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Abstract. J.C. Varlet introduced the concept of O-distributive and O-modular lattices.
Recently, Zaidur Rahman et al. [6] have introduced the concept of O-distributivity in a
nearlattice. In this paper, we discuss O-modularity in a nearlattice. Here, we include
several characterizations of 0-modular nearlattices. We prove that a section
complemented 0-modular and O-distributive nearlattice is semi Boolean. We also show

that for two filters F and G of a 0-modular nearlattice if F v G =[0) and F NG = [x);
X e S, then both F and G are principal. Finally we show that a nearlattice S is semi
Boolean if and only if S is 0-modular, every [0, x] is semi complemented and 0 is the
meet of a finite number of meet primes.
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1. Introduction
J.C Varlet [5] introduced the concept of O-distributive and 0-modular lattices to study a
larger class of non-distributive lattices. A lattice L with 0 is called O-distributive if for all

a,b,ceL with anb=0=anc imply aa(bvc)=0.L is called 0-modular if for

all a,b,celL with c<a and aAnb=0 imply a/\(bvc):c. Of course, every

distributive lattice is both O-distributive and O-modular. Every pseudocomplemented
lattice is O-distributive but not necessarily 0-modular.[1, 3, 4, 5] have studied different
properties of O-distributivity and 0-modularity in lattices and in semilattices. Recently,
Zaidur Rahman et al. [6] have studied O-distributive nearlattices. In this paper, we study
some properties of 0-modular nearlattices.
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A nearlattice S is a meet semi-lattice together with the property that any two
elements possessing a common upper bound, have a supremum. This property is known
as the upper bound property. S is called distributive if for all X,y,z€S
XA (y Y z): (x A y)v (x A z) provided Yy v z exists. Observe that the right hand
expression exists by the upper bound property of S. S is called a modular nearlattice if for
all x,y,zeS with z<x and yv z exists imply xA(yvz)=(xAy)vz.By[2],
we know that a nearlattice is modular if it does not contain a sublattice isomorphic to a
pentagonal lattice  Rg :{d,a,b,c,e| a<b,arnb=asc=d,avc=bv c:e}.

Moreover, S is distributive if it does not contain any sublattice isomorphic to Rg or
Ms ={d,ab,cel anb=anrc=bac=d,avb=avc=bvc=ef.
A nearlattice S with 0 is called O-distributive if for all a,b,ceS with

anb=0=anac and bvc exists imply an (b v c): 0. Thus every distributive

nearlattice with 0 is O-distributive, Moreover, if S is section pseudocomplemented then it
is O-distributive.
A nearlattice S with 0 is called a 0-modular nearlattice if for all a,b,c e S with

c<a,anb=0 imply an (b v C): Cc provided b v c exists. It is easy to see that this
definition is equivalent to “for all t,a,b,ceS with c<a aaAb=0 imply

an [(t A b)v (t A C)]:t A C”. Moreover, it is easy to show that the definition of O-

modular nearlattice coincides with the definition of 0-modular lattice when S is a lattice.
Of course every modular nearlattice with 0 is 0-modular. By [5] we know that S with 0 is
0-modular if it contains no non-modular five element pentagonal sublattice including 0.
Also S with 0 is O-distributive if it contains no five element modular but non distributive
sublattice including 0. Now we include some examples:

0
Figure 1 Figure 2 Figure 3

Figure 1 is 0-modular but not O-distributive, Figure 2 is O-distributive but not 0-modular,
Figure 3 is both 0-modular and O-distributive, figure 4 is O-distributive but not 0-modular,
Figure 5 is O0-modular but not O-distributive, Figure 6 is both 0-modular and O0-
distributive.
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0 0 0

Figure 4 Figure 5 Figure 6

A lattice L with 1 is called 1-distributive if for all a,b,ceL with
avb=avc=1imply av(bac)=1.A lattice L with 1 is called 1-modular if for all
a,b,ceLwith c>aand avb=1imply av(bac)=c.

A lattice L with O is semi complemented if for any aelL, (a;tl) there exists
bel, b#0such that aAb=0. Dually a lattice L with 1 is called dual semi
complemented if forany ae L, (a#0) thereexists be L, b1, suchthat avb=1.

A lattice L with 0 and 1 is called complemented if for any a e L there exist
bel suchthat anb=0and avb=1.

A nearlattice S with 0 is called weakly complemented if for any distinct elements
a,be S, thereexists c € S suchthat a Ac=0 but b Ac=0 (orvice versa).

An element a of a nearlattice S is called meet prime if b A c <a implies either
b<a or c<a. A non-zero element x of a nearlattice S with 0 is an atom if for any
yeS, with 0<y<x implies either 0=y or y=X. Dually in a lattice L with 1, an
element x is called a dual atom if forany ye L, x<y <1 implies Xx=Yy or y=1.

A non-empty subset F of a nearlattice S is called a filter if for X,y €S,
XAYyeF ifandonlyif xeF and yeF.

The set of all filters of a nearlattice is just a join semi-lattice. But in case of a
lattice, the set of filters is again a lattice.

2. Some Results
Theorem 1. A nearlattice S with 0 is 0-modular if and only if for all a,b,ce S with

c<a,anb=0,avb=cvb imply a=c, provided a v b exist.
Proof: Suppose S is O-modular and a,b,ceS with c<a, aAnb=0 and
avb=cvb.If avb exists then cv b exists by the upper bound property. Then
a=an(avb)=an(bvc)=c.

Conversely, let the stated conditions are satisfied in S. Let a,b,c e Swith c<a,
arb=0 and bvc exists. Here c<an(bvc)and balan(bve)=baa=0.
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Now an(bvec)<bve,sobvlaa(bve)<bve. Also c<an(bvec) implies
bvlaa(bve)]=bve andso bvec=bv[an(bvc)|, so by the given conditions
c=a(bv c), which implies S is 0-modular. e

Theorem 2. A nearlattice S with 0 is 0-modular if and only if the interval [0, x] for each
X €S is0-modular.
Proof: If S is 0-modular then trivially [0, x] is 0-modular for each x €S .

Conversely, let [0, x] is 0-modular for each xeS. Let a,b,ceS with aAnb=0,
c<aand bvc exists.

Choose t=bvc.
Then an(bvc)=an[tab)v(tac)=(tra)altab)v(tac)=trc=c as
the interval [0,t] is O-modular. e

In a similar way we can easily prove the following result.

Corollary 3. A nearlattice S with 0 is O-distributive if and only if the interval [O, x] for
each X e S is O-distributive. e

Theorem 4. For a nearlattice S with 0, if I(S) is 0-modular, then S is 0-modular, but the
converse need not be true.
Proof: Suppose I(S) is 0-modular. Let a,b,ceS with anb=0,c<aand bvec

exist. Then (a] A ((b]v (c])=(c] as 1(S) is 0-modular. Thus (a A (b v ¢)]=(c] and so
a(bvc)=c, which implies S is 0-modular.
For the converse, we consider the nearlattice S given below which is due to [2].

i b

S
0
Figure 7

Here S is 0-modular. But in 1(S), {(0}(a;}(a;, y].(a,,b]S} is a pentagonal
sublattice including 0. So 1(S) is not 0-modular. e

Theorem 5. A nearlattice S with 0 is 0-modular if and only if the lattice of filters of the
interval [0, x] for each x € S is 1-modular.
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Proof: Let S be 0-modular. Choose any X € S . Then [O, x] is also O-modular. Let F, G,
H be filters of the lattice [0, x| suchthat H o F, F v G =|0).

Then F v (G~ H)c His obvious. Let he H . Now F v G =[0) implies 0=f A g
for some feF and geG. Thus haf<f and fAg=0 implies
f algv(haf)]J=haf as S is 0-modular. So ha feFv(GAH) and hence

heFv(GnH). Therefore, F v (G N H)=H and so the lattice of filters of [0, x] is
1-modular.
Conversely, suppose the lattice of filters of [0, x] is 1-modular. Let

a,b,ce0,x], (xeS) suchthat c<a, arb=0.Then [a)c|c) and [a)v [b)=]0).
So by 1-modular property, [a)v ([b)A[c))=[c). Thus [aA(bvc))=[c) and hence
a/\(bvc):c. This implies [O, x] is 0-modular. Therefore by Theorem 2, S is 0-
modular. e

Theorem 6.
a) If a nearlattice S is O-distributive and the interval [0, x] for each xS is semi

complemented, then the interval [0, x| is 1-distributive for all xS .
b) If a dual nearlattice S with 1 is 1-distributive and [x,l] is dual semi
complemented for each X € S, then the interval [X,l] is O-distributive for each

XesS.
Proof: a) Let a,b,ce[0,x]with avb=x=avc.Suppose av (bAc)#x. Then

there exists p =0 in [0,x] suchthat p A(av (b Ac))=0.Then aap=0=(bAc)ap.
Thus pabaa=0=(pAab)ac which implies (pAb)a(avec)=0 as S is O-
distributive. This implies 0= p Ab A X=p Ab. Then using the O-distributivity of S
again, p A (a v b): 0. Thatis, 0= p A X= p, which gives a contradiction. Therefore,
av(bac)=x andso [0,x] is 1-distributive.

b) This is trivial by a dual proof of (a). e

A nearlattice S with 0 is called a semi Boolean lattice if it is distributive and the
interval [0, x| for each x €S is complemented.

Theorem 7. If a section complemented 0-modular nearlattice S is O-distributive, then it is
semi Boolean.

Proof: Let a<b forsome a,beS.Then 0<a<b. Since [0, b] is complemented,
so there exists Ce[O,b] suchthat cAa=0, cva=b.Nowif bAc=0,then by the

0-modularity of S, b=b A (c v a)=a, which is a contradiction. Therefore, b AC#0.
This implies S is weakly complemented. Since S is also O-distributive. Therefore, by
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Corollary 3 and [5, Corollary2.2] [0, X] is Boolean for each xS and so S is semi
Boolean. o

Theorem 8. Let S be a 0-modular nearlattice and F, G are two filters such that
FvG=[0)and F "G =[x) for some x €S . Then hoth F and G are principal filters.

Proof: Suppose F v G=[0) and FNG=[x). Then 0> f A g for some feF
and geG. That is, fAg=0. Let b=xAf and c=XAg. Then beF and
ceG. We claim that F =[b) and G = [C) Indeed if for instance G # [C) then there

exists ae G such that a<c. Then {0, a,c,b, x} is a pentagonal sublattice of S. This
implies S is not 0-modular and this gives a contradiction.

X

0
Figure 8

Therefore, G =[c). Similarly F = [b) and so both F and G are principal. e

Lemma 9. In a bounded semi complemented lattice L, every meet prime element is a
dual atom.

Proof: Suppose x is a meet prime element. Let X<y <1. Then 0<y<1. Since L is
semi complemented, so there exists t#0e Lsuch that t Ay=0. Since X<y, so
t Ax=0. Since x is meet prime so this implies either t<x or y<X. Now t<Xx
implies t =t A x=0, which is a contradiction. Thus y <X and so X =Y . Therefore x is
a dual atom. e

Lemma 10. Let L be a bounded semi complemented lattice. If 0 is the meet of a finite
number of meet prime elements of L, then L is dual semi complemented and O-
distributive.

Proof: Let x be a non-zero element of L. Then by hypothesis, there is a meet prime
element p in L such that X £ p . Since L is semi complemented, so by Lemma 9 is a dual

atom and xv p=1 . Therefore, L is dual semi complemented. Now suppose

n
anb=0=anc forsome a,b,celL. Letusassume that 0= A p; where p; are
i=1
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meet prime elements in L. Observe that for each i, p; >a Ab and p; >a A c. Then for
each i, p; e[a) or p; e[b)[c). Therefore for each i, p; €[a)v ([b)~[c)). This
implies [a)v ([b)~[c))=[0), consequently, a A (b v ¢)=0, and so L is O-distributive.

Lemma 11. Let L be a bounded O-modular lattice. If beL is a dual atom and
anb=0 forsome a=0, (aeL),thenaisan atom.

Proof: Suppose O<c<a for some ceL. As c<a and aAnb=0, so by 0-
modularity, & A (b v ¢)=c. Since 0<c, it follows that b<b v ¢ andso bvc=1asb
is a dual atom. Consequently, a=aAl=an (b \ c): C by O-modular. Therefore, a is
an atom. e

Lemma 12. Let S be a 0-modular nearlattice and [O, X] is semi complemented for each
xeS. If foreach xe S, 0 is the meet of a finite number of meet prime elements in
[0, x]. Then x is the join of finite number of atoms in [0, x].

n

Proof: Let 0= A p;, where p;’s are meet prime elements in[O, x]. Observe that by
i=1

Lemma 9, each p; is a dual atom in [0, x]. Since each p; #X, and [0, x] is semi
complemented, so there exists (; € [O, x] such that p; AQ; =0, i=1,2,..., n. Also by

n
Lemma 11, each Q; is an atom in [0, x] .Now let c= v (j. Then Cv p;j =X as p; is
i=1

a dual atom for each i. As [0, x] is bounded semi complemented and 0 is the meet of
finite number of meet primes, by Lemma 10, [O, x] is O-distributive and so by theoremb,

n
[0,x] is 1-distributive. Therefore, ¢ v [ A P J =X. That is, c=cv 0=X. Hence
i=1

n
vV (Qi=X.e
i=1

Theorem 13. A nearlattice S with 0 is a semi Boolean lattice if and only if the following
conditions are satisfied

()  [0,x] foreach xeS is 1-distributive.
(i) S is O-distributive.
(i) F([0,x]) is semi complemented for each x €S .

Proof: By [3, Theorem 3], every [0, x], X € S is a finite Boolean algebra. Therefore, S is

semi Boolean. e
We conclude the paper with the following result which also trivially follows from
[3, Theorem 4].
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Theorem 14. For a nearlattice S with 0, S is semi-Boolean if and only if the following
conditions are satisfied.

(i) [O, x] is semi complemented for each X € S .
(i) S is 0-modular.
(iii) 0 is the meet of a finite number of meet primes. o
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