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1. Introduction 

Let A denote the class of functions of the form:  

 ,zazf(z)
2n

n
n∑

∞

=

+=          (1.1) 

which are analytic in the open unit disk. 
U := {z : z ∈ C and |z| < 1}. 

Also let S*(α) and C (α) denote the familiar subclasses of A consisting of functions which 
are starlike and convex of order α (0 ≤ α < 1) in U, respectively. 

Let  )(αS(k)
SC denote the class of functions in A satisfying the following inequality: 

 ),(zα.
(z)f
(z)fz

2k

UR ∈>






 ′
        (1.2) 

where 0 ≤ α < 1, k ≥ 2 is a fixed positive integer and f2k(z) is defined by the following 
equality: 
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 And a function f(z) ∈ A is in the class )(α(k)
SCC  if and only if zf ′(z) ∈ )(αS(k)

SC .  

The class )0(S(k)
SC  of functions starlike with respect to 2k-symmetric conjugate points was  

introduced and investigated by Al-Amiri et al. [1]. 
Let T be the subclass of A consisting of all functions which are of the form: 

0).(azazf(z) n
2n

n
n ≥−= ∑

∞

=

 

We denote by S*, K, C and C * the familiar subclass of A consisting of functions 
which are, respectively, starlike, convex, close-to-convex and quasi-convex in U.  Thus, 
by definition, we have (see, for details [4, 6, 7, 8]). 

,)(z0,
f(z)

(z)fz
andf:f*
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 ′

∈= URAS  

and,)(z0,
(z)f

(z)fz
1andf:f
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′
′′

+∈= URAK  

.)(z0,
g(z)

(z)fz
such that:gf:f









∈>






 ′

∈∃∈= UR
*
SA,C  

 
Definition 1.1. Let T (ρ, λ, α) be the subclass of T consisting of functions f(z) which 
satisfy the inequality: 

 )(zα

λ)(1
(z)fzρρ)f(z)(1

(z)fzρ(z)fz
λ

(z)fzρρ)f(z)(1

(z)fzρ(z)fz

2

2

UR ∈>





















−+








′+−
′′+′

′+−
′′+′

       (1.4) 

for some α (0 ≤ α < 1), λ (0 ≤ λ < 1) and ρ (0 ≤ ρ ≤ 1).  If ρ = 0, a function f(z) ∈ A is in 
the class C (λ, α).  This class was first introduced and investigated by Altintas and Owa 
[2], then was studied by Aouf et al. [3]. 

We now introduce the following subclass of A with respect to 2k-symmetric 
conjugate points and obtain some interesting results. 

A function f(z) ∈ A is in the class α)λ,,(ρ(k)
SCP  if it satisfies the following 

inequality: 

       ),(zα

λ)(1
(z)fzρ(z)ρ)f(1

(z)fzρ(z)fz
λ

(z)fzρ(z)ρ)f(1

(z)fzρ(z)fz

2k2k

2
2k2k

2

UR ∈>





















−+








′+−
′′+′

′+−
′′+′

                    (1.5) 

where 0 ≤ α < 1, 0 ≤ λ < 1, 0 ≤ ρ ≤ 1 and f2k(z) is defined the equality (1.3).  If ρ = 0, a 

function f(z) ∈ A is in the class α),((k)
SC λP  which was studied by Luo and Wang [5]. 

For λ = 0 in α)λ,,(ρ(k)
SCP  we get α),(ρS(k)

SC  [10]. 
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Lemma 1.1. Let γ ≥ 0 and f ∈ C, then 

.dtf(t)t
z

γ1
F(z)

z

0

1γ
γ

C∈+= ∫
−  

This lemma is a special case of Theorem 4 in [9]. 
 
Lemma 1.2. [6] Let 0 < ρ ≤ 1 and f ∈ C *, then 

.dtf(t)tz
ρ

1
F(z) *

z

0

21
ρ
1

ρ
1

CC ⊂∈= ∫
−−

 

 
Lemma 1.3. Let 0 ≤ ρ ≤ 1 and 0 ≤ α < 1, then we have α),(ρ(k)

SC
P  ⊂ C ⊂ S. 

Proof: Let F(z) = (1 − ρ)f(z) + ρ z f ′(z), F2k(z) = (1 − ρ)f2k(z) + ρ z f ′2k(z) with  
f(z) ∈ α),(ρ(k)

SC
P , substituting z by εµ z (µ = 0, 1, 2, ..., k−1) in (1.5), we get 

 α,

λ)(1
z)(εfz)ρ(εz)(ερ)f(1

z)(εfz)ρ(εz)(εfzε
λ

z)(εfz)ρ(εz)(ερ)f(1

z)(εfz)ρ(εz)(εfzε

µ

2k
µµ

2k

µ2µµµ

µ

2k
µµ

2k

µ2µµµ

>





















−+








′+−
′′+′

′+−
′′+′

R       (1.6) 

 
From inequality (1.6) we have 

        
α,

λ)(1
)z(εf)zερ()z(εfρ)(1

)z(εf)zερ()z(εfzε
λ

)z(εf)zερ()z(εfρ)(1

)z(εf)zερ()z(εfzε

µ

2k
µµ

2k

µ2µµµ

µ

2k
µµ

2k

µ2µµµ

>

























−+














′+−

′′+′

′+−

′′+′

R

                   (1.7) 

 

Note that f2k(εµ z) = εµ f2k(z), (z)fz)(εf 2k
µ

2k ′=′ , (z)fε)z(εf 2k
µµ

2k
−=  and 

(z)f)z(εf 2k
µ

2k ′=′ , thus, inequalities (1.6) and (1.7) can be written as 

 α,

λ)(1
(z)fzρ(z)ρ)f(1
z)(εfεzρz)(εfz

λ

(z)fzρ(z)ρ)f(1
z)(εfεzρz)(εfz

2k2k

µµ2µ

2k2k

µµ2µ

>





















−+








′+−
′′+′

′+−
′′+′

R        (1.8) 

and 
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 α

λ)(1
(z)fzρ(z)ρ)f(1

)z(εfεzρ)z(εfz
λ

(z)fzρ(z)ρ)f(1

)z(εfεzρ)z(εfz

2k2k

µµ2µ

2k2k

µµ2µ
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′+−
′′+′

′+−
′′+′

−

−

R        (1.9) 

Summing inequalities (1.8) and (1.9), we can obtain 

 

[ ] [ ]
[ ] [ ] α.2

λ)(1
(z)fzρ(z)ρ)f(1

)z(εfεz)(εfεzρ)z(εfz)(εfz
λ

(z)fzρ(z)ρ)f(1

)z(εfεz)(εfεzρ)z(εfz)(εfz

2k2k

µµµµ2µµ

2k2k

µµµµ2µµ
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′+−
′′+′′+′+′

′+−
′′+′′+′+′

−

−

R      (1.10) 

Let µ = 0, 1, 2, ..., k−1 in (1.10), respectively, and summing them we can get 

[ ] [ ]

[ ] [ ] α,

λ)(1
(z)fzρ(z)ρ)f(1

)z(εfεz)(εfε
2k

1
zρ)z(εfz)(εf

2k

1
z

λ

(z)fzρ(z)ρ)f(1

)z(εfεz)(εfε
2k

1
zρ)z(εfz)(εf

2k

1
z

2k2k

1k

0µ

µµµµ21k

0µ

µµ

2k2k

1k

0µ

µµµµ21k

0µ

µµ
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′+−

′′+′′+′+′
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′′+′′+′+′
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=
−−

=

−

=
−−

=

R

 
or equivalently, 

α,

λ)(1
(z)F

(z)Fz
λ

(z)F

(z)Fz

λ)(1
(z)fzρ(z)ρ)f(1

(z)fzρ(z)fz
λ

(z)fzρ(z)ρ)f(1

(z)fzρ(z)fz

2k

2k

2k

2k

2k2k

2k
2

2k

2k2k

2k
2

2k

>





















−+






 ′

′
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−+








′+−
′′+′

′+−
′′+′

RR  

that is for λ=0 F2k(z) ∈ S*(α), which is the class of starlike functions of order α in U.  
Note that S*(0) = S*, this implies that F(z) = (1 − ρ) f(z) + ρ z f ′(z) ∈ C.  We now split it 
into two cases to prove 
 
Case (i) When ρ = 0, λ=0, it is obvious that f(z) = F(z) ∈ C . 
 
Case (ii) When λ=0 and 0 < ρ ≤ 1.  From F(z) = (1 − ρ) f(z) + ρz f ′(z) and 0 < ρ ≤ 1, we 
have 

.dtF(t)tz
ρ

1
f(z)

z

0

21
ρ
1

ρ
1

∫
−−=  
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Since 01
1 ≥−=
ρ

γ , by Lemma 1.1, we obtain that f(z) ∈ C ⊂ S.  Hence  

α),(ρ(k)

SC
P  ⊂ C  ⊂ S, and the proof is complete.                □ 

 
2. Integral representations 
We first give some integral representations of functions in the class α)λ,,(ρ(k)

SCP . 

Theorem 2.1. Let f(z) ∈ α)λ,,(ρ(k)
SCP  with 0 < ρ ≤ 1. Then 

du,udζ
)ζω(εαλ)2λ(1λ1

)ζω(ε

ζ)αλ)ω(ε2λ(1λ1

ζ)ω(ε

ζ

α)2(1

2k

1
expz

ρ

1
(z)f

1

µ

µ

µ

µ

z

0

1k

0µ

u

0

1

2k

ρ
1

ρ
1

−

−

=

−






















−+−−
+

−+−−





 −= ∫ ∑∫

 
(2.1) 

where f2k(z) is defined by equality (1.3), ω(z) is analytic in U and ω(0) = 0, |w(z)| < 1. 

Proof: Suppose that f(z) ∈ α)λ,,(ρ(k)
SCP , we know that the condition (1.5) can be written 

as follows:  

,
z1

α)z2(11

λ)(1
(z)fzρ(z)ρ)f(1

(z)fzρ(z)fz
λ

(z)fzρ(z)ρ)f(1

(z)fzρ(z)fz

2k2k

2
2k2k

2

−
−+

−+








′+−
′′+′

′+−
′′+′

≺  

where ≺  stands for the subordination. It follows that 

,
ω(z)1

α)ω(z)2(11

λ)(1
(z)fzρ(z)ρ)f(1

(z)fzρ(z)fz
λ

(z)fzρ(z)ρ)f(1

(z)fzρ(z)fz

2k2k

2
2k2k

2

−
−+

−+








′+−
′′+′

′+−
′′+′

≺  

where ω(z) is analytic in U and ω(0) = 0, |ω(z)| < 1.  This yields 

 ,
αλ)ω(z)2λ(1λ1

α)ω(z)]2(1λ)[1(1

(z)fzρ(z)ρ)f(1

(z)fzρ(z)fz

2k2k

2

−+−−
−+−=

′+−
′′+′

       (2.2) 

Substituting z by εµ z (µ = 0, 1, 2, ..., k−1) in (2.2), respectively, we get 

 .
z)αλ)ω(ε2λ(1λ1

z)]α)ω(ε2(1λ)[1(1

z)(εfzρεz)(ερ)f(1

z)(εfz)ρ(εz)(εfzε
µ

µ

µ

2k
µµ

2k

µ2µµµ

−+−−
−+−=

′+−
′′+′

      (2.3) 

From (2.3), we have 

 .
)zω(εαλ)2λ(1λ1

])zω(εα)2(1λ)[1(1

)z(εfzερ)z(εfρ)(1

)z(εf)z(ερ)z(εf)z(ε
µ

µ

µ

2k
µµ

2k

µ
2

µµµ

−+−−
−+−=

′+−
′′+′

      (2.4) 
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Note that f2k(εµ z) = εµ f2k(z) and (z)fε)z(εf 2k
µµ

2k
−= , summing equalities (2.3) and 

(2.4), we can obtain 

 

.
)zω(εαλ)2λ(1λ1

])zω(εα)2(1λ)[1(1

z)αλ)ω(ε2λ(1λ1

z)]α)ω(ε2(1λ)[1(1

(z)fzρ(z)ρ)f(1

))z(εfεz)(εf(εzρ))z(εfz)(εfz(

µ

µ

µ

µ

2k2k

µµµµ2µµ

−+−−
−+−+

−+−−
−+−=

′+−
′′+′′+′+′ −

      (2.5) 

Let µ = 0, 1, 2, ..., k−1 in (2.5), respectively, and summing them we can get 

 

.
)zω(αλ)2λ(1λ1

])zω(α)2(1λ)[1(1

z)αλ)ω(2λ(1λ1

z)]α)ω(2(1λ)[1(1

2

1

(z)fzρ(z)ρ)f(1

(z)fzρ(z)fz

1

0

2k2k

2k
2

2k

∑
−

= −+−−
−+−+

−+−−
−+−=

′+−
′′+′

k

k µ
µ

µ

µ

µ

ε
ε

ε
ε

    (2.6) 

From (2.6), we can get 

.2
)zω(εαλ)2λ(1λ1

])zω(εα)2(1λ)[1(1

z)αλ)ω(ε2λ(1λ1

z)]α)ω(ε2(1λ)[1(1

z

1

2k

1

z

1

(z)fzρ(z)ρ)f(1

(z)fzρ(z)f

1k

0µ
µ

µ

µ

µ

2k2k

2k2k

∑
−
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−

−+−−
−+−+

−+−−
−+−=

−
′+−

′′+′

 

Integrating (2.7), we have 

ζ.d

)ζω(εαλ)2λ(1λ1

)ζω(ε
ζ)αλ)ω(ε2λ(1λ1

ζ)ω(ε

ζ

α)2(1
2k
1

z
(z)fzρ(z)ρ)f(1

log

_
µ

_
µ

µ

µ

1k

0µ

z

0

2k2k

















−+−−
+

−+−−
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 ′+−
∑∫

−

=

 

That is 
 

    

ζ.d

)ζω(εαλ)2λ(1λ1

)ζω(ε
ζ)αλ)ω(ε2λ(1λ1

ζ)]ω(ε

ζ

α)2(1
2k
1

expz(z)fzρ(z)ρ)f(1

_
µ

_
µ

µ

µ

1k

0µ

z

0

2k2k

















−+−−
+

−+−−

−=′+− ∑∫
−

=

     (2.8) 

The assertion (2.1) in Theorem 2.1 can now easily be derived from (2.8).             □ 
 

Theorem 2.2. Let f(z) ∈ α)λ,,(ρ(k)
SCP  with k ≥ 2.  Then 
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(2.9)                      du.udξ
αλ)ω(ξ)2λ(1λ1

α)ω(ξ)]2(1λ)[1(1

ζd
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ζ)αλ)ω(ε2λ(1λ1

ζ)ω(ε

ζ

α)2(1
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1
expz

ρ

1
f(z)

2

µ

µ
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z

0

u
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1

ρ
1

ρ
1

−
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−+−−
+

−+−−






 −= ∫ ∫ ∑∫

 

where ω(z) is analytic in U and ω(0) = 0, |ω(z)| < 1. 

Proof: Suppose that f(z) ∈ α)λ,,(ρ(k)
SCP , from equalities (2.1) and (2.2), we can get 

.
αλ)ω(z)2λ(1λ1

α)ω(z)]2(1λ)[1(1

ζd
)ζω(εαλ)2λ(1λ1

)ζω(ε

ζ)αλ)ω(ε2λ(1λ1

ζ)ω(ε

ζ

α)2(1

2k

1
exp

αλ)ω(z)2λ(1λ1

α)ω(z)]2(1λ)[1(1
(z))fzρ(z)ρ)f((1(z)fzρ(z)fz

µ

µ

µ

µ

1k

0µ

z

0

2k2k
2
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−+−−
+

−+−−

−=

−+−−
−+−′+−=′′+′

∑∫
−

=
 

Integrating the equality, we can easily get (2.9).               □ 
 
3. Convolution conditions 
In this section, we provide some convolution conditions for the class α)λ,,(ρ(k)

SCP .  Let f, 

g ∈ A, where f(z) is given by (1.1) and g(z) is defined by 

.zczg(z)
2n

n
n∑

∞

=

+=  

Then the Hadamard product (or convolution) f * g is defined (as usual) by  

f)(z).*(gzcazg)(z)*(f
2n

n
nn =+= ∑

∞

=

 

Theorem 3.1. A function f(z) ∈ α)λ,,(ρ(k)
SCP  if and only if 

( )












 −+−
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2

)
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α)e2(1λ)(1ρ)(1-(1
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z
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( ) (z)h
2

)α)e2(1λ)(1(1
)α)e2(1λ(1)e(1

z)(1

z
zρ

iθ
iθiθ
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0)z(hz
2

ρ
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2

ρ1
*fα)e2(1λ)(1(1 iθ ≠














 ′+−−+−−                                         (3.1) 

for all z ∈ U and 0 ≤ θ < 2π, where 

 .
zε1

z

k

1
h(z)

1k

0ν
ν∑

−

= −
=          (3.2) 

Proof: Suppose that f(z) ∈ α)λ,,(ρ(k)
SCP , since the condition (1.5) is equivalent to 

,
e1

α)e2(11

λ)(1
(z)fzρ(z)ρ)f(1

(z)fzρ(z)fz
λ

(z)fzρ(z)ρ)f(1
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′+−
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for all z ∈ U and 0 ≤ θ < 2π.  And the condition (3.2) can be written as follows: 

 
{

} 0.)α)e2(1(z)](1fzρ(z)ρ)fλ)[(1(1

))α)e2(1λ(1)e(z))((1fzρ(z)f(z
z

1

iθ
2k2k

iθiθ2

≠−+′+−−−

−+−−′′+′
      (3.4) 

On the other hand, it is well known that 

 .
z)(1

z
*f(z)(z)fz

2−
=′          (3.5) 

And from the definition of f2k(z), we know 

 ),h)(z)*(fh)(z)*((f
2

1
zc

2

aa
z(z)f

2n

n
n

nn
2k +=++= ∑

∞

=

         (3.6) 

where h(z) is given by (3.6).  Substituting (3.5) and (3.6) into (3.4), we can easily get 
(3.1).  This completes the proof of Theorem 3.1.                            □ 

 
4. Coefficient inequalities 
In this section, we provide the sufficient conditions for functions belonging to the class 

α)λ,,(ρ(k)
SCP . 

 
Theorem 4.1. Let 0 ≤ α < 1, 0 ≤ λ < 1 and 0 ≤ ρ < 1. If 

 

α1|a|ρn]ρ)λ)n[(1(1

|])R(a|λ)(11)aα)(λ(nk(1
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       (4.1) 
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Then f(z) ∈ α)λ,,(ρ(k)
SCP . 

Proof: It suffices to show that 

α,11

λ)(1
(z)fzρ(z)ρ)f(1

(z)fzρ(z)fz
λ

(z)fzρ(z)ρ)f(1

(z)fzρ(z)fz

2k2k

2
2k2k

2

−<−
−+









′+−
′′+′

′+−
′′+′

 

Note that for |z| = r < 1, we have 
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1)ν(n
n l
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        (4.2) 

This last expression is bounded above by 1 − α if 

α,1])(aλ)b(1α)(λna(1)b(anaλ)ρn][(1ρ[(1
2n

nnnnnn −≤−+−+−−+−∑
∞

=
RR  

(4.3) 
Since inequality (4.3) can be written as inequality (4.1), hence f(z) satisfies the condition 
(1.5). This completes the proof of Theorem 4.1.               □ 
 
Theorem 4.2. Let 0 ≤ α < 1, 0 ≤ λ < 1 and 0 ≤ ρ ≤ 1 and f(z) ∈ T .  Then f(z) ∈ 

α)λ,,(ρ(k)
SCTP  if and only if 
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α.1ρn]aρ)n[(1

)]λ)]a(11)(nkα([λ1)1)][(nkρ(nkρ)[(1

1lkn
2n

n

1n
1nk

−≤+−+
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∑
∞

+≠
=

∞

=
+

      (4.4) 

Proof: In view of Theorem 4.1, we need only to prove the necessity. Suppose that  

f(z) ∈ α)λ,,(ρ(k)
SCTP , then from (1.5), we can get 

 α,
]}zbρn)aρ)λ)[((1(1]ρn)aρ)[n((1{ λ1

zρn]aρ)n[(11

2n

1n
nnn

2n

1n
n >















+−−++−−

+−−

∑
∑

∞

=
−

∞

=
−

R        (4.5) 

where bn is given by 4.2.  By letting z → 1− through real values in (4.5), we can get 

α,
]}bρn)aρ)λ)[((1(1]ρn)aρ)[n((1{ λ1

ρn]aρ)n[(11

2n nnn

2n n ≥
+−−++−−

+−−

∑
∑

∞

=

∞

=  

or equivalently, 

 α,1)bλ))a(1α(λn(nρn]ρ)[(1
2n

nn −≤−+−++−∑
∞

=

       (4.6) 

substituting (4.2) into inequality (4.6), we can get inequality (4.4) easily.  This completes 
the proof of Theorem 4.2.                 □ 
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