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Abstract. In this paper, we introduce the concept of AntiuRZly R-closed PS-ideals of
PS-algebras, lower level cuts of a fuzzy set, ReadioPS-ideals and prove some results.
We show that a Q-fuzzy set of a PS-algebra is alésed PS-ideal if and only if the
complement of this Q-fuzzy set is an anti Q-fuzzgl®sed PS-ideal. Also we discussed
few results of R-closed PS-ideals of PS-algebrashamomorphism and Cartesian
product.
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1. Introduction

The concept of fuzzy set was introduced by L.A.Zade 1965 [19]. Since then these
ideas have been applied to other algebraic stregtauch as groups, rings, modules,
vector spaces and topologies. Iseki and Tanakanfgduced the concept of BCK-
algebras in 1978 and Iseki [3] introduced the cphad BCl-algebras in 1980. It is
known that the class of BCK —algebras is a propbclass of the class of BCI algebras.
Neggers and Kim [4] introduced a notion called geska. Priya and Ramachandran [8,9]
introduced a new notion, called PS-algebra, which generalization of BCK / BCl/d /
KU algebras in 2014, and investigated some ofrnipgrties. Several related works have
also been done in [6,7,10,11,12-15]. Biswas [lioiticed the concept of anti fuzzy
subgroups of groups. Modifying his idea, in thipgawe apply the idea in PS-algebras.
In this paper, we introduce the notion of anti @z R-closed PS-ideals of PS-algebras
and investigate some of its properties.

2. Preliminaries
In this section we site the fundamental definititmet will be used in the sequel.
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Definition 2.1.[6,7] A nonempty set X with a constant 0 and a binaryrafpen ‘- ‘ is
called PS — Algebra if it satisfies the followiagioms.

1. x*x =0

2. x*0=0

3. x*y=0andy*x=0=>x=y,0 x,yOX

Example 2.2.Let X = {0,a,b } be the set with the followingktie.

0 a b
0 0 a b
a 0 0 0
b 0 b 0

Then (X ,«, 0)is a PS — algebra.

Definition 2.3. [6-9] Let X be a PS-algebra and | be a subset of X, thewralled a PS-
ideal of X if it satisfies the following conditions

1. 000 |

2. y-x0O land yO = x0O I

Definition 2.4. [19] Let X be a non-empty setA fuzzy subsey of the set X is a
mappingu : X - [0, 1].

Definition 2.5. [17,18]Let Q and G be any two sets.A mapppigG x Q -[0, 1] is
called a Q —fuzzy set in G.

3. Anti Q-fuzzy R-closed PS-ideal of PS-algebras
Definition 3.1.[18] An ideal A of a PS-algebra X is said to be R-cloged* 0 € A for
all x e A.

Definition 3.2. Let ( X, *, 0) be a PS-algebra. A non empty stlbsd X is called R-
closed PS ideal of X if

(1) x*00I

(2) y-xO land yd = xO | forallx,yOX.

Remark: From Example 2.2, It is clear that A {0,a} and A = {0,a,b} are R- closed
PS-ideals of X.

Definition 3.3. A Q- fuzzy sefu in X is called a Q-fuzzy PS- ideal of X if
(i) u(0,0)= u(x.q)
(i) p(x,q) = min{p(y * x,q), u(y,)}.for all x, ytI X and ge Q.

Definition 3.4. A Q-fuzzy setu of a PS-algebra X is called an anti Q-fuzzy P %iad
X, if

() KO.g)<px,q)

(i) pexa)<max{p(y*x,q),u(y, q)} forall x,y1 X and ge Q.
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Definition 3.5. A Q-fuzzy setu of a PS-algebra X is called an anti Q-fuzzy Rsebb
PS-ideal of X, if

() H(x*0,0) < p(x,q)

(i) pix,g)<max{p(y*x,q)u(y,q)} forall x,yJ X and ge Q.

Theorem 3.1.Every Anti Q-fuzzy R-closed PS- idepl of a PS-algebra X is order
preserving.

Proof: Let 4 be an anti Q-fuzzy R-closed PS- ideal of a PSkalgeX and let x, y1 X
and ge Q be such thatxy, theny*x=0

Thenp(x,q) < max {4 ((y *x) , q) , 1 (v,9)}
=max{(0,q) ,u (v.a) }
= max{(y*0, q), 1 (v,9) }
#(y.q)

Henceu(x,q) < 1 (y,q).

Theorem 3.2.u is a Q-fuzzy R-closed PS-ideal of a PS-algebrédaad only if |f is an
anti Q-fuzzy R-closed PS-ideal of X.
Proof: Let 4 be a Q-fuzzy R-closed PS- ideal of X ancklegy , zO X and ge Q.
(i) ux*0,0)= p(x,q)
l'l‘i(X*qu)Zl' IJC(X,Q)
H (x*0,0) < p° (x,0)
That is |i(x *0,q) < L°( x,q)
(i) (% a)=1-p(x q)
<l-min{p(y*x,q),u(y.q}
=1-min{1-A(y*x,0q).1-d(y,a)}
=max {{ (y*x,q),k(y,q}

Thatis |f (x*z, g)smax { i (y*x,q), f(y,a}
Thus |f is an anti Q-fuzzy R-closed PS-ideal of X. The @se also can be proved

similarly.

Theorem 3.3.If u is an anti Q-fuzzy R-closed PS-ideal of Rtgebra X, then for all
x,y O X and ge Q,
(X *Y), q) < u(y,q)
Proof: Letx,y€ X and ge Q.
H(x*(x*y), a) < max{u (y*(x*(x*y),q) u(y a)}
=max {p (0, iy, a)}
=max { i (y*0)au(y, a)}
= H (v,0)
Op(x*(x*y,aq)< u(y,q)

Theorem 3.4 :Let X be a PS-algebra. For any anti Q- fuzzy &setl PS-ideal of X,
Xy ={x0OXandge Q/u(x,q) =p (0,q) } is a PS-ideal of X.

Proof: Let y*x , y O X, . Thenp(y*x,q) = p(y,q) = (0,9)
Since ,u is an anti Q-fuzzy R-closed PS-ideal of X,

u(x,q) < max {u(y * x,q), u(y,a)}
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= max {1(0,g) ,u(0,q) }=1 (0,9)
Hence, XJ X,. Therefore X is a PS-ideal of X.

Theorem 3.5.1f A andu are anti Q-fuzzy R-closed PS ideals of a PS-alg&hthenm n
M is also an anti Q-fuzzy R-closed PS-ideal of X.
Proof: Let x, ydXandge Q. Then
(Anp) (0,0) = min {A (0,0) ,1(0,q) }
< min{A (X, q) ,ux, a) }
&) (x, a)
(Anp) (x, g) =min {A (x, a) ,u(x, ) }
< min {max A(y * x, ), Ay, @)}, max {ufy * x, a), u(y, a)}}
= min { max }(y * x, q), u(y * x, @)}, max {A(y, a), u(y, a)}}
< max { min {A(y * X, 0), u(y * x, )}, min {A(y, ), u(y, a)}}
= max nu) (y *x, ), Anu) (v, q)}-
= (Anp) (x, g)s max {Anp) (y *x, ), Anp) (y, a) -
Thus § n W) is also an anti Q-fuzzy R-closed PS ideal of X.

Theorem 3.6.The union of any set of anti Q-fuzzy R-closed P&ald in PS-algebra X is
also an anti Q-fuzzy R-closed PS-ideal.
Proof: Let { u;} be a family of anti Q-fuzzy R-closed PS-ideafsR®S-algebras X.
Then for any x , y1 X and g€ Q.
(OMi)(0,q) =supifi(0,q))

<sup (ti(x,q))

=0 ui)(x0q
And (O i) (x,g) =Supiii(x,q))

< Sup {max {ui(y *x ), Hi(y,
=max { Supi(i(y*x, d)), Supgi(y, a)) }

=max{QHi)(y*x ), (Opi)(ya}
This completes the proof.

4. Lower level cuts in anti Q-fuzzy R-closed PS-idds of PS-algebra

Definition 4.1.[7,8] Let u be a Q-fuzzy set of X. For a fixedIt[0, 1], the sep; ={x O X
| u(x,q) < t for all g€ Q} is called the lower level subset pf Clearlypy' O p, = X for
tD[O,l] if L <t, thenUtl | Mo

Theorem 4.1.If u is an anti Q-fuzzy R-closed PS-ideal of PSelalg X, then pis a R-
closed PS-ideal of X for every{{0,1] .
Proof: Let u be an anti Q-fuzzy R-closed PS-ideal of Rfgtaa X.
(i) Letyep = p(y, q) t
H(X*0,a9 max{p (y*(x*0)),q), u(y.a) }
= max {u (y * 0),q u(y,a) }
= u(y.g)t.
= X*0€ .

(i) Lety * x € weand ye ,, for all x, ydI X and ge Q.
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=>Hy*x,g)s tandp (y,qF t.
H(x,g) max{pu(y*x,q)uy,q)lsmax{tt}=t
= X € .
Hence | is an R-closed PS- ideal of X for every[0,1].

Theorem 4.2.Let 1 be a Q-fuzzy set of PS- algebra X. If forkeae [0,1], the lower
level cut lis a R-closed PS-ideal of X, then u is an antfu@zy R-closed PS-ideal of
X.

Proof: Let | be a R-closed PS-ideal of X.

If u(x* 0,9) > u(x,q) for some ¥ X and ge Q, then p(x*0,q) >¢t> u(x,q) by takingg
L {u(x0,q) + p(xq)}-

Hence x*0¢ Wy and X€ Ly , Which is a contradiction.

Therefore, p(x*0,gx K(x,q).

Let x, ye X and ge Q be such that p (x, q) > max {4 (y * X, q), Ly}

Taking & = - {(x, @) + max {u (y *x) , q), K(y, a)}}

= W (X 0g)>t>max{u (y*x q), uly, q}
It follows that (y * X), Y€ g and  X& ;. This is a contradiction.

Hence p(x, g max {u (y * x, q), u(y, q)}
Therefore p is an anti Q-fuzzy R-closed PS-idea{.of

Definition 4.2. Let X be an PS- algebra and &hbX.We can define an set A(a,b) by
A(a,b)={xeX/a*(b*x)=0} Itis easy to see thabDpe A(a,b) for all a,be X.

Theorem 4.3.Let 4 be a Q-fuzzy set in PS-algebra X. Then pnisati Q- fuzzy R-
closed PS- ideal of X iff u satisfies the followiogndition.
(vabeX) (vt el01]) (a.b) ey, Al B) S 1,
Proof: Assume that  is an anti Q-fuzzy R-closed PS- idexl.
Let a,be w.. Thenp (a,q% tand u (b,g¥ t.
Letxe A(a,b). Thena*(b*x)=0.
Now,
H(xa)s max{p ((b*x),q),n(bq)}
< max{max{u (@*(b*x),q),u(aa)}, ubg
= max { max {u (0,q) , 4 (a,a)}, H(DKH
= max {max {1 (a*0,q) , 4 (a,q)} (lpa) }
=max {4 (a,q)}, u(b,a) }
<max{t,t}=t
= M (X0)<t.
= XE W
Therefore A(a,bE L .
Conversely, suppose that A(ad) .
Obviously x*0 = 0 A (a, b)< | for all a, be X.
Let x, ye X be such that (y * x u; and ye | .
Since (y*Xx) * (y * x) = 0.
We have xe A (Y *X, Y) € 1k .
O ¢ is a R-closed PS- ideal of X.
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Hence, by theorem 4.2, i is an anti Q-fuzzy R-ald38-ideal of X.

Theorem 4.4.Let p be a Q-fuzzy set in PS-algebra X. If y isaati Q-fuzzy R-closed
PS-ideal of X then

(veeloal) g 20 =u= || 4ta.b)
b ep,
Proof: Let t € [0,1] be such that, #@ Since x * 0 = 0€ | , we have
;€ Uge, A, 0) €U, 5y, Ala, b).
Now, let X€ U, ; ., Ala, b).
Then there exists (u, v u; such that xe A (u, v) € u; by theorem 4.3. Thus
Ugs E_ur.-fl{a, B} S u,.
O pe=Ugpey, Ala, B).

5. Homomorphism and anti homomorphism on anti Q-fuzy R-closed PS-algebras
In this section, we discussed about ideals in B8kah under homomorphism and anti
homomorphism and some of its properties.

Definition 5.1.[6-11]Let (X,*,0) and ( Y A ,0 ) be PS— algebras. A mapping f-XY is
said to be a homomorphism if f(x * y) = f(x) * §Jor all x,y O X.

Definition 5.2. [17,18]Let (X,*,0) and ( Y A ,0) be PS—algebras. A mapping f:-XY is
said to be an anti homomorphism if f( x * y) 2)fQ f(x) for all x,y O X.

Definition 5.3. Let f: X - X be an endomorphism and u be a fuzzy set in Xdéfme a
new fuzzy setin X by qin X as 1 (x) = 1 (f(x)) for all x in X.

Theorem 5.1.Let f be an endomorphism of a PS- algebra X. I§ jan anti Q- fuzzy R-
closed PS-ideal of X, then so is.u
Proof: Let u be an anti Q-fuzzy R-closed PS-ideal of X.
Now, Mr(x*0,0) =p (f(x*0,9))
<u (f(x,q)) = K (x,9), forall x,yd X and d1Q.
Let x, yOO X and qJ Q.
Then |(x, q) =p (f(x, )
smax { L ((fy, o) *f(x, a) ), u(f (v, a)) }
=max { p (fy *x), o u(f (y, @)}
=max{i(y*x a), k(. a)}

O (x, o)< max { ik (y*x),q), 4y, )}
Hence | is an anti Q -fuzzy R-closed PS-ideal of X.

Theorem 5.2.Let f: X - Y be an epimorphism of PS- algebra. {igian anti Q-fuzzy R-
closed PS-ideal of X, then U is an anti Q-fuzzylésed PS-ideal of Y.

Proof: Let us be an anti Q-fuzzy R-closed PS-ideal of X.

Lety O Y and d Q. Then there existsX X such that f(x, q) = (y, Q).

Now,

My *0,9) =1 ((y,a) * (0,0))
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=p (f(x)0*f(0,0))
= (f((x3)(0,0))
= (x,)* (0,9) )
< (x0)=p{E(xq))=u(y.q)
Ou(y*0,0) < u(y.a)
Lety, y» OY and d1 Q.
H((a) = (f(x%0))
= Wt (X1, Q)
< max { p ( (%2,0)* (X1,0)), M (%20 )}
=max { [ (X2,9)* (x1,0) )], 1 (f(x,9))}
= max { f[(x2,0)) * f (x20)] , 1 (f( %9 ))}
=max { f2a) * (Yo D], 1 (%.0)}

O W (wa) < max{p[(y20) * (yua)l, b (¥.0)}
= M is an anti Q-fuzzy R-closed PS-ideal of Y.

Theorem 5.3.Let f: X — Y be a homomorphism of PS- algebra. If pu is an @Auzzy
R-closed PS-ideal of Y then | an anti Q-fuzzy R-closed PS-ideal of X.
Proof: Let u be an anti Q-fuzzy R-closed PS-ideal of .
Let x,yd X and 1 Q.
Hr (x*0,0) = [f(x*0,0)]
< uf(x,9)]
= (X,0)
= M (x*0,0) < pr (x,0).
He (X, g) = pu(f( x,q))
< max{ W [f(y, @) *f(x, a) T, u (F (v, a)) }
= max {u [f(y * x, o)], 1 (%, )}
= max iy * x, a), i (v, a)}

O s (x, @) < max {p (y * x, q), Kk (y, Q)}
Hence pis an anti Q-fuzzy R-closed PS-ideal of X.

6. Cartesian product of anti Q-fuzzy PS-ideals of 8-algebras
In this section, we introduce the concept of Caateproduct of anti Q-fuzzy R-closed
PS-ideals of PS-algebra.

Definition 6.1. [14,17]Let u andd be the fuzzy sets in X. The Cartesian productu x
X x X - [0,1] is defined by (u ®) ( X, y) = min {u(x),8(y)}, forall x,y D X.

Definition 6.2. [18]
Let u andd be the anti fuzzy sets in X. The Cartesian progucd : X x X - [0,1] is
defined by (1 %) (X, y) = max {1(x), &y)}, for all x, y O X.

Definition 6.3. [17,18]Let p andd be the anti Q-fuzzy sets in X. The Cartesian pcogu

Xx0:XxX - [0,1] is defined by (u ®) (( X, ¥),q) = max fi(x, q),d(y, )}, for all x, y
0 X and 41Q.
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Theorem 6.1.If u andd are anti Q-fuzzy R-closed PS-ideals in a PS— atg¥bthen p x
0 is an anti Q-fuzzy R-closed KU-ideal in X x X.
Proof: Let (x, x) O X x X and dJ Q.
(M 20)((x1* 0, X2* 0),d) = max {pu (%*0, )3 (x2*0,q) }
< max {u (%,9), d (%2, q)}
() ((%1,%2), )

O (1 x8)((x2* 0, X2* 0) q) < (1 0 ) ((*1,X2),Q)
Let (X%, %), (V1. Y2) O X x X and dJ1Q.
Now,

(H x0) ((x1, %), @) = max {u (x,0), 3 (X2, q)}

< max {max {pu(y* X1,0), (Yo, o)} max {5 (y2 * X2),q), d (y,0)}}
= max {max {ufy1),a)d (2 * X2),Q)}, max { h( y,q), (y2a)}}
=max {(L) (((YrY2), d) * (X1, X2), Q) ), (1L x3) ((Y1.Y2),q)}

O (uxd) ((x1, %), @) < max {(1 x3) (((Yry2), A) * (%, X2), a) ), (H X0) ((y1,Y2),)}-
Hence, p x0 is an anti Q-fuzzy R-closed PS- ideal in X x X.

Theorem 6.2.Let pandd be fuzzy sets in a PS-algebra X such thatd is an anti Q-
fuzzy R-closed PS-ideal of X x X. Then

(i) Eitherp(x * 0,q) < p(x, q) (or)d(x * 0,q) < &(x,q) for all x(O X and dJQ.

@ii) If p(x*0,9)< u(x,q) for all xOO X and q2Q, then eithed(x * 0,q) < u(x, q) (or)d(x

*0,9) < d(x, q)

(i) If &(x *0,g) < d(x,q) for all XxJ X and dqJQ, then eithep(x * 0,g) < u(x,q) (or)
H(x* 0,9) < &(x,0).

Proof: Straightforward.

Theorem 6.3.Let p andd be fuzzy sets in a PS-algebra X such thatd is an anti Q-
fuzzy R-closed PS-ideal of X x X. Then eitheror & is an anti Q-fuzzy R-closed PS-
ideal of X.
Proof: First we prove thad is an anti Q- fuzzy R-closed PS-ideal of X.
Since by 6.2(i) eithen(x*0,q) < u(x,q) ord(x*0,q) < &(x,q) for all X1 X and d1Q.
Assume thad(x*0,q) < d(x,q) for all XJ X and dJQ. It follows from 6.2(jii) that either
H(x*0,g) < u(x,q) (or)u(x*0,q) < d(x,q).
If u(x*0,q) <d&(x,q), for any X1 X and dJQ ,then
9(x,q) = max 4(x*0,q), 6(x,a)}= max {1(0,q), 5(x,a)}= (1 x 3) ((0, x),q)
d(x,q) = max {4(0,q) ,3(x,q)}-
=K x9) ((0, x),q)
< max {(4 x0) [((0,y),a) * ((0.x),a) ], @ x3) ((0, y),a)}

= max {(1 ®B)[ ((0*0,y*x), a)], (L xd) ((O, y),a)}

= max {(1 ®B)[ ((0, (y*x)).a)], (L x3) ((0, y).a)}

= max B((y*x),a), o(y, )}

Henced is an anti Q- fuzzy R-closed PS-ideal of X.
Similarly, we will prove thafl is an anti Q- fuzzy R-closed PS-ideal of X.
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7. Conclusion

In this article we have discussed anti Q-fuzzy &setl PS- ideals of PS-algebras and its
lower level cuts in detail. In our aspect this Rsgd definition and main results can be
similarly extended to some other algebraic systemeh as BG-algebras, TM-algebras etc.
We hope that this work would other foundations fiother study of the theory of PS-
algebras. In our future study of fuzzy structure R8-algebra, may be the topics ,
Intuitionistic fuzzy set, interval valued fuzzy seshould be considered .
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