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Abstract. In this paper we present some properties in ordegotve certain fractional

differential equation. Mittag-Leffler function playan important role in the Laplace
transform to find the solution of fractional orddifferential equations. Here we solve
some problems related to fractional order diffdedrdquation using fractional Laplace
Transform with initial conditions.
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1. Introduction

Fractional calculus arises from a question posetl’Hgspital and Lebnitz in1965. It is
the generalization of integer-order calculus. Rwirig the history we find that the
Fractional calculus was more interesting topic sthematicians for a long time in spite
of the lack of application back ground. Upcomingngemore and more researchers have
paid their attention towards Fractional Calculuscwhare used in real world problems
such as Viscoelastic system, dielectric polariratelectromagnetic waves, etc., [8, 9, 5,
7]. With the great efforts of researchers theresHasen rapid developments on the theory
of fractional calculus and its applications. Thepmse of this paper is to define the
Fractional Laplace Transform via Mittag-Leffler fition. Mittag-Leffler function is
defined and with its help the Fractional Laplacear&form is also defined. Here we
derive some properties of Fractional Laplace Tiamnsfbased on our definition which is
more helpful to find the solution of fractional fifential equation with the initial
conditions.

2. Preliminaries

Definition 2.1. (Riemann-Liouville definition of fractional deriviag). Let the function
g(t) be one time integrable. Then the integro-diffeéedmtefines Riemann-Liouville
fractionalderivative[2]

WDE[g(D)] = —

d\" .t —a)—
r(n—-a) (E) fb(t_T)(n a) lg(‘[)d‘[, a>0
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This expression is known as the Riemann-Liouviééirdtion of fractional derivative. By
this definition, fractional derivative of a constasmnon-zero.

Definition 2.2. (Modified Riemann-Liouville(RL)). To overcome théa@tcoming that
the fractional derivative of a constant is non-zéine modification in the definition of the
fractional derivative, proposed by Jumarie [5] éscribed as below:

1t o
{F(_a)fb(t—r) f(t)dr,a <0

D“[g(t)]=l LA e 0<a<1
f lm_a)dx [ ce=o-r@ - ronar

Fe™mE)mm<a<m+1

Definition 2.3. (Mittag-Leffler Function). The one-parameter of tdg-Leffler function
[3], denoted by, (z), is defined by

k
E,(z) = Z‘,fzom,z € C,Re(a) >0 (1)

2.1. Mittag-L effler function for fractional derivative
Mittag-Leffler function is defined in the form ohanfinite series with one parameter [3]
axP a’x?h a’x3h

Eplax) =1+ o st v trassp T

Definition 2.4. (Fractional Derivative of Mittageffler Function). The Jumarie
derivative [3] of the Mittag_effler functionEB(axB) is defined as follows:
Applying term by term ModifieRL derivative we get,

8 P 8 axP a?x?p a3x3P
DP1Eg(ax™)] = D [1 Yra p rar ra+3p °°]
axh a’x?P adx3P
= “[1+r(1 Tp T Ta+2 T3/ +"'°°]

=« Eﬁ(axﬁ)
wherep is the order of the Jumarie derivative of Mittagffler function.

Definition 2.5. (Fractional Laplace Transform) If a functidiit) is defined for all
positive values of the variabteand if [ * Eg (—sPtP)f(t) (dt)P exists and is equal @),
thenF(s) is called the Fractional Laplace Transform [4]f@), denoted by the symbol
Lg[f(t)]. Hence

Le[f(D)] = fo Eg (—sPtBY(E) (dD)P = F(s) @

The operatoi.g that transformg(t) into F(s) is called the Fractional Laplace transform
operator.
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3. Main results
Property 3.1. Lg[f (t) + g(©)] = Lg[f(©)] + Lg[g(®)].
Proof:

Lolf(®) + g(©)] = fo Ey (~sPtB)F () + g(0)](de)P
- f "By (PR FO (A + f "By (—sPeh)g()(dt)P
0 0
= Lg[f(®)] + Lg[g(®)]

Property 3.2. Lg[cf (£)] = cLg[f(t)], wherec is a constant.
Proof:

Le[ef (O] fo Ep (~sPtF)cf (6)(dt)P

= o[ B 5P
0
cLlf(©)]

'(np+1)
snB+p *

Property 3.3. .Lg [tP"] =
Proof:

Lo[th] = fo "Eg (—sPthytPn(d)

putsPtP = xB. Then

o0 B 1
By = [ () Eu(—xP) = (dx)®
Lo[tP"] = fo (5) Es(—xH) (a0
1 o0
= SIIB_"'BL XnB EB(—XG)(dX)G
1
= Sopep P!
(nB)!
LgltP] = e
Property 3.4. Lg[Eg(atP)] = 5—,sP #a
Proof:

ntBn * an
LolECe] =L [Z im0~ 25 L
a"  T(1+Bn)
B nZ;}F(Bn +1) snB+B

o0

_ a"  T(1+pn)
- HZO I'(Bn+1) snB+B
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1< ay
a

=52, ()
n=0

1

T sB—a

Property 35. Lg (DBf(t)) = sPLg(f(D)) — £(0).
Pr oof:

Lg (Dﬁf(t)) = waB (—sPtP)(DBf(1)) (dt)P
0

= [f(t)Es(—SBtB)]E’?—foof(t)(—SBEs(—SBtB))(dt)B
0

= —£(0) + sP [ (©) (Eg(—sPtP))(dt)P

~f(0) + sBLg(f(t))

sPLg(f(1)) — £(0).

Property 3.6. Lg(D?Pf(t)) = s?PLg(f(1)) — sPf((0) — £F(0).
Pr oof:
Lg(D?Pf(t)) = s2PLg(f()) — sPf(0) — £F(0)

Lg(f2P (1)) = Lg(DPF(t))wheref (t) = fB(t)

= sPLg(F(t) — F(0)

= sPLg(fP (1)) - £P(0)
sP[sPLgf(t) — f(0)] — fP(0)
s2PLgf(t) — sPf(0) — £P(0)

By extending the result, we get
LB[f(nB)(t)] = S(nB)LB[f(t)] — s(MB-B)f(0) — s@B-2B)F(B) (0) — s(mB-3B)F(2B) (0) —

.. .—f@B-B)(0)
Property 3.7. Lg (cosB(atB)) = %
Proof:
f(t) = cosg(atP)
B = —asinB(atB)
f2P(t) = —a®cosg(atP)

Ls(D?PE() = s?PLH(E) — sPE(0) — £8(0)
Lg(—a?cosg(at?)) = s?PLg[cosg(ath)] — sP
sP = (s?P + aZ)LB(cosB(atS))
Lg(cosg(atP)) = s2F + a2

_ a

Property 3.8. Lg (sinﬁ(atﬁ)) =S5

212



Analytic Solution of Linear Fractional Differenti&quation Using Fractional Laplace
Transform

Proof:
f(t) = sinB(atB)
fB(t) —acosB(atB)
f2B(t) = —a?sing(atf)
LB(DZBf(t)) SZBLBf(t) — sPf(0) — fB(0)
Lg(—a%sing(atP)) = s?PLg[sing(atP)] — 0 —a
LB[sinB(atB)] = ﬁ.

Property 3.9. Lg (EB (—ath(t))> = F(sP +a).
Proof: We know thatF(s) = Lg[f(t)] = f Eg (sPtP)f(D) (dt)P
[Eg(— atﬁ)] f Eg (— thB)EB( atPYf(t)(dt)P

0
fo Eg (—sP + a)tPf(t)(do)®
= F(sP +a)
Example 3.10. We solve the following homogeneo®E using Fractional Laplace
Transform, (D 2(3) + 2D4 +2)y(t) =0 wherey(O) =1, y( )(0) = —

Solution: The equation can be written in the form
1 1
yZ(Z) + Zy(Z) +2y=0

Applying fractional Laplace transforms to both sidere have
1 1
L [yz(z)] + 2L [y(z)] +2Lily] = 0

saly(0)] = 52y(0) ~ 1 (0) + 2 [s+Laly(0)] ~ y(O)] + 2Ly (O)]

(54 + 254 + 2)Li[y (V)] = s% +1

P+ 1
Lily®] = #
S# + 254+ 2

1

L) = —
(s4 +1)2+2
L%[y(t)] = L% [E% (—tz) COS% (tz)]

y®) = El(—ti)cosl (t%)

4, Conclusion

The Laplace transformation method has been suctdigssipplied to find an exact
solution of Fractional Differential Equation. Somesults are derived with the proofs. We
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conclude that the Laplace transformation methadpswerful efficient tool for finding a
solution of Fractional Differential Equation.
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