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Abstract. The concept of semi prime ideals in lattices was given by Y. Rav 
by generalizing the concept of 0-distributive lattices given by J. C. Varlet. 
For a neutral element Ln∈ , recently Ayub, Noor and Podder  have 
introduced the concept of n -distributive lattices which is a generalization of 
both 0-distributive and 1-distributive lattices. In a very recent paper, M. Ayub 
Ali and others have generalized the concept of n -distributive lattices and 
given the notion of semi prime n -ideals. For an element n  in a lattice L , any 
convex sublattice containing n  is called an n -ideal. In this paper, we have 
included several characterizations of semi prime n -ideals in lattices. We 
have given a characterization of minimal prime n -ideals containing  { } j

n

a ⊥  
for La∈ . Finally we have included a prime Separation Theorem with the 
help of annihilator n -ideal. 
 
Keywords. Neutral element, Semi prime n -ideal, Maximal convex sublattice, 
Minimal prime n -ideal.  
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1. Introduction 
In generalizing the notion of pseudo complemented lattice, J. C. Varlet [9] 
introduced the notion of 0-distributive lattices. Then [3] have given several 
characterizations of these lattices. On the other hand, [7] have studied them in 
meet semi lattices. A lattice L  with 0 is called a 0-distributive lattice if for 
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all Lcba ∈,,  with caba ∧==∧ 0  imply 0)( =∨∧ cba . Let L be a lattice 
and Ln∈ . Any convex sublattice of L  containing n is called an n -ideal of 
L . An element Ln∈  is called a standard element if for all 

( ) ( ) ( )nabanbaLba ∧∨∧=∨∧∈ ,, ;  while n  is called a neutral element if  
(i) it is standard and 
(ii) ( ) ( ) ( )bnanban ∧∨∧=∨∧  for all Lba ∈, . 

 
        Set of all n -ideals of a lattice L  is denoted by ( )LI n  which is an 
algebraic lattice; where  { }n  and L are the smallest and largest elements. For 
two n -ideals I  and J , JI ∩  is the infimum and 

{ }JjjandIiisomeforjixjiLxJI ∈∈∨≤≤∧∈=∨ 21212211 ,,,: . The 
n -ideal generated by a finite numbers of elements maaa ,...,, 21  is called a 
finitely generated n -ideal denoted by nmaaa >< ,....,, 21 . Moreover, 

=>< nmaaa ,....,, 21  { }naaaxnaaaLx mm ∨∨∨∨≤≤∧∧∧∧∈ ....../ 2121  
[ ]naaanaaa mm ∨∨∨∨∧∧∧∧= .........,........ 2121  

Thus, every finitely generated n -ideal is an interval containing n . n -
ideal generated by a single element La∈  is called a principal n -ideal 
denoted by na ><  and [ ]nanaa n ∨∧=>< , . Moreover 
[ ] [ ] [ ]dbcadcba ∧∨=∩ ,,,  and [ ] [ ] [ ]dbcadcba ∨∧=∨ ,,, . If n  is a neutral 
element, then by [6], nnn bnamba >=<><∩>< ),,( , where 
( ) ( ) ( ) ( )zyzxyxzyxm ∧∨∧∨∧=,, . 

A non-empty subset I  of a lattice L  is called a down set (up set) if 
for Ia∈  and ax ≤  ( ax ≥ ), ( )Lx∈  imply Ix∈ . I  is called an ideal if it is 
a down set and for all Iba ∈, , Iba ∈∨ .  A  non-empty subset F of L  is 
called a filter of L  if it is an up set and for Fba ∈, , Fba ∈∧ .  A subset T  
of L is called convex if for bxa ≤≤  with Tba ∈,  imply Tx∈ . Of course 
all the ideals and filters of a lattice are convex sublattices. Moreover, for 
every convex sublattice C  of L , ( ] [ )CCC ∩= . 

A proper convex sublattice M  of a lattice L  is called a maximal 
convex sublattice if for any convex sublattice Q  with MQ ⊇ implies either 

MQ = or LQ = . A proper convex sublattice M  is called a prime convex 
sublattice if for any Mt ∈ , ( ) Mbtam ∈,, implies either Ma∈ or Mb∈ . 
Similarly, an n -ideal P  of L  is called a prime n-ideal if  ( ) Pbnam ∈,,  
implies either Pa∈  or Pb∈ . Equivalently, P  is prime if and only if 

Pba nn ⊆><∩>< implies either Pa n⊆>< or Pb n⊆>< . Moreover, by 
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[4], we know that every prime convex sublattice P  of L  is either  an n - 
ideal or a filter.  

By [2] L  is called an n -distributive lattice if for all Lcba ∈,, , 
}{nba nn =><∩>< and }{nca nn =><∩><  imply 

}{][ ncba nnn =><∨><∩>< . Equivalently, L  is called n -distributive if 
banba ∨≤≤∧  and canca ∨≤≤∧  imply )()( cbancba ∧∨≤≤∨∧ . 

By Y. Rav [8] an ideal I  of a lattice  is called a semi prime ideal if for 
all Lzyx ∈,, , Iyx ∈∧   and  Izx ∈∧ imply Izyx ∈∨∧ )( . Thus, a lattice 
L  with 0, is called 0-distributive if and only if (0]  is a semi prime ideal. Let 
n  be a neutral element of a lattice L . An n -ideal J  of L  is called a semi 
prime n -ideal if for all Lcba ∈,, , Jba nn ⊆><∩><  and 

Jca nn ⊆><∩><  imply Jcba nnn ⊆><∨><∩>< )( . In a distributive 
lattice every n -ideal is semi prime. Moreover, every prime n -ideal is semi 
prime. Lattice itself with an element n  is of course a semi prime n -ideal. It 
is easy to see that a lattice with the element n  is n -distributive if { n } is a 
semi prime n -ideal. In the pentagonal lattice 

}0,,;,,,,0{ =∧=∧=∨=∨< cbcancbcabancba , n  is neutral. Here { n } 
and Ln =>< 0  are semi prime but not prime. Moreover, na >< , nc ><  are 
prime but nb ><  is not even semi prime. Again in 

0;,,,,0{3 =∧=∧=∧= accbbancbaM ; }naccbba =∨=∨=∨ , 
Ln =>< 0  is semi prime. But { n }, na >< , nb >< , nc ><  are not semi 

prime. 
Throughout the paper we will consider n  as a neutral element. 

 
Following result is easy to prove. 
 
Lemma 1. Let F be a filter (ideal) of L disjoint to an n-ideal J. Then F is a 
maximal filter (ideal) if and only if L-F minimal prime down set (up set) 
containing J.  ז  
 
Following results are due to [1] 
 
Lemma 2.  Every convex sublattice disjoint from an n-ideal I  is contained 
in a maximal convex sub lattice disjoint from I  ז  .
 
Lemma 3. Let I  be an n- ideal of a lattice L . A convex sublattice M  
disjoint from I  is a maximal convex sublattice disjoint from I  if and only if 
for all Ma∉ , there exists Mb∈  such that Ibnam ∈),,(  ז  .
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          Let L  be a lattice with neutral element n . For LA ⊆ , we define 
{ AaallfornanxmLxA n ∈=∈=⊥ ),,(: }. nA⊥  is always a convex sub set 

containing n    but it is not necessarily an n - ideal. 
 
Theorem 4. J  is a semi prime n -idealof a lattice L if and only if ( J ] is a 
semi prime ideal and [ J ) is a semi prime filter. 
Proof.  Let )[Jyx ∈∨  and )[Jzx ∈∨ . Then 1jyx ≥∨  and 2jzx ≥∨  for 
some Jjj ∈21 , . Thus nnyxnj ≤∧∨≤∧ )(1 implies Jnyx ∈∧∨ )( by 
convexity. So 

Jnyxnynxm ∈∧∨=∧ )(),,( implies Jnyx nn ⊆>∧<∩>< . Similarly, 
Jnzx nn ⊆>∧<∩>< . Since J  is semi prime, so 

)( nnn nznyx >∧<∨>∧<∩>< = ],[],[ nnzynxnx ∧∧∩∨∧ =
Jnnzyx ⊆∧∧∨ ],))([(  implies Jnzyx ∈∧∧∨ ))(( , and so 

)[)( Jzyx ∈∧∨ . Therefore, [ J ) is a semi prime filter. Similarly, we  can 
prove that ( J ] is a semi prime ideal. 
          Conversely, let Jyx nn ⊆><∩><  and Jzx nn ⊆><∩>< . That is  

Jnyxnyx ⊆∨∧∧∨ ])(,)[( and Jnzxnzx ⊆∨∧∧∨ ])(,)[( . It follows that 
Jnyx ∈∨∧ )(  and Jnzx ∈∨∧ )( . Thus Jnynx ∈∨∧∨ )()( and 

Jnznx ∈∨∧∨ )()(  as n  is neutral. Then ]()( Jnyx ∈∨∧  and 
]()( Jnzx ∈∨∧ . So ]()( Jnzyx ∈∨∨∧ as ( J ] is a semi prime ideal. This 

implies ]()())(( Jnxzyx ∈∧∨∨∧  and so 1)())(( jnxzyx ≤∧∨∨∧  for 
some Jj ∈1 . Then njnzyxn ∨≤∨∨∧≤ 1))((  implies 

Jnzyx ∈∨∨∧ ))(( . Similarly, we can prove that Jnzyx ∈∧∧∨ ))(( as  
[ J ) is a semi prime filter. Therefore, Jzyx nnn ⊆><∨><∩>< )(  

Jnzyxnzyx ⊆∨∨∧∧∧∨= ]))((,))([( , and so J  is semi prime. ז 
 
Theorem 5. If the intersection of all prime n -ideals of a lattice L  is equal to 
J , then J  is a semi prime n -ideal. 
Proof.  Let Jba nn ⊆><∩>< , Jca nn ⊆><∩>< . This implies 

Jnbanba ⊆∨∧∧∨ ])(,)[( , Jncanca ⊆∨∧∧∨ ])(,)[( . 
Let P  be any prime n -ideal. If  Pa∈ , then Pa n⊆><  and so  

Pcba nnn ⊆><∨><∩>< )( . If  na >< � P   then Pb n⊆>< , Pc n⊆><  
as P  is prime. Thus Pcb nn ⊆><∨>< . That is, in either case 

Pcba nnn ⊆><∨><∩>< )(  for all prime n -ideals P  containing J . 
Therefore, JPcba nnn =∩⊆><∨><∩>< )( . Hence J  is semi prime.   ז 
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            Let LA ⊆  and J  be an  n -ideal of L . We define 

}),,(:{ AaallforJanxmLxA J
n

∈∈∈=⊥ . This is clearly a convex subset 

containing J . In presence of distributivity, this is an n - ideal. J
n

A⊥  is called 
an n - annihilator of A  relative to J . We denote )(LI J , the set of all n -
ideals containing J . Of course, )(LI J  is a bounded lattice with J  and L  as 

the smallest and the largest elements. If )(LIA J∈ , and J
n

A⊥  is an n - ideal, 

then J
n

A⊥  is called an annihilator n - ideal and it is the pseudo complement 
of  A  in )(LI J .  
 
Theorem 6. Let A be a non-empty subset of a lattice L and J be an n-ideal of 
L. Then   

J
n

A⊥ = :(PI P  is a minimal prime convex subset containing J  but not 
containing A  
Proof. Suppose :(PX I= A�P , P  is a minimal prime convex set). Let 

JAx ⊥∈ . Then     Janxm ∈),,(  for all Aa∈ . Choose any P  of right hand 
expression. Since A�P , there exists Az∈  but Pz∉ . Then 

PJznxm ⊆∈),,( . So Px∈ , as P  is prime. Hence Xx∈ . 

 Conversely, let Xx∈ . If  J
n

Ax ⊥∉ , then Jbnxm ∉),,(  for some Ab∈ . 
Thus ])(,)[( nbxnbx ∨∧∧∨ P � J . This implies either 

Jnbnxnbnnxm ∉∧∨∧=∧∧ )()(),,(  or 

Jnbxnbnnxm ∉∨∧=∨∨ )(),,( . This implies either j
n

nbnx ⊥∧∉∧ }{  or 
j

n

nbnx ⊥∨∉∨ }{ . Suppose  Jnbx ∉∨∧ )( . Set ))[( bxD ∧= . Then D  is a 
filter disjoint to J . Then by lemma 3, there exists a maximal filter DF ⊇  
and disjoint to J . Then ML −  is a maximal prime down set containing J . 
Now MLx −∉  as Dx∈  implies Mx∈ . Moreover, A � ML −  as Ab∈  
but Mb∈  implies MLb −∉ , which is a  contradiction to Xx∈ .  
Therefore, J

n

Ax ⊥∈  .Following result is due to ሾ1ሿ  ז   .
 
 Theorem 7. Let L  be a lattice  and J   be an n-ideal of L . The following 
conditions are equivalent. 
(i) J  is semi prime. 
(ii) }:{}{ JaxLxa J

n

∈∧∈=⊥  is a semi prime n- ideal containing J . 
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(iii) J
n

A⊥ }:{ AaallforJaxLx ∈∈∧∈=  is a semi prime n-ideal 
containing  J . 
(iv) )(LI J  is pseudo complemented   
(v)  )(LI J  is a 0 –distributive lattice. 
(vi)  Every maximal convex sublattice disjoint from J  is prime.  ז 
 
Theorem 8. Let L be a lattice and J be an n-ideal. Then the following 
conditions are equivalent. 
(i)   J is semi-prime. 
(ii)  Every maximal convex sublattice of L disjoint with J is prime. 
(iii) Every minimal prime down set (up set) containing J is a minimal prime 
n-ideal containing J. 
(iv) Every filter (ideal) disjoint with J is disjoint from a minimal prime n-
ideal containing  J. 
(v)  For each element Ja∉ , there is a minimal prime n-ideal containing J 
but not  containing a. 
(vi)  For each Ja∉ , (a] is contained in a prime ideal and [a) is contained in 
a  prime filter disjoint to J. 
Proof. (i)⇔ (ii) follows from Theorem 7. 
(ii)⇒ (iii). Let A  be a minimal prime down set (up set) containing J . 
Then AL −   is a maximal filter (ideal) disjoint with J . Then by (ii) AL −  is 
prime and so A  is a minimal prime ideal (filter) containing J  and so it is a 
minimal prime n -ideal. 
 
(iii)⇒ (ii). Let F  be a maximal convex sublattice of L  disjoint to J . Then 
by [4], F  is either an ideal or a filter. Suppose F  is a filter. Then FL −  is a 
minimal prime down set containing J . Thus by (iii), FL −  is a minimal 
prime ideal and so F  is a prime filter and so is a prime convex sublattice. 
 
 (i)⇒ (iv). Let F  a filter of S  disjoint from J . Then by Theorem 7, there is 
a prime (maximal) convex sublattice FQ ⊇ and disjoint to J . Then QL −  is 
a minimal prime ideal containing J  and disjoint to F . Since  Jn∈ so 

QL −  is a minimal prime n -ideal. 
 
(iv)⇒ (v). Let La∈ , Ja∉ . Then by (iv) there exists a minimal prime n-
ideal A  containing J  disjoint from [ )a . Thus Aa∉ . 
(v)⇒ (vi). Let La∈  and Ja∉ . Then by (v) there exists a minimal prime n -
ideal containing J  such that  Pa∉  this implies PLa −∈ . By [4], we know 
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that P  is either an ideal or a filter. Thus PL −  is a prime ideal or a prime 
filter disjoint to J . 
 
(vi)⇒ (i). Suppose J  is not semi prime. Then there exist  Lcba ∈,,  such 
that 
 Jba nn ⊆><∩>< , Jca nn ⊆><∩>< but )( nnn cba ><∨><∩>< � J  
            Then Jnbanba ⊆∨∧∧∨ ])(,)[( , Jncanca ⊆∨∧∧∨ ])(,)[(  and 

]))((,))([( ncbancba ∨∨∧∧∧∨ � J . Then either Jncba ∉∧∧∨ ))((  or 
Jncba ∉∨∨∧ ))(( . Suppose  Jncba ∉∧∧∨ ))(( , which  implies 

Jcba ∉∨∧ )( . Then by (vi) there exists prime filter Q  disjoint to J  such 
that Qcba ⊆∨∧ ))([ . Then Qa∈  and Qcb ∈∨ . Since Q  is prime, so 
either Qb∈  or Qc∈ . Thus either Qba ∈∧ or Qca ∈∧  which implies 

Qnba ∈∨∧ )(  or Qnca ∈∨∧ )(  gives a contradiction to the fact that 
ϕ=∩ JQ .  Therefore, J  must be semi prime.  ז 

 
Theorem 9. Let J  be a semi-prime n -ideal of a lattice L  and Lx∈ . Then 
a prime - ideal P  containing J

n

x ⊥}{  is a minimal prime n -ideal containing 
J

n

x ⊥}{  if and only if for Pp∈ , there exists  PLq −∈  such that 
J

n

xqnpm ⊥∈ }{),,( . 

Proof: Let P  be a prime ideal containing J
n

x ⊥}{  such that the given 

condition holds. Let K  be a prime n -ideal containing J
n

x ⊥}{  such that 

PK ⊆ . Let Pp∈ . Then there is PLq −∈  such that J
n

xqnpm ⊥∈ }{),,( . 
Hence Kqnpm ∈),,( . Since K  is prime and Kq∉ , so Kp∈ . Thus, 

KP ⊆  and so PK = . Therefore, P  must be a minimal prime n -ideal 
containing J

n

x ⊥}{ . 
 

Conversely, let P  be a minimal prime n -ideal containing J
n

x ⊥}{ . Let 

Pp∈ . Suppose J
n

xqnpm ⊥∉ }{),,(  for all PLq −∈ . Thus 

])(,)[( nqpnqp ∨∧∧∨ � J
n

x ⊥}{ . So either  ∉∧∨ nqp )( J
n

x ⊥}{   or 

∉∨∧ nqp )( J
n

x ⊥}{ . Suppose  ∉∧∨ nqp )( J
n

x ⊥}{ . Let ).[)( pPLD ∨−=  

We claim that ϕ=∩⊥ Dx J
n

}{ . If not, let Dxy J
n

∩∈ ⊥}{ . Then 
J

n

xyqp ⊥∈≤∧ }{  for some PLq −∈ . Thus nynqpn ∨≤∨∧≤ )(  implies 

∈∨∧ nqp )( J
n

x ⊥}{  gives a contradiction. Then by Theorem [7], there exists 

a maximal (prime) convex sublattice DQ ⊇  and disjoint to J
n

x ⊥}{ . We 



M.Ayub Ali,  A.S.A.Noor and S.R.Poddar 
 

8 
 

prove that Qx∈ . If Qx∉  then ϕ≠∩∨ ⊥ J
n

xxQ }{))[( . Suppose 
J

n

xxQt ⊥∩∨∈ }{))[( . This implies xqt ∧≥ 1  and Jxntm ∈),,(  for some 
Qq ∈1 . Thus xtxq ∧≤∧1  and Jntx ∈∨∧ )( . It follows  that 

Jnxq ∈∨∧ )( 1 . So Qnq ∈∨1  as Q  is a filter. Again 

Jnxqxnnqm ∈∨∧=∨ )(),,( 11  implies ∈∨ nq1
J

n

x ⊥}{ , which is again a 
contradiction. Hence Qx∈ . Let QLM −= . Then M is a prime ideal, infact 

prime n -ideal. Since Qx∈ , so Mx∉ . Let J
n

xr ⊥∈ }{ . Then 

MJxnrm ⊆∈),,( . This implies Mr ∈  as M   is prime. Thus, Mx J
n

⊆⊥}{ . 
Now ϕ=∩ DM . This implies ϕ=−∩ )( PLM  and hence PM ⊆ . Also 

PM ≠ , because Dp∈  implies Mp∉  but Pp∈ . Hence M  is a prime n -

ideal containing J
n

x ⊥}{  which is properly contained in P . This gives a 
contradiction to the minimal property of P . Therefore the given condition 
holds.     ז  
 
            We conclude the paper with the following prime Separation 
theorem for semi prime n -ideals 
  
Theorem 10.  Let J  be an n-ideal of a lattice L . Then the following 
conditions are equivalent: 
        (i) J is semi prime 

(ii) For any proper convex sublattice F disjoint to J there is a prime 
convex  sublattice Q  containing F such that   φ=∩ JQ . 

Proof. (i)⇒ (ii). Since φ=∩ JF , so by Lemma 2, there exists a maximal 
convex sublattice  FQ ⊇  such that φ=∩ JQ . Then by Theorem 7, Q  is 
prime. 
 
(ii)⇒ (i). Let F   be a maximal convex sublattice  disjoint to J . Then by (ii) 
there exists a prime convex sublattice FQ ⊇  such that φ=∩ JQ . Since F  
is maximal, so Q F= .  This implies F  is  prime and so by Theorem 7, J  
must be semi prime.      ז 
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