Annals of Pure and Applied Mathematics
Vol. 15, No. 1, 2017, 115-121

Annals of
ISSN: 2279-087X (P), 2279-0888(online) .
Published on 11 December 2017 Plll'e alld Applled
www.researchmathsci.org :
DOI: http://dx.doi.org/10.22457/apam.v15nlall Mathe—n‘atlcs

Split and Non-Split Domination Number in Bipolar
Fuzzy Graphs
A. Prasannal, C. Gurubaran® and S. I smail Mohideen®

Department of Mathematics, Jamal Mohamed ColleggdAomous)
Tiruchirappalli, Tamilnadu, India
'E-mail: apj_jmc@yahoo.co.ifE-mail: guruc2u@gmail.com
*E-mail: simohideen@yahoo.co.in

Received 15 November 2017; accepted 4 December 2017

Abstract. In this paper the concept of split domination amh R split domination in
bipolar fuzzy graphs are introduced and investijademe of their properties. Also
relationship between connected domination, spliidation, strong split domination and
non — split domination number in bipolar fuzzy drajare discussed.

Keywords. Fuzzy graphs, Bipolar Fuzzy Graphs, Domination Kem Size of BFG,
Order of BFG

AMS Mathematics Subject Classification (2010): 03E72, 05C72, 05C69

1. Introduction

A fuzzy set, introduced by Zadeh[8], gives the éegof membership of an object in a
given set. Zhang [9] initiated the concept of aoldp fuzzy set as a generalization of a
fuzzy set. A bipolar fuzzy set is an extension wézZfy set whose membership degree
range is[—1,1]. In a bipolar fuzzy set, the membership degreé @noelement means
that the element is irrelevant to the correspongiraperty, and the membership degree
(0,1] of an element indicates that the element somegdigfies the property and the
membership degrele-1,0) of an element indicates that the element somegduidfies
the implicit counter property. In 2011, Akram [h}ioduced the concept of bipolar fuzzy
graphs and defined different operations on it. Akrand Dudek [3] introduced the
notions of regular bipolar fuzzy graphs.In 2013ru€embigai, et. al., [4], introduced the
concept of domination in bipolar fuzzy graphs.

In this paper, our aim is to introduce the cona&psplit domination and non —
split domination in Bipolar Fuzzy Graphs (BFG). élsve investigate relationship
between connected domination, split dominatiomr&jrSplit domination and non — split
domination in bipolar fuzzy graphs.

2. Preliminaries
In this section, we review some definitions th& aecessary for this paper.
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Definition 2.1. Let X be a hon — empty set. Bipolar fuzzy set in X is an object having
the formA = {(x, uf (x), 1} (x))/x € X}whereuf: X - [0,1] andul: X — [-1,0] are
mappings.

Definition 2.2. A Bipolar fuzzy graph (BFG)s of the formG = (V,E) where (i)
V ={v,vy,..,v}such that?:X - [0,1] and pl:X - [-1,0](i)E cV xV where
ub: vV xv —[0,1] anduy:V x V - [—1,0] such that

by = ub (v, v;) < min (u’f(vi),u’f(vj)) and

,u’zvij = ,ulzv(vi,vj) > max (uf’(vi),u’lv(vj)) for all (vi, vj) EE.

Definition 2.3. A Bipolar fuzzy graph (BFG)G = (V,E) is calledstrong if ub =
min (y’f(vi),u’f(vj)) andu) = max (y’lv(vi), yi"(vj)) for all (v;,v;) €EE.

Definition 2.4. A Bipolar fuzzy graph (BFG)G = (V,E) is calledcompleteif ub =
min (u’f(vi),,uf(vj)) anduy = max (uﬂv(vi), u’lv(vj)) forallv;, v; € V.

Definition 2.5. LetG = (V,E) be bipolar fuzzy graph (BFG), then tbardinality of G

P(o,. N(.,. Py v: Ny v:
is defined to b4G| = ¥,,ev (—”“1 ("’;Jr“l (v‘)) + X (v, ek (1+“2 (U"U’ng (U"U’)>

Definition 2.6. LetG = (V,E) be bipolar fuzzy graph (BFG), then thertex cardinality
: , _ 1+uf W) +uf ()
of G is defined to b/ | = ¥, ey (f) for allv; € V

Definition 2.7. Let G = (V,E) be bipolar fuzzy graph (BFG), then thdge cardinality
Pl o Veu (v v
of G is defined to b§E| = Z(vi o))eE <1+ﬂz (viv))+pd (ww)) for all (Vi:vj) €E

2

Definition 2.8. The degree of a vertexin a BFG,G = (V,E) is defined to be sum of
the weights of the strong edges incident.dt is denoted byl (v)

Definition 2.9. Theminimum degreef G is§(G) = min{d; (v)|v € V}
Themaximum degreef G isA(G) = max{d; (v)|v € V}.

Definition 2.10. An edge (u, V) is said to bstrong edgein BFG, ¢ = (V,E) if
g (v v5) = W) (v, vy)anduy (v, vp) < () (vy, vy).-
Where(ué’)”(vi,vj) = max {(ug)k(vi,vjﬂk =1,2,3 ...,n} and
W)® (vi, v;) = min {(W)* (v, )1k = 1,2,3 ...,n}.
Letv; be avertexin aBFG = (V,E), then

N(u) = {v: v EVand (vi,vj) is a strong edge in G} is calledneighbourhood
ofuing.
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Definition 2.11. LetG = (V,E) be a bipolar fuzzy graph, if all the vertices have
the same open neighbourhood degreinent is called n fegular bipolar fuzzy graph

Definition 2.12. Let G = (V,E) be a bipolar fuzzy graph, if each vertexGohas same
close neighbourhooddegree thené is called aotally regular bipolar fuzzy graphrhe

closed neighbourhood degree of a vertexs defined bydeg® [v] = deg? (v) +

uh(v)anddeg" [v] = deg" (v) +ul (v).

Definition 2.13. Two vertices in a BF@, = (V,E) are said to bandependenif there is
no strong edge between them.

A subsetS of V is said to béndependent sef pf (v;, v;) < (ud)*(v;,v;) and
,u’zv(vl-,vj) > (u’zv)”(vi,vj) forallv;, v, €S

An independent set of BFGG = (V,E) is said to banaximal independentf
for every vertex € V — S the sefS U {v} is not independent.

Definition 2.14. A subsetD of V is called adominating setn G if for everyv € V - D,
there existu € D such thatu dominatesy. A dominating seD of a BFG is said to be
minimal dominating seif no proper subset oD is a dominating set. Minimum
cardinality among all minimal dominating set isledllower domination numbeof G,
and is denoted bylz (G). Maximum cardinality among all minimal dominatiisgt is
calledupper domination numbef G, and is denoted by (G).

3. Split, non — split and connected domination
Definition 3.1. A dominating seD of a bipolar fuzzy graphf is asplit dominating seif

the induced bipolar fuzzy subgraph- D) is disconnected.

Definition 3.2. A dominating seD of a bipolar fuzzy grapls = (V, E) is astrong split

dominating setf the induced bipolar fuzzy subgraph- D) is totally disconnected with
atleast two components.

Definition 3.3. The split domination numbeof a bipolar fuzzy grapl¢ is ys(G) is the
minimum bipolar fuzzy cardinality of a split domtirgy set.

Definition 3.4. Thestrong split domination numberf a bipolar fuzzy graply is yss(G)
is the minimum bipolar fuzzy cardinality of a stgpsplit dominating set.

Definition 3.5. A dominating seD of a bipolar fuzzy graplt is aconnected dominating
setif the induced bipolar fuzzy subgraphy) is connected.

Definition 3.6. Theconnected domination numbef a bipolar fuzzy graply isy.(G) is
the minimum bipolar fuzzy cardinality of a connettiominating set.

Definition 3.7. A dominating seD of a bipolar fuzzy grapk is a non-split dominating
set if the induced bipolar fuzzy subgréph— D) is connected.
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Definition 3.8. The non-split domination number of a bipolar fugrgphG is y,(G) is
the minimum bipolar fuzzy cardinality of a non-¢glominating set.

Example 3.9.Consider the Bipolar Fuzzy Graph (BF@&),= (V,E) six vertices and
nine edges.

Vi(0.3,-04) 2 (0.2,-0.4) V02,08
e, (0.2,-0.5)
o 2 (02,-04) )
= 8, (0.3,-04) iy
e, (0.7,-0.1) 8, (0.5,-0.4)
V, (0.6, -
V,(0.7,-0.1) e, (0.6,-0.4) J(06.-04)
Figure 1:
In BFG,

Split Dominating Seb; = {v,,v3,vs} Cardinality of SetD,| = 1.25
Non - Split Dominating Sdd, = {v;,v,, v3} Cardinality of SetD,| = 1.45
Connected Dominating SBt = {v4,v,, v} Cardinality of SetD;| = 1.35

Proposition 3.10. A dominating setD of a bipolar fuzzy grapit is a strong split
dominating set iff there exist two bipolar fuzzyrtkees v;,v; € V- D such that every
v; — v; path contains a bipolar fuzzy vertexinf

Proof:
(0.4,-0.2)
Vi (0.3, - V,(0.4,-0.3)
(0.3,-0.3) (0.3,-0.1)
V(06,07 V_{0.5, -
L (0.6,-07) 0506 L(0.5,-08)
Figure 2:

(V- D) is a bipolar fuzzy graph @f induced by totally disconnected, herizés a strong
split dominating set o€ with strong split domination humbegs(G) we see that there

existsv,v, € V- D such thav; - v; path contains,.

Proposition 3.11.A split dominating seD of a Bipolar fuzzy grapl& is minimal for
each vertex € D, one of the following three conditions holds

i) There existt e V- DsuchN (uyn D = {v}

i) v is isolated vertex k1 D >

iii) < (V—-D) u {v} > is connected
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Proof: Suppose is minimal and there exist a vertexe D such thav does not hold any

of the above conditions. Then by conditions (i) &)dD, = D - {v} is a dominating set
of G. also by (iii),< V — D > is split dominating set af, a contradiction.

Proposition 3.12.For any bipolar fuzzy grapt = {o, u¥, p¥N}theny(G) < yss(G).
Proof: It's obviously true by the definitions

Proposition 3.13.For any regular bipolar fuzzy graph the split doation number is
same for all the minimal dominating set.

Proof: By the definition, regular BFG all the vertices hahe same vertex cardinality.
This shows that every dominating set which in malirmame domination number in
BFG.

Proposition 3.14.In total regular bipolar fuzzy graph(G) = yc(G)
Proposition 3.15.In total regular bipolar fuzzy graphs(G) = min {|V|,ec}

Proposition 3.16.In a bipolar fuzzy graph both regular and totadigular, thery,c(G)is
constant for all minimal dominating set.

Proposition 3.17.1f G be a regular bipolar fuzzy graph, where crisp rapis an odd
cycle thely,(G) is constant.

Proposition 3.18. For any Bipolar fuzzy graptt with an end vertexG) = ys(G).
Furthermore, there existyg —set ofG containing all vertices adjacent to end vertices.
Proof: Letv be an end vertex @, then there exist a cut vertexadjacent tw. LetD be
ays —set of G supposev € D, then is ays —set ofs supposev € V — Dthenv € D and
hence(D - {v}) U {w}is ayg —set of.

Repeating this process for all such cut vertickacent to end vertices we obtain
ays —set ofG containing all cut vertices adjacent to end vesic

Proposition 3.19. For any bipolar fuzzy graph (BFG)= (o, 1", uV), vss(G) <
p.A(G)/(A(G) + 1).
Proof: Let D be a split dominating set sinbeis minimal, by Proposition it follows that
for eachv € D there existi € V- D such tha0 < u(u,v) = o(uw)Ao(v),v is adjacent
to u. which implies thaV - D is a dominating set df.

Thusy(G) < [V —D| < p — yss(G)and by,For any BFG; = (o, 1P, uV)

v(G) = p/(A(G) +1)
Hencess(G) < p.A(G)/(A(G) + 1).

Definition 3.20. A set of Bipolar fuzzy vertex which cover all théBlar fuzzy edges is

called a bipolar fuzzy vertex cover 6f and minimum cardinality of a bipolar fuzzy
vertex cover is called a vertex covering numbet ahd denoted bg(G).
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Definition 3.21. A disconnection of a bipolar fuzzy graph G is aterrset V whose
removal results in a disconnected or a single xaptaph. The weight of V is a defined to

Z{min (HP(Vl,Vz)),min (MN(VLVZ))/ uP(vy,vz) orpN(vy,vz),uev, v e D} the
vertex connectivity of bipolar fuzzy grap& denoted bQ(G) is defined to be the
minimum weight disconnection@

Proposition 3.22.For any BFGG = (o, p, uN), (i) Y(G) < vss(G) (i) 2(G) < vs5(G)
Proof:
() and (ii) follows from the definitions of(G), yss(G) andQ(G)

Proposition 3.23.For any bipolar fuzzy graph (BFG) = (o, 1¥, uV), yss(G) < B(G)
Proof. Let D be a maximal independent set of bipolar fuzzyeseit G, thenG has
atleast two bipolar fuzzy vertices and every bipfilazy vertex inD is adjacent to some
vertex in V- D. this implies thatV - D strong split dominating set df. Thus the
Proposition holds.

Proposition 3.24.For any bipolar fuzzy graph (BF@) = (o, uP, pN)ys(G) < oo (G)
Proof: Let S be minimum independent set of verticesGnThenS has atleast two
vertices inG. ThenS has atleast two vertices and every verteg ras effective edge to
some vertex ir$ has effective edge to some vertewin S. this shows thaV - Sa split
dominating set of. Hencey,(G) < oy (G).

Proposition 3.25.For any bipolar fuzzy graph (BF® = (o, ¥, iN)y(G) + vs(G) <
2|v]|.
Proof: Let D be a minimal dominating set of BFG in G, Dntains the vertices with
minimum degree then D be split domination numbesame for the minimum degree
vertices in G. here domination number and split idetion number lesser values of
vertex covering and minimum weight of disconneciiofs.

B(G) + ap(G) < 2|v]
Here|v |denotes the vertex cardinality will be minimum lire tset V.

Proposition 3.26.1f y4(G) < y.(G) then for any strong split dominating set
Proof: Since D is minimal, V — D is dominating set of Gddarthermore it is strong split
dominating set since <D> is totally disconnected.

4. Conclusion

In this paper we introduced the concept of someidation numbers.Alsorelationship
between connected domination and split dominatiomber in bipolar fuzzy graphs are
discussed.
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