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Abstract. The concept of semi prime ideals in lattices was given by Y. Rav
by generalizing the concept of 0-distributive lattices given by J. C. Varlet.
For a neutral element ne L, recently Ayub, Noor and Podder have
introduced the concept of #n -distributive lattices which is a generalization of
both 0-distributive and 1-distributive lattices. In a very recent paper, M. Ayub
Ali and others have generalized the concept ofn -distributive lattices and
given the notion of semi prime # -ideals. For an element #» in a lattice L, any
convex sublattice containing n is called an n-ideal. In this paper, we have
included several characterizations of semi prime #-ideals in lattices. We

n
J

have given a characterization of minimal prime 7 -ideals containing {a}

for a € L. Finally we have included a prime Separation Theorem with the
help of annihilator 7 -ideal.
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1. Introduction

In generalizing the notion of pseudo complemented lattice, J. C. Varlet [9]
introduced the notion of O-distributive lattices. Then [3] have given several
characterizations of these lattices. On the other hand, [7] have studied them in
meet semi lattices. A lattice L with 01is called a 0-distributive lattice if for
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all a,b,ce L with anb=0=anc imply an(bvc)=0.Let Lbe a lattice
and n € L. Any convex sublattice of L containing nis called an n -ideal of
L. An element nel is called a standard element if for all
a,beL,an(bvn)=(anb)v(ann); while n is called a neutral element if

(i)  itis standard and

(i) nalavb)=(mra)v(nab)forall a,belL.

Set of all n-ideals of a lattice L is denoted by 7,(L) which is an

algebraic lattice; where {n} and L are the smallest and largest elements. For
two  nm-ideals [ and J, InJ is the infimum and
Isz{xeL:i1 AJ, £x<i,V j,, for some i,,i, €l and j,,j, GJ}. The
n -ideal generated by a finite numbers of elements «,,a,,...,a, is called a
finitely generated n-ideal denoted by <a,,a,,.....,a, >, . Moreover,
<a,dysna, >,= xella,na, n..na, ARSX<a,Va,V..va, vn}
=la, nay A........ AA, AN,Q, NV A,y V......... va, vn]

Thus, every finitely generated » -ideal is an interval containing # . n -
ideal generated by a single element a e L 1is called a principal n-ideal
denoted by <a>, and <a> =lannavn. Moreover
[a,b]m [c,d] = [a ve,ba d] and [a,b]v [c,d] = [a Ac,bv d]. If n is a neutral
element, then by [6], <a> Nn<b> =<m(a,n,b)>,  where
m(x,y,z)=(xAy)v(xrz)v(yaz).

A non-empty subset / of a lattice L is called a down set (up set) if
forael and x<a (x> a),(x e L) imply xeI. I is called an ideal if it is
a down set and for all a,bel, avbel. A non-empty subset F of L is
called a filter of L if it is an up set and for a,be F,anbe F. A subset T
of Lis called convex if for a <x<b with a,beT imply xeT . Of course

all the ideals and filters of a lattice are convex sublattices. Moreover, for
every convex sublattice C of L, C =(C]n[C).

A proper convex sublattice M of a lattice L is called a maximal
convex sublattice if for any convex sublattice Q with Q o M implies either

Q =M or Q=L. A proper convex sublattice M 1is called a prime convex
sublattice if for any te M, m(a,t,b)e M implies either a € Mor be M .
Similarly, an n-ideal P of L is called a prime n-ideal if m(a,n,b)e P
implies either a € P or b e P. Equivalently, P is prime if and only if
<a> N<b> c Pimplies either <a> < Por <b> < P. Moreover, by
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[4], we know that every prime convex sublattice P of L is either an »n-
ideal or a filter.
By [2] L is called an n-distributive lattice if for all a,b,ce L,

<a> N<b> ={n}and <a> N<c> ={n} imply
<a>, N<b> v<c> ]={n}. Equivalently, L is called n -distributive if
anb<n<avband anc<n<avc imply an(bvc)<n<av(bnc).

By Y. Rav [8] an ideal / of a lattice is called a semi prime ideal if for
all x,y,zeL,xAnyel and xaAnzelimplyxA(yvz)el. Thus, a lattice

L with 0, is called 0-distributive if and only if (0] is a semi prime ideal. Let
n be a neutral element of a lattice L. An n-ideal J of L is called a semi

prime n-ideal if for all a,b,cel,<a> n<b>cJ and
<a> N<c>cJ imply <a>, N(<b>, v<c>,)cJ.In a distributive
lattice every n -ideal is semi prime. Moreover, every prime 7 -ideal is semi
prime. Lattice itself with an element # is of course a semi prime # -ideal. It
is easy to see that a lattice with the elementn isn -distributive if {n} is a
semi prime n -ideal. In the pentagonal lattice
{0,a,b,c,n;a<b,avc=bvc=nanrc=bnrc=0},n is neutral. Here {n}
and <0 >, =L are semi prime but not prime. Moreover, <a >,,<c>, are
prime but <b> is not even semi prime. Again in
M, ={0,a,b,c,n;anb=brc=cra=0; avb=bvc=cva=n},
<0>,=L is semi prime. But {n}, <a>,6, <b>, 6, <c>, are not semi

prime.
Throughout the paper we will consider » as a neutral element.

Following result is easy to prove.

Lemma 1. Let F be a filter (ideal) of L disjoint to an n-ideal J. Then F is a
maximal filter (ideal) if and only if L-F minimal prime down set (up set)
containing J.

Following results are due to [1]

Lemma 2. FEvery convex sublattice disjoint from an n-ideal 1 is contained
in a maximal convex sub lattice disjoint from [ . ®

Lemma 3. Let I be an n- ideal of a lattice L. A convex sublattice M
disjoint from 1 is a maximal convex sublattice disjoint from [ if and only if
forall a¢ M, there exists be M such that m(a,n,b)el. m
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Let L be a lattice with neutral element n. For 4 L, we define
A ={xeL:m(x,n,a)=n forallac A}. A" is always a convex sub set
containing n but it is not necessarily an 7 - ideal.

Theorem 4. J is a semi prime n-idealof a lattice L if and only if (J ] is a
semi prime ideal and [ J ') is a semi prime filter.
Proof. Let xvye[J) and xvze[J). Then xvy2>j andxvz2>j, for

some j,,j,€J. Thus jAn<(xvy)an<nimplies (xvy)aneJby
convexity. So
m(x,n,y An)=(xv y)anelJimplies<x> N<yAn> cJ. Similarly,
<x> N<zan>cJ. Since J is semi prime, N
<x> NEKyan>, v<zAn> ) )=[xAnxvnalN[yAzAn,n]=

[(xv(yAz)AnnlcJ implies (xv(yaz)aAneld, and  so
xVv(yAnz)el[J). Therefore, [J) is a semi prime filter. Similarly, we can

prove that (J ] is a semi prime ideal.
Conversely, let <x> N<y> cJ and <x> Nn<z> cJ.Thatis

[(xvy)An,(xAny)vr]lcJand [(xVvz)An,(x Az)vn]c J. It follows that
(xAny)vnedJ and (xAz)vneJ. Thus (xvn)a(yvn)eJand
(xvm)an(zvn)eJ as n 1s neutral. Then xA(yvn)e(J] and
xA(zvn)e(J]. So xA(yvzvn)e(Jlas (J] is a semi prime ideal. This
implies (xA(yvz)v(xan)e(J] and so (xA(yvz)v(xan)<j, for
some j, €J.Then n<(x A(yvz))vn<j, vn implies
(xA(yvz))vrned. Similarly, we can prove that (xv(yAz))AneJas
[J) is a semi prime filter. Therefore, <x> N(<y>, v<z>)cJ
=[(xv(yaz)Aan(xA(yvz)vn]cJ,and so J is semi prime. B

Theorem 5. If the intersection of all prime n -ideals of a lattice L is equal to
J, then J is a semi prime n -ideal.
Proof. Let <a> N<b>,cJ,<a>, Nn<c>,cJ.Thisimplies

[(avb)an,(anb)vn]lcJ,[(ave)yan(anc)vn]cJ.

Let P be any prime n-ideal. If aeP, then <a>,c P and so
<a> N(<b>,v<e>)cP.If <a>,lP then <b> cP,<c>cP
as P is prime. Thus <b>,6 v<c> cP. That is, in either case
<a> N(<b> v<c>)cP for all prime n-ideals P containing J.

Therefore,<a >, N(<b>, v<c> )cNP=J.Hence J is semi prime. W
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Let AcL and J be an n-ideal of L. We define
AY ={xeL:m(x,n,a)eJ for all a € A}. This is clearly a convex subset
containing .J . In presence of distributivity, this is an #- ideal. 4" is called
an n- annthilator of 4 relative to J. We denote /,(L), the set of all n-
ideals containing J . Of course, /,(L) is a bounded lattice with J and L as

the smallest and the largest elements. If 4€/,(L), and A*" is ann - ideal,

then A% is called an annihilator - ideal and it is the pseudo complement
of 41inI,(L).

Theorem 6. Let A be a non-empty subset of a lattice L and J be an n-ideal of
L. Then

A7 =N (P: P is a minimal prime convex subset containing J but not
containing A

Proof. Suppose X =(1(P: A[JP,P is a minimal prime convex set). Let
xe A™.Then  m(x,n,a)eJ forall ae A. Choose any P of right hand
expression. Since A[1P, there exists zeAd butzg P. Then
m(x,n,z)eJ < P.So xe€ P,as P isprime. Hence x € X .

Conversely, let xe X. If x¢ A", then m(x,n,b) ¢ J for some be 4.
Thus [((xvb)An,(xAb)vn] P[1J. This implies either
m(xAannban)=(xaArn)v(ban)gJ or
m(xv n,n,bvn)=(xAb)vnelJ. This implies either x An g {bAn}"" or
xvng{bvn}™’. Suppose (xAb)vngJ.Set D=[(xAb)).Then D isa
filter disjoint to J. Then by lemma 3, there exists a maximal filter ¥ 2 D
and disjoint to J. Then L —M is a maximal prime down set containing J .

Now x¢ L—M as xe D implies x € M . Moreover, A [1L—-M as be A
but beM implies beg L—-M, which is a contradiction to xe X.

Therefore, x€ A*7. =

Following result is due to [1].

Theorem 7. Let L be a lattice and J be an n-ideal of L. The following
conditions are equivalent.
(1) J is semi prime.

(i) {a}*"” ={xeL:xnaeJ} is a semi prime n- ideal containing J .
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(ili) A" ={xeL:xnaelJ forallac A is a semi prime n-ideal
containing J .
(iv) 1,(L) is pseudo complemented

(v) 1,(L) is a 0—distributive lattice.

(vi) Every maximal convex sublattice disjoint from J is prime. =

Theorem 8. Let L be a lattice and J be an n-ideal. Then the following
conditions are equivalent.

(1) Jis semi-prime.

(i) Every maximal convex sublattice of L disjoint with J is prime.

(ii1) Every minimal prime down set (up set) containing J is a minimal prime
n-ideal containing J.

(iv) Every filter (ideal) disjoint with J is disjoint from a minimal prime n-
ideal containing J.

(v) For each element a ¢ J, there is a minimal prime n-ideal containing J
but not containing a.

(vi) Foreach a ¢ J, (a] is contained in a prime ideal and [a) is contained in
a prime filter disjoint to J.

Proof. (i) < (ii) follows from Theorem 7.

(i1)= (ii1)). Let 4 be a minimal prime down set (up set) containing J.
Then L — A is a maximal filter (ideal) disjoint with J . Then by (i1)) L— 4 is
prime and so A is a minimal prime ideal (filter) containing J and so it is a
minimal prime # -ideal.

(ii1))=(i1). Let F' be a maximal convex sublattice of L disjoint to J. Then
by [4], F is either an ideal or a filter. Suppose F' is a filter. Then L—F is a
minimal prime down set containing J. Thus by (iii), L—F is a minimal
prime ideal and so F' is a prime filter and so is a prime convex sublattice.

()= (@iv). Let F afilter of S disjoint from J . Then by Theorem 7, there is
a prime (maximal) convex sublattice Q o F and disjoint toJ . Then L —-Q is

a minimal prime ideal containing J and disjoint to F. Since neJso
L —Q is a minimal prime 7 -ideal.

(iv)=(v). Let ae L, a¢ J. Then by (iv) there exists a minimal prime n-
ideal 4 containing J disjoint from [a). Thus a ¢ 4.

(v)=(vi). Let a € L and a ¢ J . Then by (v) there exists a minimal prime 7 -
ideal containing J such that a ¢ P this implies a € L — P . By [4], we know
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that P is either an ideal or a filter. Thus L — P is a prime ideal or a prime
filter disjoint to J .

(vi)=(i). Suppose J is not semi prime. Then there exist a,b,c € L such
that
<a>, N<b>cJ,<a> Nn<c> cJbut<a> N(<b>, v<c>,)UJ

Then [(avb)an,(anb)vn]lcJ, [(avc)an,(anc)vn]cJ and
[(av(brc))an,(an(bvc))vn]llJ. Then either (av(bAac))AngJ or
(an(bvc))vnegJ. Suppose (av(brc)anegJ, which  implies
an(bvc)egJ. Then by (vi) there exists prime filter Q disjoint to J such
that [aAn(bvec)c Q. Then aeQ and bvceQ. Since Q is prime, so
either be Q or ce Q. Thus either anbeQor ance @ which implies
(anb)yvneQ or (anc)vneQ gives a contradiction to the fact that
ONJ =¢@. Therefore, J must be semi prime. m

Theorem 9. Let J be a semi-prime n -ideal of a lattice L and x € L. Then
a prime - ideal P containing {x}*" is a minimal prime n -ideal containing
(3" if and only if for peP, there exists qeL—P such that
m(p,n,q) € {x}*" .

Proof: Let P be a prime ideal containing {x}*” such that the given
condition holds. Let K be a prime #-ideal containing {x}*"” such that

K cP.Let pe P. Then there is g € L— P such that m(p,n,q) € {x}*".
Hence m(p,n,q) € K. Since K is prime and g ¢ K, so pe K. Thus,
Pc K and so K = P. Therefore, P must be a minimal prime #-ideal

containing {x}*" .

Conversely, let P be a minimal prime 7 -ideal containing {x}*" . Let
peP. Suppose m(p,nq)e{x}*” for all geL-P. Thus
[(pvg)an,(pArg)vn]l{x}*’. So either (pvq)ang {x}*” or
(pArg)vne {x}*7 . Suppose (pvq)ane {x}*”’. Let D=(L-P)v[p).
We claim that {x}*" "D=¢. If not, let ye{x}*’ nD. Then
pAg<ye{x}t” forsome ge L—P.Thus n<(pAg)vn<yvn implies
(pAq)vne {x}*"” gives a contradiction. Then by Theorem [7], there exists

a maximal (prime) convex sublattice O > D and disjoint to {x}*’. We
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prove thatxeQ. If x¢Q then (Ov[x)N{x}*” #¢. Suppose
te(Qv[x)N{x}*”. This implies 7> g, Anx and m(t,n,x)eJ for some
qg,€Q. Thus g, Ax<tAx and (xAt)vrneJ. It follows that
(g Ax)vneJ. So g¢qvneQ a Q is a filter. Again
m(q, v n,n,x)=(q, Ax)vnedJ implies g, vne {x}*, which is again a
contradiction. Hence x e Q. Let M = L —Q. Then M is a prime ideal, infact

prime n-ideal. Since xe€Q, so xeM. Let re{x}*’. Then

m(r,n,x) € J — M . This implies » € M as M is prime. Thus, {x}*”’ < M .
NowM N D =¢. This implies M N"(L—P)=¢ and hence M — P. Also
M # P, because pe D implies p ¢ M but pe P. Hence M is a prime -

ideal containing {x}*““ which is properly contained in P. This gives a

contradiction to the minimal property of P. Therefore the given condition
holds. m

We conclude the paper with the following prime Separation
theorem for semi prime 7 -ideals

Theorem 10. Let J be an n-ideal of a lattice L. Then the following
conditions are equivalent:
(1) J is semi prime
(11) For any proper convex sublattice F disjoint to J there is a prime
convex sublattice Q containing F such that OQNJ =¢.
Proof. (i)= (i1). Since FF nJ =¢, so by Lemma 2, there exists a maximal
convex sublattice Q D F such that O J =¢. Then by Theorem 7, Q is
prime.

(i1))=(1). Let F' be a maximal convex sublattice disjoint to J. Then by (ii)
there exists a prime convex sublattice Q o F' such that Q NJ =¢. Since F
is maximal, so Q = F'. This implies F' is prime and so by Theorem 7, J
must be semi prime. =
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