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1. Introduction
In this paper, we consider the boundary value gmbl

y'(0)+{r-a(t}y(t)=0, ©[a.b @)
ay(d-ay(§=r[ay(d- 4 (3] @)
y(b)cos +y'(b)sing=0, BO[O,x), ©)

wherel is a real parameter; q(t) is a real-valued fumste, a , § , g0R Also we
assume thaq(t) is continuous, its differentiation exists andrigegrable. This problem

differs from the usual regular Sturm-Liouville ptetm in the sense that eigenvalue
parameter) is contained in the boundary conditionaat Problems of this type arise
from the method of separation of variables appt@adnathematical models for certain
physical problems including heat conduction andevpropagation, etc. [8]. It is shown
by Walter [15] that this problem is self-adjoinbptem if the relatiom;a, — a4 4 > 0The

purpose of this paper is to obtain asymptotic axiprations for the eigenvalues of (1)-
3).

Approximations of this type have been derivefobe. We mention in particular [7],
[8] and [2]. Fulton's approach in [7] is based oritaration of the usual Volterra integral
equation, producing an asymptotic expansion ofsthiation in higher powers df/x'?
as\ — o and in [8] is based on the analysis of[14] forulag Sturm-Liouville problems
on a finite closed interval and involves some opertheoretical results of [15]. The
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approach used in [2] is based on an iterative phareesolving the associated Riccati
equation and producing an asymptotic expansiomefsblution in the higher powers of

1/x'* as\ — o for smoothq(t). There is also a vast amount of literature dealifty

asymptotic estimates of eigenvalues for standaundrBtiouville problems with regular
endpoints [3,4,5,6,9,10,11,13,14]. Here we folltve similar approach in [4,10,12]. We

b
assume without loss of generality, tigtt) has mean value zero. Tha‘{qs(t) dt=0.

2. Results
In this study, we gain the following results:

Theorem 2.1.The eigenvalueg., of (1)-(3) satisfy as. — oo,
i) if a,#0andp#0,
b

x1;2=(“b+_121"+(n+1]) {cot[ﬂ% 4(?]:?)n£{sin2(n+;)fax_a)}q(x) dx

2(3dda+ 3d § +[ )
33 [ 4]

oS )) {(a) (y-

_2_a:2 cotp
38

J’{ 2(n+ :)TIS( a)} ( )dX}+O(n‘4n(n))+O(n‘3n2( )),
ii) if & #0andp=0,

1,2_(2n+3)n ! b-a ¢ _(2n+3)n(x—a)
KR +(2ni3 {i? (2n+ a)nl[s'“ b-a }d(X)dx

4 (b-a) {q(@wa(sm— o 4 'éf’)]

a (2n+ 3w 3] 4]

A ool ood2m Sl d>}+0(“"‘n(n))+O(n'3n2(n))-

N

+

a

Theorem 2.2.The eigenvalued,, of (1)-(3) satisfy as. — oo,
i) if &, =0andBz0,
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}\‘1/2:(2n+3)n+ 1 {200'[[3+2i‘2+ b-a Jq[sin(szrg)n(x_a)}c{(x) dx

" 2(b-a) (2n+ 3= a, (2n+3n; b-a
) o 1-383
e L LD o(o+( ,%j—zccﬁs
a (2n+3°n S[ai} 3
a,

_4a, (b-a) .T{cos(
a (2n+3’x?
i)  if &,=0andp=0,

;3/2:(”+2)”+ 1 {ﬁ+ b_zni[sinz(mz)n(x_a)}d(x)dx

" b-a (n+2n

_iﬂ a9- g+@

o 7 H
a,
(b—a)2 e 02(n+ In(x-a) +
_%(n+2)2nzjicog b- a }Q( y d)} & intr)) - ofm’(e)
3. The method

We associate with (1) the Riccati equation
V' (tA)=-A+g-V2

We define
=Rq V(tA)], )(4
T(t,2) =Imv(t,1)]. ) (5
It is shown in [3] that any real-valued solution(f is in the form
y(t.A) =R(t,A)cosh(t,2) (6)
with
R'(t,A
S(tr)= R((m)), (7)
T(tA)=0(t,2). (8)

Our approach to calculatinyg, is to approximate thosewhich are such that
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0(b.2)-6(anr) =TT(x,x)dx 9

by the last equation.

We suppose that there exist functioht)and n(1) so that

jezixqu( X) d#s A( t)n(k), t|][ a,q
where

b
) A(t):= _[|q’(x)|dxis a decreasing function of

t
i) A(.)OL[a,b],
i) n(A) - 0ask’? - co.
Forg' O L[a, lj the existence of th& andn functions may be established fbpositive as

b
follows. We note that, avoiding the trivial cz{$¢(x)|dx: 0.
t

Jkiemmxc{( X) d%sﬂ d( X[ dx<eo so, if we define

t

featma oo o a3 ax
F(t,?») = t t

0 , iff|q(x)|dx: 0

then0< F(t) <1 and we set(X):=sup..,  tA). n(1) is well defined by (10) and

(10)

AYn(h) - 0 ash - = [12].
Our method of approximating a solution of Riccatjuation v'(t,1)=~A+q~-Vv’on

[a,b] is similar to [12], so we set

v(t,n)=ix" +ivn (t,2). (11)

When we put this serieinto the Riccati equation swide differential equations, we hold

10



Asymptotics of Eigenvalues for Sturm-Liouville Pteim with Eigenvalue in the
Boundary Condition for Differentiable Potential

b
vy(tA)= —e‘mﬂz‘f " o X dx,
b
v, (tA)= e‘mﬂz‘.[ g’ V ((x))dx, (12)
b ne
(1) =6 [ ()« 2v, () S [ox, 2 3

t m=1

Also we found(b,1)-6(a1)=

QD Sy T

T(x,1)dx, so with (5) and (11), we have

b

0(b,A)-0(ar) :j[x”? + Imivn (x,x)}dx, then

a

© b

0(b.2)=0(ar)=x"(b=a)+ " Im[ v, (x})dx. (13)

n=1 a

Theorem 3.1. [1] If v(t,1) asin (11), as. -

v(t,2) =i+ v, (t,1) + O (1))
where

vy (tA)= —%X”Zq(b) sin2”?(b-t) +—;N“2J'[sin 2V x - t)]q’ (x)dx

t

t

+ ;{%x”zq(b) cos2'?(b-t) —%Nl’zq(t) ——;N l’Zjlz[coszml’z(x —t)]q'(x) dx}

andn () is defined (10).

After some calculations by using the last theoneith (4) we gain
1. : 1. o ,
S(t)= —Ek Y%q(b) sin2"?(b - t) +—2k 1’2(cos 2&1’3()!‘[sm 2k”3<]q (x)dx
b

1, : , _
N ¥2(sin ml’%)![cosml’&Jq (x)dx+ O(x } %(1)).
Let define thefollowingnotations:
b

sing, .= .[[cos 11’2qu'(x) dx,
t
b

cost, := [[ sin 2 Jo' (x) dx,

thuswe can writ§(t,1) as

S(t) = —%x‘l’zq( b) sin2M2(b-t) +%>; “cosatt+g)+O(XN hAn)). (14
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Similarly, with (5) we findT(t,1) as

1 1., 1 1, 1y 1
T(LA) =2 + 2 (b) cos 2 (b 1) - x (1) -0 “{sin2. g,

(15)
+ qx?(1).
Also, by using integration by part to (12), we detme
b . b
_ iX'?(x-a)
{ L(x, A )dx = W.[e“ o X) dx
and again with integration by part
b
b i o o] (X)X 1 (i
Jo = e e o j 4§ dx
:lk—leZikﬂz(b—a) q( b) —Ek_lq( ) k 1e—2m”2 J'ezwfzx X) dx
4 4
:lxlq(b)[cos 2"%(b-a)+isina*(b- a)} —EX'lq(a)
4 4
1% .
—Zx 1£[cos 22 (x —a) +isin 2"*(x - a)} q(x) dx,
o)
; 1 1
Imjv1 (x,2)dx =Z>Clq( b) sin2**(b - a) —Zk‘lcos(zﬁ’?a+ £.).
We also have from equation (12),
b : b
‘£ }\‘1/2 -[|: e2|>\ (x-a) :| X,)\,)dX
and for n=3
H uz n-2
jv X, 1) dx = lelzj[ — g J[ a(xA)+2v (X,X)Z‘lvm(x,x)}dx.
Thus, W|th the last equations
b
JZIm{ (x,2)}dx = Zlm{Jvn }
:ZX‘lq( b) sin2"*(b- a) —7117\‘1003(2»1’%+ &) (16)

+ @_3/2112(”)-

4, Proof of the main results
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Proof of Theorem 1.
i) If a,z0 and B#0, the real solution of y"(t)+[%-q(t)]y(t) is

y(t.2) =R(t,x)cosH(t,1)from (6). We use this equation for boundarya, we find

R(a,x){cose(a,x){(-a;m%) F;((aa;)) (-dp+a)|~(-dn +a2)e’(a,x)sine(a,x)}
=0.
If we chooseq, as
sino, :=(-aA +a R(a2) +a
1 ( 2>“ ) ( ) ( d1>" 1)!

cosu, = —(-ak +a,)0'(ar),

we have
R(a))sin[a, +6(a)]=0sosin[o, +0(a,1)|=0 or 6(ar) =~
Using by equations (7) and (8) as
R'(t.A)
R(t,A)

S(ta)= T(tA)=0'(t,2)

and their asymptotic expansions (14)-(15), we dateu
'\ 1 121 ; U2 (|h _ _} 1/2.1 1 _
a, +2x a,q( b) sin2"?(b-a) Z}L 2azcos( 2 %1+§a) a
1 1/2 H 1/2 1 -1 1/
rL a,q(b) sin2; (b—a)+5x B, cof 2Ya+¢,)

sina, _ +O(HZ(K))+O(751112(7*))
Cosu, a’2x3’2 +%73’2a'2q( b) cos 21/2( ) 1/%‘2(]( a)

_%kllza; sin( 2% + éa) 1/2 7( 1/zd2q( ) cos 242 (b _ a)

+%}Cl’2a2q(a) +—;}J1’2a2 sin( &1’%+§a) +o(n?(x))+o(x h{n))

SO
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1 1 1/2 41 H 1/2 1 1/241 1/
a1x+§x a,q(b) sin2 (b—a)—Ex zagcos( 2 %1+§a)—al

—%}G’Zazq( b) sin zl’z(b—a)+%7€1’za2 cos( zl’?a+§a)

coso,

Then

tana, =

hence

1+%7€1q(b)coszl’2(b—a)—%X‘lq(a)
R T u .1 158 V2 (] _
| ok sin( 2" +¢,) a,zx S ézq(b)cosz (b-a)

o Sala) s e Ssin( s ) +0fk ()

%,'xm +2%9(b) sin2(b- &) - 21 ‘cog 2+, -G

—%k’zq( b) sin 2% (b - a) +%7{2cos( 2Va+e,)+0(i %% Z(x))_

1—%%‘1q(b) cos2”?(b-a) +—;7C1q(a) +%7Clsin(2kl’2a+é;a)

&,1,1,58 2 1.8
+—=A"+=A"—=q(b)cos2’*(b-a)-=A""—*=q(a

—%X‘Z%sin(ml’2a+§a) +%1k‘2q2(a) +—Z7J2sin2( 2x”é+§a)

[ﬂ 7= 57a(a) o § cos2(b-a) + %(d)

1 -2 12 . 1/ - 12
-5 a(b) cos2**(b-a) sin{ 2 2a+§a)—%x %(b) cos2¥(b - )

+%)§2q(a) Slr( 1ﬂ2a+§a) +%};2 Sin( AV25 + Fﬁa) + O(K_S/?n 2(}\‘))

14
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- T Ly 1/2 1, U a -3
t =L Zxg(b 27(b-a)-=X 2Ya -2

a; -3/2 12
+—L21""q(b)cos2"*(b-a) +
a182 7[3’2 17v_2q2(b) cOoS 21/2(b_a) sin 11/2(b_a)
4
af
1

tr ?q(a) o b sin Zl’z(b—a)+:117[2q(b) sina?(b-a) sif( 2"a+¢,)

a, . . 1,
+£x2q(b)sm Z»l’z(b—a)+—47L %q(b) cos2"*(b-a) co 2"a+¢,)

;;ZX cof 2"%a+¢,) - —7[2 (a) cof 2"%a+&,)+0O(x "% ().

K—s/zq( ) 2(’; S/ZSIn(allé+§a)

In the last equation, by using Taylor expansioraaftan x at x =0, we obtain
oy =1 +1x1q(b) sin2"(b - a) ——;x ‘cof 2Va+¢,) —%x 2
&

__[%:} 232 —]é[%}zk_wq(b) sin 2\‘1/2(b_ a)

L

26;,27\3’2q(b) cos2'?(b-a)+—1 3’2q( a)

+33 322 297+ 117 (a) o B sin2¥%(b-a)

a1 }bslzsm( 2kl/2a+§ )
232 [a)] 4 (17)

1. . a, .
—szqz(b) cos2?(b-a) sin ZL”%b—a)—Ek 2cos( 11’é+ga)
+%)§2q(b) sin2?(b-a) sir( 23’2a+§a)
+%)€2q(b) cos2?(b-a) co{ 21’2a+<‘,a)

1 -
-=)X7q 2" O ¥ 2(n
b a(e) cof 27ar.)+ O ().
When we use the forg(t, 1) = R(t,x)cosd(t,
R'(b)

R(bx)

A) for boundaryt =b, we find

R(b’l){cose(b,K){COSB + smB} —sing(b,1)6' (b,x)sinﬁ} =

If we chooseu, as
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sina, :=cosB +Msinﬁ (18)
° R(bx)
cosa, :=0'(b,1)sinp, (19)

we haveR (b,\)sin[ a, =6(b,1)|=0 sosin[a, =6(b,A)|=0 or 6(b,x) =0, +(n+1)m.
Using by S(t.\) =%, T(tA)=0'(t,A) and their asymptotic expansions (14)-(15),

we can write
sina, _ cos +O(75ln2(7*)) _ COSB'*O(?ClﬂZ()*))
cosw, A2sinB+0(xm?(1)) kl’zsinB[1+ o(x 2(x))] '

SO
tana, =[ /% cotp +O(1% (1)) || 1+ O(x ¥4 (1)) |
=" cotp +O(1 ¥ ?(1)).
In the last equation, by using Taylor expansiomaftan x at x =0, we obtain
a, =2 cotp —%x”coﬁﬁ +O(x % 4(1)). (20)

Let use these findings (16), (17) and (20) in (18),see that

@+%xl’z +£2}C1q(b) sin2"*(b-a) —EZX‘lcos( 2"a+¢,)
3 2

_ik‘3’2_l|:i:| k—slz_}i_%} % (b) sin2¥4b-a

2 4 2| (o) snar(p-d
+i’753’2q(b) coszl’z(b—a)+ix3’2q(a)

24, 24

aZ,I. -3/2 o 1/2 q% -32 1 -2 H 1/2
+——N7"sin( 2 a+&, ) +—SA 7 +=Nq(a sin2’(b-a

—%xzqz (b) cos2"?(b-a) sin2"*(b-a) + O(x" ¥4 1))

- 2(0-a)+ (o smav(o-) L coq 272+ 4(4)

We prove the theorem by using definitionssof&,, cos:, andn(k); also series error
computation in the last equation.

Proof of Theorem 2.
i) If a,=0 and B=0, the real solution of y"(t)+[%A-q(t)]y(t)=0 s
y(t.2) =R(t,x)cos(t,1). We use this equation for boundary a, we find
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R(a,x){cose(a,x){ F;((:i“)) + aika; al} —0' (a,x)sine(a,x)} = 0.

If we chooseu,, as
R'(a}) anr-a
+ b
R(ar) &
cosu, =-6'(ar),
we have R(a,}»)sin[oc3 +6(a,k)} =0 so sin[m3 +6(a,x)} =0 or 0(ax)=-0, Using
by

sina, :=

R'(t,1)
R(t,A)
and their asymptotic expansions (14)-(15), oneesrit
&2 & -3 12 CICEN u
-2 2 -2 7¥q(b) cos2Y*(b-a) +—=1 *sin( 2.Ya+¢,
o (1) cos2**(b-) 2 *sin( 2.4+ 2,)

x ¥2q(a)+ X ™n*(1))

.1, &3 L 12 3 -3 1
1+ 20+ 2% (b) sin2¥*(b-a) -—=- X" ¥*cod 2Va+¢,

S(ta)= T(tA)=0'(t1)

coto, =

2
x +[ﬁ} N2 - alazk‘g”zq(b)sin 2% (b-a) ,
3 [a]

+ 2% 55 COS( &l/2a+§a) +O(7C2r| 2(7»))

e ]
Then

& & a2 12 Q 3o U
t A —=\ b 279(b- —2 )\ %%in( 2.Y4
cota, = 2 2 q(b) cos2"*(b-a) + 2 m( +§a)

+i 312 _aad 32 é - in 2.42(p - 12" A 52
2a’1x q(a) [a;]zk ] ]Zx q(b)sin2"*(b-a) - [é] X

aé — % _y2cod Ve )--22 —22.2"q(b)cos2*(b-a

2[31] {2are )= alb) cosa® (b-4

5% (a) + _a8 }\‘—5/28”.]( AVa+E, )+O(X 2700 ))

2[] 14

In the last equation, by using Taylor expansi&socot x at x =0, we obtain

17
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-6(a))=a :%+% V2 4 Zx3’2q(b)coszl’z(b—a)—%\x‘3’zsin(ml’é+ga)
i (a)+[81? X974 Z[é]th(b) sin&l’z(b—a)+[i]?x5’2 .
—2[5;2;] “coq 2¥a+e,)+ z[q] 57 (b) cos 2V (b - a)

g (e gl ol )

For boundary t=b, by using y(t,A)=R(t,x)cosH(t,x) and p=0, we have
cosH(t,1) =0, so

e(b,x):g+(n+1)n. (22)

n

o b
Let use these findings i(b,%)-6(a))=x"?(b-a)+ ) Imjv (x\)dx, we estimate
n=1 a

that
(n+2)n+%}[1’2+%N3’2q(b)cosz”2(b—a)—%k‘3’zsin(al’é+§a)
_&,}L—s/zq a) + aa e ézk—zq b) sin 27%(b - a +i§17\—5/2
22" O g o Pnatbma iy
aﬁ ~x?cod 2AM%a+g, ) +—221"(b)cos2")(b-a
B8 oz () - A% yzgin( 2%+ g, ) ~— B2+ O(x 1 {1)).
ECTRE ] ( PR
=32 (b-a) +%7Clq(b) sin2*2(b- a) —%xlcos( 2¥%+¢,)
+O(1¥%2(1)).

We prove the theorem by using definitionssafé,, cos;, andn(}); also series error

computation in the last equation.

Similarly, Theorem 1-ii) follows from (13), (18nd (22); Theorem 2-i) follows from
(13), (20) and (21).

5. Conclusions

In this paper, approximate eigenvalues are caledldor regular Sturm-Liouville
problems having the eigenvalue parameter in thendiemy condition with the potential
that is continuous, also its differentiation existal is integrable.
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