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1. Introduction and preliminaries
The Green's star relations’”, .»”, ~", //, 7”on semigroupS are defined as
follows.

(ab)d " « (Ox,yOS') ax=ay « bx=by;
(a,b)d.»" = (Ox,yOS") xa=ya = xb=yb;
oP=00 ", =00 2", a " = J%@) =3"Db).
whereJ"(x)(x 0 S) represents the minimal “-ideal generated byx.

Definition 1.1. Assume thatP represents a kind property about semigroups, éf th
semigroupS hasP property, therS is called aP semigroup. A congruencep on the

semigroup S is called P congruence, ifS/p isa P semigroup.

We shall call a semigroup a rpp semigroup, if every ~ “-class ofS contains
idempotents oS and br anyalS,e0E(L,), then a=ae. A rppsemigroup S is
called adequate, if for a@] S, there exists a uniqu@” OE(L, ) suchthaa=a’a.
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The following basic conclusions are needed througtids paper.

Lemma 1.1. Let S be a semigroup, for am]S, el E(S) the following statements
are equivalent:

(1) a v"e(a.»"e);
(2) ae=a(ea=a), and for ang, t 1 S", as = at(sa = ta)implieses = et(se = te).

Lemma 1.2. (1)L andL"both are right congruences on semigr8gp
(2ROR”, LOL,DODHOH",JOJI”;

(3)R" |Reg ©)~ R,L” IReg sy L-

Lemma 1.3. (1) BandB has a semilattice decompositi®r U J,which rest with the
ally

semilattice , wherel, (Da 0Y)areJ -classes oB.
(2) Left regular bantlis a semilattice of left zero bands, wherel, arel -classes of| .

2. Transitive compatible pair congruences
From this section, we always assume that semigrBumentioned below contains zero

element, unless otherwise stated
Definition 2.1. Let H and K be two subsemigroups of semigroup,such that
S=H UK, p" andp" be two relations okl andK respectively. We define a relation on
S byp" andp” as follows:
Poy =P Up" ={(abOSxS|(ab)dp" or(ab)dp“}. (2.1)
If p" andp” satisfy the following conditions:
(ab)0p", (b,c)0p" = (a,c)d oy ; (2.2)
(OxOS)(a,b) 0 p" (resp, (a,b) T o)

{(xa, xb) 0 p" or (xa,xb)0 pX,
= (2.3)
or (OcOH n K)(xa,c)dp",(c,xb)00°;

(ax,bx) 0 p" or (ax,bx)0 p* ,

or (DcOH n K)(ax,c)dp", (c,bx)0 p" (2.4)

then,(H,K)is called aransitive compatible pair of 0, -
Theorem 2.1. Let(H,K)be a transitive compatible pair of, ., defined as Definition
2.1. Then the following conclusions hold :

. . . . . H K ;
(1) A xyis an equivalent relation ors if and only if p"andp" are equivalent
relations on H and K respectively. And we also have
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P = Py O P =Py ks (2.5)
(2) b x) 1s @ congruence ors if and only if " andp“ are congruences o and

K respectively.
Proof: (1)=. Assume that the relatiop,, ., is an equivalent relation oip, for

any allH , (a,a)0p, «, implies (a, a)dp" , thus the relation po" is reflexive.
Let(a,b)dp", by formula (2.1) we hav@,b) U g, ), thus(b,a)0g, ,, namely

(b,a)0p" by (b,a)0H xH and formula (2.1), this shows that the relatigh' is
symmetric. Similarly, we have

(a,b),(b,c)0p" = @b),0.c)Upy = @) Py k)= @c)p".
So we conclude thajp™is an equivalent relation omd . Also, using the same
argument as above, we obtain thaf is an equivalent relation d4.
O . Let p",p" be equivalentelations onH and K respectively, for angJS,

then adH oradK . Hence & a J1p" or (a,a)dp" , this implies (a, U oy« by
formula (2.1), thus the relatiop, ., is reflexive Let(a,b)Up, ,, then (a,b)0
p"or(a,b)dp" by formula (2.1). Hence, we can infer thai & [1Q" or (b,a)d 0",
this fact show¢b,a)0 g, «,-Namely,p,, «,is symmetric. Next, we shall illustrate that
Pk, Istransitive. Leta,b),(b,c)d g, «,, according to formula (2.1), there exist four
cases as follows:
(i) (a,b),(b,c)0p" ; (ii)(a,b), (b,c) 0 0° ;
(iii) (a,b)T o™, (b,c)0 P ; (iv)(a,b)0 0%, (b,c)0p" .
For case (i) (resp, case(ii)),we kn@ayc)p" (resp(a,c)dp"), it allows tha(a,c)
004« - Now we considers the last two cases. S{hte&)is a transitive compatible
pair of9, «,, by formula (2.2) we hav@,c)U g, «, by formula(2.1). Summing up the
above cases, we know that the relagpn,,is transitive. Consequently, the relation
P ky Is an equivalent relation d@. Finally, we shall prove formula (2.5). Clearly,
P O By b P 0 P I -

We assume thgt* 0oy, | . then we will illustrate p" =g, |y - Since

P x Ik = U (B ) l(HﬂK) ), thus according to Definition 2.1 we have that
Py = B sy n U (O iy bk ) O 1y b Jp* 0p" U p" =P

So, we can include that' = o, «, » ando™ O oy ) k) -
(A0 . pukis an equivalent relation &. Let(a,b)Upy ,, then (a,b)0l oM or
(a,b)0 0" . Now we consider the situatiomb) p" . For anyxJS.If xOH , since

121



Pei YangZhenlin Gao, Hai-zhen LiandJing Zhang

(a,b)0p" and p"is a congruence dn , thus we have(xa,xb) 0", (ax,bx)0p" .
If xOK, by formula (2.3) given in Definition 2.1, we have
(xa,xb) 0 p" or (xa,xb)0 " ,or JcOH n K)Xxac)dp" ,€ xo ) p".

Hence, we obtain(xa, Xb) 1 0, , - Similarly, we havéax,bx) 0 o, y, -

For the situatiolia,b) 0 ", similarly, we also havéxa, xb), (ax,bx) ] Pk
Thus o, «, is acongruence d.
=. Let(a,b)d 0", then(a,b) 0 o, «,- ForhOOH , sinceH is a subsemigroup &, thus
(ha,hb), (ah,bh)0H xH .By the given condition,p(H’K) is a congruence dh, we
immediately have(ha, hb),(ah,bh)Dp(H]K) , therefore Ia hb ),gh bh [1p" by

formula(2.1) and(ha, hb), (ah,bh)OH x H . This shows thatp" is a congruence ds .
In a similar way, we also can obtain that is a congruence df .

Definition 2.2. If the relation p,, ., =p" Up" defined by formula (2.1) is a
congruence on semigrotpthenwe call g, ,a transitive compatible pair congruence
on S.For thetransitive compatible pair congruence o, , = p" U ons, if at least one
of H andK is a proper subsemigroup $aindp" #1,0rp“ #1 ,then we calp, x,a

proper transitive compatible pair congruence on S,and (H,K) a proper transitive
compatible pair of 0, ,.Otherwise, we cajp, , trivial.

Obviously, by Definition 2.2, the Rees congruepe¢H x H) 15 determined by a
proper ideal is the proper transitive compatible pangruencg,, s;on S and (H,S)

is a proper transitive compatible pairafin order to study a nontrivial congruenze

we need to obtain some proper transitive compaphie congruence representation of
p . So, we need to prove the following theorem.

Theorem 2.2. For any nontrivial congruengeon semigroupS can be expressed as a
proper transitive compatible pair congruepge,,onsS.
Proof: Let 1, # p[0SxS.Now, we shall prove thatpocan be expressed as a proper

transitive compatible pair congruengg, ,onS.

Denote the zero element &/ 0 byO0, let
0,={al0S|ad0}, K={xOS|0# x0S/p} 0},
K, ={ xOK| x is not a zero divisorof S/p}, H=0,U(K\K,).
If K,#0, then for ank, yOK,,xy=xy# 0, thus 0# xy[K,. This fact shows that
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Kois a proper subsemigroup $fithout zero divisors. Since for aayl0,,x0S,

0=alk=ax, therefore we haveaxJ0,. Similarly, we obtaixaJ0,. Hence we can
deduce thatO, is a proper ideal ofS. Next, we shall prove thaH is a subsemigroup

of S.For anya,b0H , we distinguish two cases as follows.
Casel Atleast one of elementa and b belongto0,;

Case2. Elementsa and bboth areirK \K,, i.e. a,b0K\K,.
For the former, sinc@zp is an ideal o5, thenabO 0 UH . For the latter, led,b0K

\K, ,if ba=0(orab=0), thenba (orab)OK \K,. Ifbaz 0,ab# 0, sinceaz 0 is a
zero divisor inS/p, then there existsK \K,such thatax=ax=0 (orxa=0).

Therefore bax =bax=0(orxab=xab=0), and consequentlyoa# 0 (orab# 0) is
a zero divisor inS/p. We immediately haveba (orab)OJK \K,. Hence, we obtain
thatH is a subsemigroup &. In particular, leK, =0, then K=K \K, is a proper

subsemigroup ofS.
Now we distinguish the following two situations.
() If K,=0,then H= QUK =S. Since 0, is a proper ideal ofS, it is obvious that

Po, k) =(p |Op)U(p|K) is a proper transitive compatible pair congruenne ® and
pv

p= p(Op,K).
(i) If K,20, we shall prove thap(H'KO) =(plk)U(pk,) is a proper transitive
compatible pair congruence o8. Clearly,p |, and ,0|KO are congruences o and
K, respectively. Sincel N K, =0, thus formula (2.2paturally holds.

Let(a,b)0p|,, for anyxOS, thenxOH orxOK,. If xOH , we havéxa, xb), (ax,

bx)Oply . If xOK,, sincga,b)dp|, , then(a,b) O p, and therefore(xa, xb) 0 o,
(ax,bx)d p . For the casgxa, xb) 0 o, we will illustrate that either(xa, xo)OH xH or
(xa, xb) OK, xK,. If xaOlK,, let?: S - S/ p, x2 = xp be the natural homomorphism.
We havedO((xa) 0)d ™ O K,by(xa) o = (xb) o, hencexb 0K, . If xalH , we also can
getxb[OH using the same means as above. Thus, we deduesttieatxa, xb) OH x H
or(xa,xb) DK, xK,. Sincgxa,xb) 0 p, then either (xa, xb) O p |, or (xa, xb)Op |KO

by(xa,xb) O H x H or(xa, xb) K, x K,. Consider the other casgx,bx) o, xS ,we
also obtain that eithefax, bx)d p |, or (ax,bx)0p |KO using the similar arguments.
Similarly, for the situatiorfa,b)O o |KO ,xOS, we also conclude that formulas

(2.3),(2.4) hold. Summing up the discussion abewe immediately know that formulas
(2.3) and (2.4) hold. Thus(H,K,) is a proper transitive compatible pairamf
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Finally, we will prove,ozp(H’Ko).Suppose thgn,b)O p, if (a,b)Opl, . since

HNK,=0, then (a,b)dJHxH and consequentlya,b)Op|, . If (ab)Opl|, ,
similarly we can get(a, b)Dp|KO. This fact implieso [ PH Kg)* On the contrary, let

(a,b)D,o(H,KO), then either (a,b)Opl, or (ab)Opl , namely (&b)Up. To

sum up, we know):p(H Ky) "

By Theorem 2.2, we know that transitive compatitdér congruence on semigroup

S is a kind of universal representation method fiftito any congruence .
Concretely speaking, let andK be subsemigroups of semigrosp for a congruence
ponS, solongas(H,K) is a transitive compatible pair op, then p can be

represented ap=p, , = (0 |y )U (0 k)
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