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Abstract. Let R be a prime ring with charR # 2,3 and let d be trace of a nonzero
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identity d(x)ad(x) = 0 holdsfor al x € R, thena € Z.
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1. Introduction

The concept of a symmetric bi-derivation has been introduced by Maksa in [6]. In [9],
Vukman has proved some results concerning symmetric bi-derivation on prime and
semiprime rings. Yenigul and Argac [10] studied ideals and symmetric bi-derivations of
prime and semiprime rings. Reddy et al. [5] studied symmetric reverse bi-derivations on
prime rings. Sapanci et a. [8] studied few results of symmetric bi-derivation on prime
rings. In this paper, we extended some results of symmetric reverse bi-derivations on
primerings.

2. Preliminaries

Throughout this paper R, will be denoted an associative ring with the center Z(R). Recall
that aring R iscaled primeif for any a,b € R, aRb = (0) implies that eithera = 0 or
b = 0. For any x,y € R, the symbol [x, y] stands for commutator xy — yx. An additive
mapping d: R — R issaid to be aderivation if d(xy) = d(x)y + xd(y), for dl x,y € R.
An additive mapping d: R — R is said to be a reverse derivation if d(xy) = d(y)x +
yd(x), for dl x,y € R. A mapping D(.,.):RXR — R is said to be symmetric if
D(x,y) = D(y,x), for al x,y € R. A mappingd: R — R is cdled the trace of D(.,.) if
d(x) = D(x,x), for al x € R. It is obvious that if D(.,.) is bi-additive (i.e., additive in
both arguments), then the trace d of D(.,.) satisfies the identity d(x + y) = d(x) +



C.Jaya Subba Reddy, A.Sivakameshwara Kumarand B.Ramoorthy Reddy

d(y) +2D(x,y), for dl x,y e R. If D(.,.) is bi-additive and satisfies the identities
D(xy,z) = D(x,z)y + xD(y, z) and

D(x,yz) = D(x,y)z +yD(x,z), fordl x,y,z € R.
Then D(.,.) is cdled a symmetric bi-derivation. If D(.,.) is reverse bi-additive and
satisfies the identity D(xy, z) = D(y,z)x + yD(x, z)
and D(x,yz) = D(x,z)y + zD(x,y), for al x,y,z€ R. Then D(.,.) is cdled a
symmetric reverse bi-derivation. We shall make use of commutator identities; [x, yz] =
[x,¥]z + y[x, z] and [xy, z] = [x, z]y + x[y, z], for &dll x,y,z € R.

Lemma 1. Let R be a prime ring with charR # 2, D(.,.) a symmetric reverse bi
derivation and d thetrace of D(.,.). If U isanonzero ided of R such that ad(U) = 0 (or,
d(U)a =0),thena =0o0rd = 0.

Proof: Giventhat ad(U) = 0, for some nonzero idea U.

By linearizing above equation, we get

ad(u+v)=0,fordl u,v eU.

ad(u) + ad(v) +a2D(u,v) =0

Sinced(u) = d(v) = 0 and charR # 2, then

aD(u,v) =0, foral u,v eU.

Replacing v by uv in above equation, we get

aD(u,uv) =0

a(D(u,v)u+vD(u,u)) =0

aD(u,v)u+avD(u,u) =0

avd(u) =0

aRd(u) =0

SinceR isaprimering, thena = 0 ord = 0.

Lemma 2. [1, Theorem 3.1.3] Let R beaprimering with char R # 2, D(.,.) asymmetric
bi-derivation and d thetrace of D(.,.). For afixed element a € R, we have

() If [a,d(x)] =0,forall x e R,thena€ Zord = 0.
(i) If [a,d(x)] € Z, forall x € R and for nonzero trace d with d(a) # 0, then
ac€’z.

Lemma 3. Let R be a prime ring and let a,b,c € R. If axb = cxa for al x € R, then
a=0o0rb=c.

Proof: Giventhat axb = cxa, for dl x € R.

Replacing x by xay in above equation, we get

axayb = cxaya.

But ayb = cya and cxa = axb then, we get

axcya = axbya

axcya — axbya =0

ax(c—b)ya=0

SinceR isaprimering, thena =0or b = c.

Lemma 4. Let R be a prime ring with charR # 2 and let d; and d, be traces of
symmetric reverse bi-derivations D, (.,.) and D, (.,.) respectively. If theidentity
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di(x)d,(y) = d,(x)d,(y) holdsand d; # 0, thenthereexists x€ C suchthat d,(x) =
X dy (x).
Proof: Given d;(x)d,(y) = d,(x)d,(y), fordl x,y,z € R. (D)
Replacing y by z + y in equation (1), we get
di(x)dz(z +y) = d,(x)ds(z +y)
d;(x)d;(2) + dy(x)d,(¥) + d1(x)2D5(z,y)
=d,(x)d1(2) + dy(x)d;(y) + dy(x)2D1(z,y)
d1(x)D,(z,y) = d2(x)D1(z,y) )
Replacing z by yz in equation (2) leads to the identity
dy(x)D;(yz,y) = d;(x)D1(yz,y)
dy1(x)zDz(y,y) + d1(x)D2(2,y)y = d2(x)zD1(y,y) + d2(x)D1(2,y)y

dy(x)zd,(y) = dy(x)zd,(y) 3
Againreplacing y by x in equation (3), we get
di(x)zdy (x) = dy(x)zdy (x) (4)

Thus if d,(x) # 0, then by (4) and [4, Corollary to Lemma 1.3.2] we have d,(x) =x
(x)d,(x) for some X (x) € C.Hence if d;(x)#0andd,(y) # 0, then (>\ (y) —
(x))d1 (x)zd,(y) = 0 by equation (3). SinceR is prime, it follows from Lemma 1 that
X (x) =X (y).This shows that there exists x€ C such that d,(x) = d;(x) under the
condition d;(x) # 0. On the other hand, assume that d,(x) = 0. Sinced, # 0 andR is
a prime, it follows from equation (3) that d,(x) = 0 as well. Thus d,(x) =X d; (x).
This completes the proof.

Theorem 1. Let R be a prime ring with charR + 2 and let d,(+ 0), d,, d3, d,(# 0) be
traces of symmetric reverse bi-derivations D;(.,.) , D»(.,.) , D3(.,.) and D,(.,.)
respectively. If the identity d;(x)d,(y) = ds(x)d,(y), holds for al x,y € R, then
thereexists n€ C suchthat d,(x) =X d,(x) and d5(x) =X d; (x).
Proof: Given d;(x)d,(y) = ds(x)d,(y),fordlx,y € R. (5)
Replacing y by z + y in eguation (5), we get

di(x)dy(z +y) = d3(x)ds(z +y)

dy (0)d2(2) + dy ()2 (¥) + dy (x)2D, (2, y)
= d3(x)d4(2) + d3(x)d4(y) + d3(x)2D4(2,y)

d1(x)D(2,y) = d3(x)Dy(2,y) (6)
Replacing z by yz in equation (6) and using equation (6) leads to the identity
d1(x)D;(yz,y) = d3(x)D4(yz,y)

d1(x)zD; (v, y) + d1(x)D;(2,¥)y = d3(x)zDs(y,y) + d3(x)Dys(2, )y

dy(x)zd,(y) = d3(x)zds(y) (7)
It follows from replacing z by zd,(w) inequation (7), and using equation (7), we get

dy (x)zdy,(W)d,(y) = d3(x)zds(W)ds(y) = dy(x)zd, (W)dy(y)
So that d; (x)z(d,(W)d,(y) — d,(w)d,(y)) =0, foral x,y,z,w € R.
Sinced; # 0 and R isaprime, it followsthat d,(w)d,(y) = d,(w)d,(y). Applying
Lemma4, there exists x€ C such that d,(y) =X d,(y), Which implies from egquation (7)
that (» dy(x) — d3(x))zd,(y) = 0 sothat ds(x) =x d; (x). This completes the proof.
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Theorem 2. Let R be a prime ring with charR # 2,3 and letd be trace of a nonzero
symmetric reverse bi-derivations D(.,.). For a fixed element a of R withd(a) # 0, if
theidentity d(x)ad(x) = 0 holdsfor all x € R, thena € Z.
Proof: Givend(x)ad(x) = 0,foralx e R,a € Z. (8
By linearizing x by x + y in equation (8) and using equation (8), we get
dlx+y)ad(x+y)=0
(d(x) +d(y) +2D(x, y))a(d(x) +d(y) + 2D(x, y)) =0
d(x)ad(x) + d(y)ad(x) + 2D(x,y)ad(x) + d(x)ad(y) + d(y)ad(y)

+ 2D(x,y)ad(y) + d(x)a2D(x,y) + d(y)a2D(x,y)

+ 2D(x,y)a2D(x,y) =0
d(x)ad(y) + d(y)ad(x) + 2d(x)aD(x,y) + 2d(y)aD(x,y) + 2D(x,y)ad(x) +
2D(x,y)ad(y) + 4D(x,y)aD(x,y) = 0,foradl x,y € R.

€)

Substituting x for - x in equation (9), we get

d(—x)ad(y) + d(y)ad(—x) + 2d(—x)aD(—x,y) + 2d(y)aD(—x,y) +
2D(—x,y)ad(—x) + 2D(—x,y)ad(y) + 4D(—x,y)aD(—x,y) =0

d(x)ad(y) —2d(x)aD(x,y) + d(y)ad(x) — 2d(y)aD(x,y) — 2D(x,y)ad(x) —
2D(x,y)ad(y) + 4D(x,y)aD(x,y) =0

(10)

By adding equations (9) and (10), we get

2d(x)ad(y) + 2d(y)ad(x) + 8D (x,y)aD(x,y) =0

2(d(x)ad(y) + d(y)ad(x) + 4D(x,y)aD(x,y)) = 0
SinceR isacharR # 2 then, we get

d(x)ad(y) + d(y)ad(x) + 4D(x,y)aD(x,y) =0 (11
Now we replacing x by x + y in equation (11) and expand it, and then we use equations
(8), (11) and the fact that charR # 2 then, we get
dx+y)ad(y) +d(y)ad(x +y) +4D(x +y,y)aD(x +y,y) =0

(d() +d() +2D(x,))ad(y) + d(y)a(d(x) + d(y) + 2D(x, ) + 4(D(x,y) +
D(y,y))a(D(x,y) + D(y,y)) = 0

d(x)ad(y) + d(y)ad(y) + 2D(x,y)ad(y) + d(y)ad(x) + d(y)ad(y) +
2d(y)aD(x,y) + 4D(x,y)aD(x,y) + 4D(x,y)aD(y,y) + 4D(y,y)aD(x,y) +
4D(y,y)aD(y,y) =0

d(x)ad(y) + 2D(x,y)ad(y) + d(y)ad(x) + 2d(y)aD(x,y) + 4D(x,y)aD(x,y) +
4D (x,y)ad(y) + 4d(y)aD(x,y) + 4d(y)ad(y) =0

d(x)ad(y) + d(y)ad(x) + 4D (x,y)aD(x,y) + 2D(x,y)ad(y) + 2d(y)aD(x,y) +
4d(y)aD(x,y) +4D(x,y)ad(y) =0

2D(x,y)ad(y) + 2d(y)aD(x,y) + 4d(y)aD(x,y) + 4D (x,y)ad(y) = 0
SinceR isacharR # 2 then, we get

D(x,y)ad(y) + d(y)aD(x,y) + 2d(y)aD(x,y) + 2D(x,y)ad(y) = 0
3D(x,y)ad(y) + 3d(y)aD(x,y) =0

D(x,y)ad(y) + d(y)aD(x,y) =0 12)
Replacing y by x + y in equation (12) then, we get

D(x,x +y)ad(x +y) +d(x + y)aD(x,x +y) =0
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(D(x, x) + D(x, y))a(d(x) +d() +2D(x,y)) +
(d(x) +d(y) + 2D(x,y))a(D(x, x)+ D(x,y) =0
d(x)ad(x) + d(x)ad(y) + 2d(x)aD(x,y) + D(x,y)ad(x) + D(x,y)ad(y) +
2D(x,y)aD(x,y) + d(x)ad(x) + d(x)aD(x,y) + d(y)ad(x) + d(y)aD(x,y) +
2D(x,y)ad(x) + 2D(x,y)aD(x,y) =0
d(x)ad(y) + d(y)ad(x) + 4D(x,y)aD(x,y) + D(x,y)ad(y) + d(y)aD(x,y) +
3D(x,y)ad(x) + 3d(x)aD(x,y) =0
Using equations (8),(11),(12) and the fact that charR + 3,we get
D(x,y)ad(x) + d(x)aD(x,y) =0 (13
Replacing y by zy in equation (13), and using equation (13), we get
D(x,zy)ad(x) + d(x)aD(x,zy) =0
yD(x,z)ad(x) + D(x,y)zad(x) + d(x)ayD(x,z) + d(x)aD(x,y)z = 0
yD(x,z)ad(x) + D(x,y)zad(x) + d(x)ayD(x,z) — D(x,y)ad(x)z = 0
yD(x,z)ad(x) + D(x,y)[zad(x) — ad(x)z)] + d(x)ayD(x,z) = 0
yD(x,z)ad(x) + D(x,y)[z, ad(x)] + d(x)ayD(x,z) = 0
—yd(x)aD(x,z) + D(x,y)[z, ad(x)] + d(x)ayD(x,z) = 0
[d(x)a, y]D(x,z) + D(x, y)[z,ad(x)] = 0
D(x,y)[z ad(x)] = —[d(x)a, y]D(x,z)
D(x,y)[z, ad(x)] = [y, d(x)a]D(x, z)
Interchanging x to y, and y to x and applying symmetric if D(x,y) = D(y, x)
D(y,x)[z ad(y)] = [x,d(y)a]D(y,2)
D(x,y)[z,ad(y)] = [x,d(y)a]D(z,y) (14)
Replacing x by wx in equation (14) and using equation (14) again, we get
D(wx,y)[z,ad(y)] = [wx,d(y)a]D(z,y)
xD(w,y)[z,ad(y)] + D(x,y)wlz,ad(y)] = wlx,d(y)alD(z,y) + [w,d(y)alxD(z,y)
xD(w,y)[z,ad(y)] + D(x,yIwlz,ad(y)] = wD(x,y)[z, ad(y)] + [w,d(y)alxD(z,y)
Replacing x to w then, we get
wD(w,y)[z, ad(y)] + D(w, y)w(z, ad(y)]
=wD(w,y)[z ad(y)] + [w,d(y)alwD(z,y)
D(w,y)wlz,ad(y)] = [w,d(y)a]lwD(z,y) (15
Replacing z to w in equation (15) then, we get
D(w,y)wlw, ad(y)] = [w, d(y)alwD(w,y)
Replacing w to x then, we get
D(x,y)x[x,ad(y)] = [x,d(y)a]xD(x,y) (16)
It follows from Lemma 3 that D(x,y) = 0 or [x, ad(y)] = [x, d(¥)a]. In other words, R
istheunion of itssubsets A = {x € R/D(x,y) =0foraly e R}andB = {x €
R/[x,ad(y) —d(y)a] = 0foral y € R}. Notethat A and B are additive subgroups of R.
Since R cannot be written as the union of A and B, it followsthat A =R or B = R. S0
from the hypothesisthat R = B. Thisimpliesthat [a,d(y)] € Z foral y € R. By
Lemma 2(ii), we know that a € Z. This completes the proof.
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