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1. Introduction  
A fuzzy set, introduced by Zadeh[8], gives the degree of membership of an object in a 
given set. Zhang [9] initiated the concept of a bipolar fuzzy set as a generalization of a 
fuzzy set. A bipolar fuzzy set is an extension of fuzzy set whose membership degree 
range is [−1, 1]. In a bipolar fuzzy set, the membership degree 0 of an element means 
that the element is irrelevant to the corresponding property, and the membership degree 
(0, 1] of an element indicates that the element somewhat satisfies the property and the 
membership degree [−1, 0) of an element indicates that the element somewhat satisfies 
the implicit counter property. In 2011, Akram [1] introduced the concept of bipolar fuzzy 
graphs and defined different operations on it. Akram and Dudek [3] introduced the 
notions of regular bipolar fuzzy graphs.In 2013, Karunambigai, et. al., [4], introduced the 
concept of domination in bipolar fuzzy graphs. 
 In this paper, our aim is to introduce the concept of split domination and non – 
split domination in Bipolar Fuzzy Graphs (BFG). Also we investigate relationship 
between connected domination, split domination, Strong Split domination and non – split 
domination in bipolar fuzzy graphs. 
 
2. Preliminaries 
In this section, we review some definitions that are necessary for this paper. 
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Definition 2.1. Let 	 be a non – empty set. A bipolar fuzzy set
 in 	 is an object having 
the form 
	 = 
(�, ���(�), ���(�))/� ∈ 		�where ���: 	 → [0,1] and ���: 	 → [−1,0] are 
mappings. 
 
Definition 2.2. A Bipolar fuzzy graph (BFG) is of the form �	 = 	 (�, �) where (i) 
� = 
��, ��, … , ���such that���: 	 → [0,1] and ���: 	 → [−1,0](ii)� ⊂ � × � where 
���: � × � → [0,1] and ���: � × � → [−1,0] such that  

��"#� = ���$�" , �#% ≤ '()	 *���(�"), ���$�#%+ and  

��"#� = ���$�" , �#% ≥ '-� *���(�"), ���$�#%+ for all $�" , �#% ∈ �. 
 
Definition 2.3. A Bipolar fuzzy graph (BFG), �	 = 	 (�, �) is called strong if ��� =
'()	 *���(�"), ���$�#%+ and ��� = '-� *���(�"), ���$�#%+ for all $�" , �#% ∈ �. 
 
Definition 2.4. A Bipolar fuzzy graph (BFG), �	 = 	 (�, �) is called complete if ��� =
'()	 *���(�"), ���$�#%+ and ��� = '-� *���(�"), ���$�#%+ for all �" , �# ∈ �. 
 
Definition 2.5. Let �	 = 	 (�, �) be bipolar fuzzy graph (BFG), then the cardinality of G 

is defined to be |�| = ∑ *�1234(56)1237(56)� + + ∑ 9�12:4$56,5;%12:7$56,5;%� <$56,5;	%∈=56∈>  

 
Definition 2.6. Let �	 = 	 (�, �) be bipolar fuzzy graph (BFG), then the vertex cardinality 

of G is defined to be |�| = ∑ *�1234(56)1237(56)� +56∈>  for all �" ∈ � 

 
Definition 2.7. Let �	 = 	 (�, �) be bipolar fuzzy graph (BFG), then the edge cardinality 

of G is defined to be |�| = ∑ 9�12:4$56 ,5;%12:7$56,5;%� <$56,5;	%∈=  for all $�" , �#% ∈ � 

 
Definition 2.8. The degree of a vertex� in a BFG, �	 = 	 (�, �) is defined to be sum of 
the weights of the strong edges incident at �. It is denoted by ?@ 	(�) 
 
Definition 2.9. The minimum degree of � is A(�) = 	'()	
?@ 	(�)|� ∈ �� 

The maximum degree of � is ∆(�) = 	'-�
?@ 	(�)|� ∈ ��. 
 
Definition 2.10. An edge (u, v) is said to be strong edge in BFG, �	 = 	 (�, �) if 
���$�" , �#% ≥ (���)C$�" , �#%and ���$�" , �#% ≤ (���)C$�", �#%. 
Where (���)C$�" , �#% = '-�	D(���)E$�" , �#%|F = 1, 2,3… , )I and 
 (���)C$�" , �#% = '()	D(���)E$�" , �#%|F = 1, 2,3… , )I.  
Let �" be a vertex in a BFG �	 = 	 (�, �), then  

J(K) = D�: � ∈ �	-)?	$�" , �#%	(L	-	LMNO)P	Q?PQ	()	�I is called neighbourhood 
of K in �. 
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Definition 2.11.  Let �	 = 	 (�, �) be a bipolar fuzzy graph, if all the vertices have 
the same open neighbourhood degree ), then � is called n – regular bipolar fuzzy graph.  
 
Definition 2.12. Let �	 = 	 (�, �) be a bipolar fuzzy graph, if each vertex of � has same 
close neighbourhooddegree ', then � is called a totally regular bipolar fuzzy graph. The 
closed neighbourhood degree of a vertex � is defined by ?QP�	[�] 	= 	?QP�	(�) 	+
���(�)and ?QP�	[�] 	= 	?QP�	(�) 	+ ���(�). 
 
Definition 2.13. Two vertices in a BFG,�	 = 	 (�, �) are said to be independent if there is 
no strong edge between them. 
 A subset R of � is said to be independent set if ���$�" , �#% < (���)C$�" , �#% and 
���$�" , �#% > (���)C$�" , �#% for all �" , �# ∈ R 
 An independent set R of BFG �	 = 	 (�, �) is said to be maximal independent, if 
for every vertex � ∈ � − R the set R ∪ 
�� is not independent. 
 
Definition 2.14. A subset V of � is called a dominating set in � if for every �	 ∈ �	– 	V, 
there exist K ∈ 	V	such that K dominates �.	 A dominating set	V of a BFG is said to be 
minimal dominating set if no proper subset of V is a dominating set. Minimum 
cardinality among all minimal dominating set is called lower domination number of �, 
and is denoted by ?X	(�). Maximum cardinality among all minimal dominating set is 
called upper domination numberof �, and is denoted by VX	(�). 
 
3. Split, non – split and connected domination 
Definition 3.1. A dominating set V of a bipolar fuzzy graph � is a split dominating set if 
the induced bipolar fuzzy subgraph〈�	– 	V〉 is disconnected. 
 
Definition 3.2. A dominating set V of a bipolar fuzzy graph � = 〈�, �〉 is a strong split 
dominating set if the induced bipolar fuzzy subgraph〈�	– 	V〉 is totally disconnected with 
atleast two components. 
 
Definition 3.3. The split domination number of a bipolar fuzzy graph � is [\(�) is the 
minimum bipolar fuzzy cardinality of a split dominating set. 
 
Definition 3.4. The strong split domination number of a bipolar fuzzy graph � is [\\(�) 
is the minimum bipolar fuzzy cardinality of a strong split dominating set. 
 
Definition 3.5. A dominating set V of a bipolar fuzzy graph � is a connected dominating 
set if the induced bipolar fuzzy subgraph〈	V〉 is connected. 
 
Definition 3.6. The connected domination number of a bipolar fuzzy graph � is [](�) is 
the minimum bipolar fuzzy cardinality of a connected dominating set. 
 
Definition 3.7. A dominating set D of a bipolar fuzzy graph G is a non-split dominating 
set if the induced bipolar fuzzy subgraph〈	V − D〉 is connected. 
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Definition 3.8. The non-split domination number of a bipolar fuzzy graph G is γbc(G) is 
the minimum bipolar fuzzy cardinality of a non-split dominating set. 
 
Example 3.9. Consider the Bipolar Fuzzy Graph (BFG), G	 = 	 (V, E) six vertices and 
nine edges. 

 
Figure 1: 

In BFG,  
Split Dominating Set D� 	= 
v�, vf, vg� Cardinality of Set |D�| 	= 1.25 
Non - Split Dominating Set D� 	 = 
v�, vi, vf� Cardinality of Set |D�| 	= 1.45 
Connected Dominating Set Df 	= 
v�, v�, vi� Cardinality of Set |Df| 	= 1.35 

 
Proposition 3.10. A dominating set D of a bipolar fuzzy graph G is a strong split 
dominating set iff there exist two bipolar fuzzy vertices vk, vl ∈ V	– 	D such that every 
vk − vl path contains a bipolar fuzzy vertex of D. 
Proof: 

 
Figure 2: 

〈V	– 	D〉 is a bipolar fuzzy graph of G induced by totally disconnected, hence D is a strong 
split dominating set of G with strong split domination number γmm(G) we see that there 
exists v�vi ∈ 	V	– 	D such that v�	–	vf path containsv�. 
 
Proposition 3.11. A split dominating set D of a Bipolar fuzzy graph G is minimal for 
each vertex v	 ∈ 	D, one of the following three conditions holds 

i) There exist u	 ∈ V	– 	D such N	(u) ∩ 	D	 = 	 
v� 
ii)  v is isolated vertex in< V > 
iii)  < (� − V)	∪ 
�� > is connected 
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Proof: Suppose D is minimal and there exist a vertex v ∈ 	D	such that v does not hold any 
of the above conditions. Then by conditions (i) and (ii) V� 	= 	V	–	
�� is a dominating set 
of �. also by (iii), < � − V > is split dominating set of �, a contradiction. 
 
Proposition 3.12. For any bipolar fuzzy graph G = 
σ, μs, μt�then γ(G) ≤ γmm(G). 
Proof: It’s obviously true by the definitions 
 
Proposition 3.13. For any regular bipolar fuzzy graph the split domination number is 
same for all the minimal dominating set. 
Proof: By the definition, regular BFG all the vertices have the same vertex cardinality. 
This shows that every dominating set which in minimal same domination number in 
BFG. 
 
Proposition 3.14. In total regular bipolar fuzzy graph γbc(G) = γu(G) 
 
Proposition 3.15. In total regular bipolar fuzzy graph γbc(G) = min	D|V|yz∈{I 
 
Proposition 3.16. In a bipolar fuzzy graph both regular and totally regular, then γbc(G)is 
constant for all minimal dominating set. 
 
Proposition 3.17. If G be a regular bipolar fuzzy graph, where crisp graph G∗ is an odd 
cycle thenγbc(G) is constant. 
 
Proposition 3.18. For any Bipolar fuzzy graph G with an end vertexγ(G) = γm(G). 
Furthermore, there exist a γm −set of G containing all vertices adjacent to end vertices. 
Proof: Let v be an end vertex of G, then there exist a cut vertex w adjacent to v. Let D be 
a γm −set of G suppose w ∈ 	D, then is a γm −set ofG suppose w ∈ 	V	 − 	Dthen v ∈ D	and 
hence (D	–	
v�) ∪	
w� is a γm −set ofG. 
 Repeating this process for all such cut vertices adjacent to end vertices we obtain 
a γm −set of G containing all cut vertices adjacent to end vertices. 
 
Proposition 3.19. For any bipolar fuzzy graph (BFG)	G	 = 	 $σ, μs, μt%, γcc(G) ≤
p. ∆(G)/(∆(G) + 1). 
Proof: Let D be a split dominating set since D is minimal, by Proposition it follows that 
for each v ∈ 	D there exist u	 ∈ V	– 	D such that 0 < �(u, v) = σ(u)⋀σ(v)	, v is adjacent 
to u. which implies that V	– 	D is a dominating set of G. 
 Thus γ(G) ≤ |V − D| ≤ p − γcc(G)and by,For any BFG,	G	 = 	 $σ, μs, μt% 

γ(G) ≥ p/(∆(G) + 1) 
Henceγcc(G) ≤ p. ∆(G)/(∆(G) + 1). 

 
Definition 3.20. A set of Bipolar fuzzy vertex which cover all the Bipolar fuzzy edges is 
called a bipolar fuzzy vertex cover of G and minimum cardinality of a bipolar fuzzy 
vertex cover is called a vertex covering number of G and denoted by β(G). 
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Definition 3.21. A disconnection of a bipolar fuzzy graph G is a vertex set V whose 
removal results in a disconnected or a single vertex graph. The weight of V is a defined to 

∑�min*μs(v�, v�)+ ,min*μt(v�, v�)+ /	μs(v�, v�)		orμt(v�, v�), u ∈ V, 	v	 ∈ D� the 

vertex connectivity of bipolar fuzzy graph G denoted byΩ(G) is defined to be the 
minimum weight disconnection inG. 
 
Proposition 3.22. For any BFG G	 = 	 $σ, μs, μt%, (i) γ(G) ≤ γcc(G) (ii) Ω(G) ≤ γcc(G) 
Proof: 
(i) and (ii) follows from the definitions of γ(G), γcc(G) and Ω(G) 
 
Proposition 3.23. For any bipolar fuzzy graph (BFG) G	 = 	 $σ, μs, μt%, γcc(G) ≤ β(G) 
Proof: Let D be a maximal independent set of bipolar fuzzy vertex in G, then G has 
atleast two bipolar fuzzy vertices and every bipolar fuzzy vertex in D is adjacent to some 
vertex in V	– 	D. this implies that V	– 	D strong split dominating set of G. Thus the 
Proposition holds. 
 
Proposition 3.24. For any bipolar fuzzy graph (BFG) G	 = 	 $σ, μs, μt%γc(G) ≤ α�(G) 
Proof: Let S be minimum independent set of vertices in G. Then S has atleast two 
vertices in G. Then S has atleast two vertices and every vertex in S has effective edge to 
some vertex in S	has effective edge to some vertex in V	– 	S. this shows that V	– 	Sa split 
dominating set of G. Hence γc(G) ≤ α�(G). 
 
Proposition 3.25. For any bipolar fuzzy graph (BFG) G	 = 	 $σ, μs, μt%γ(G) + γc(G) ≤
2|v|. 
Proof: Let D be a minimal dominating set of BFG in G, D contains the vertices with 
minimum degree then D be split domination number is same for the minimum degree 
vertices in G. here domination number and split domination number lesser values of 
vertex covering and minimum weight of disconnection in G. 

β(G) + α�(G) ≤ 2|v| 
Here |v	|denotes the vertex cardinality will be minimum in the set V. 
 
Proposition 3.26. If γcc(G) ≤ γ�(G) then for any strong split dominating set 
Proof: Since D is minimal, V – D is dominating set of G and furthermore it is strong split 
dominating set since <D> is totally disconnected. 
 
4. Conclusion 
In this paper we introduced the concept of some domination numbers.Alsorelationship 
between connected domination and split domination number in bipolar fuzzy graphs are 
discussed. 
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