4.2. 

 
Theorem 4.1. Let S  be an extension semigroup of the ideal N , with 

=C
N

SS N Cρ∪ ≅， , then the following statements are equivalent: 

(1) S  is an extension semigroup of completely regular semigroup C about the 

completely Rees nilpotent radical N. 

(2) S  is an extension semigroup of completely semisimple semigroup C about the 

completely Rees nilpotent radical N . 

(3)S  is a completely -π  regular semigroup, with =Reg(S)= ,e EC CeC E E S∈∪ = ( ) ; 
(4) S  is a 0- direct union of completely 0- simple semigroup Cα α ω∈（ ） and 
completely nilpotent semigroup. With , {0}C C S C N C Nα ω α∈= ∪ ∪ ∩ =， = . 
Proof:  (1)<=>(2). By Proposition 2.1 and Lemma 3.2, we can get directly. 

(1)=>(3). Acoording to C  is a regular semigroup, N  is nilpotent ideal of S , by 

Proposition 2.1(3) we have that S  is a completely -π  regular semigroup.    

Since ,E N e E CeC C⊄ ⇒ ∀ ∈ ⊆ ,then
e E

CeC C
∈
∪ ⊆ . Conversely, for a C∀ ∈ , there 

exist e E∈ , such that a ea eea CeC= = ∈ . So
e E

C CeC
∈

⊆ ∪ , = ,
e E

C CeC E E S
∈
∪ = ( ) . 

Furthermore, by , {0}S C N C N∪ ∩ == , N is a nilpotent ideal of S , we have 
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=RegC S( ) . i.e. the conclusion (3) holds. 

 (3)=>(1). Since S  is a completely -π  regular semigroup, 

Re ( )
e E

C g S CeC
∈

= = ∪ , = {0}SN C ∪ , =S C N∪ , so N  is the set of all non regular 

elements in S . Since S  is a -π  regular semigroup, thus N  is the set of -π regular 
elements of all non-regular elements in S . By NS N⊆ , SN N⊆ , we have that for 

, ,x N n N +∀ ∈ ∃ ∈  such that ={0} =0n nx C N x∈ ∩ ⇒ . i.e.N is a nilpotent elements 

ideal. 

    According to the completeness of S and Lemma 1.5, we have that N is the 

completely nilpotent ideal of S , so the conclusion (1) holds. 

(1)=>(4). By lemma 3.2, completely regular semigroup C  is a 0-direct union 

semigroup of completely 0-simple semigroupCα α ω∈（ ）, i.e.  

C Cαα ω∈
= ∪ , ={0}C Cα βα β ω α β∈ ≠（ ， ， ） . 

Notice that C is a regular semigroup andN is a nilpotent semigroup and Lemma 4.1, the 
homomorphic mapping θ  of C to N  can only be a zero homomorphic. By lemma 

4.3, S is a 0-direct union semigroup of C and N ,  
i.e.S= ={0} {0}C N C N CN NC∪ ∩ = =， ， . So the conclusion (4) holds. 

     (4)=>(1) We need only to prove N is the Rees nilpotent ideal of the extension 

semigroup S . By Lemma 2.2, we need only to prove is the maximum nilpotent ideal of 

S . From the 0- direct union composition 

= ={0} {0}S C N C N CN NC∪ ∩ = =， ，  of S , by ={0}C Cα βα β ω α β∈ ≠（ ， ， ） we 

know thatC is a completely regular subsemigroup of S . N is a completely nilpotent 

ideal of S . If M  is a completely ideal of S , such thatN M⊂ , then there exist 

0 \x M N≠ ∈ , then x C∈ . Butx is a regular element of S , thus there exist ( ),xe E R∈  

such that 0 =x ex e ex≠ = ⋅⋅⋅ ，i.e. M can not be the nilpotent ideal of S . Therefore 

N is the maximum nilpotent ideal of S . So the conclusion (1) holds. 
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