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Abstract. A function f:V— N is said to be lucky edge labeling if there exists a function
f*. E — N such that f* (uv) = f(u) + f(v)and the edge set E(G) has a proper edge coloring
of G. That is f*(e)#f*(g),whenever & and g are adjacent edges. The least integer k for
which agraph G has alucky edge labeling fromthe set {2, 3, . ., k} isthe lucky number
of G and is denoted by n(G). A graph which admits lucky edge labeling is the lucky edge
labeled graph. In this paper, we show that the H- super subdivision of path,cycle and
corona of C,, graphs are lucky edge labeled graphs and we obtain their lucky numbers of
these graphs.
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1. Introduction
Graph labeling is an interesting area of research in graph theory introduced by Rosa in

1967[12]. It is defined as an assignment of integers to the vertices or edges or both
subject to certain conditions. For a graph G (V,E), an edge labeling is a function from E
to a set of labels. A graph in which such a function is defined is called an edge-labeled
graph. The concept of lucky edge labeling was introduced by Nellai Murugan and Mariya
Irudhaya Aspin Chitra [9]. Some results on lucky edge labeling of path graph, cycle
graph, corona of cycle and path graphs, bi-star, wheel graph, fan graph, ladder graph,
shell graph, Triangular graph, and planar grid graph were discussed in [1,9,10,11].
Sethuraman and Selvaraju [13] introduced the concept of super subdivision of graph.
The Lucky edge labeling of super subdivision of some graphs (path graphs, planar grid
graph, star and wheel graphs) were discussed in [3,4,5]. The H- super subdivision of
graph was introduced by Esakkiammal et.al. in 2016 [3]. In this paper we prove that the
H- Super subdivision of path, cycle, corona of cycle graphs are lucky edge labeled graphs
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and the lucky numbers of these graphs are obtained. One may refer to Harary [8] for all
terminologies and notations and [6] for graph labeling.
In this paper we use the following definitions.

Definition 1.1. [9] Let G be a simple graph with vertex set V(G) and the edge set E(G).
Vertex set V(G) islabeled arbitrarily by positive integers and let f *(€) denotes the edge
label such that it isthe sum of labels of verticesincident with e. The labeling is said to be
lucky edge labeling if the edge set E(G) has a proper edge coloring of G.That is
*(e)=f* (g),whenever g and g are adjacent edges. The least integer k for which a graph
G has a lucky edge labeling from the set {2, 3, . . .K} is the lucky number of G and is
denoted by #(G).

Definition 1.2. [3] Let G be a (p,g) graph. A graph obtained from G by replacing each
edge e by a H-graph in such away that the ends of g are merged with a pendent vertex in
P, and a pendent vertex P, is called H-super subdivision of G and it is denoted by
HSS(G),where the H-graph is atree on 6 vertices in which exactly two vertices of degree
3.

Definition 1.3. [6] A path graph is a sequence of vertices and edges, beginning and
ending with vertices such that each edge is incident with the vertices preceding and
following it. Edges and vertices appear only once in a path. A path graph of length n has
n+1 vertices and this graph is denoted by P,.

Definition 1.4. [6] A closed path is called a cycle and a cycle of length n is denoted by
Cp.

Definition 1.5. [6] The corona of cycle graph C,, is obtained from C,, by attaching a
pendent vertex to each vertex of C,, it isdenoted by C,f.

2. Main results
Lucky Edgelabeling of H- Super Subdivision of a path graph P,
Algorithm 2.1.
Procedure: Lucky edge labeling of HSS(P,) ,, n>1
Input: HSY(P,) graph
Ve—{v 'vi((li)-i-l)’v((iljl)i 'vi((zi)-l-l)' ”((i2421)i /1=i=n}U{vn4q}
For i=1ton+1do

{

If i= 1(mod 4) or i= 2(mod 4)

Vi— 2;
else
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Vi— 1,
end if
}
end for
For i=1tondo
{
If i=1(mod 4) do
{
1) ¢S] .
Vi) L1y L
}
Elseif i=2(mod 4) do
{
(€] .5, .
Vii41) ™ 25 Vi) b
}
Elseif i=3(mod 4) do
{
(1) ¢ .
Vitien) ™ 2 Vi 22
}
ese
{
1) L., .
Vi b V(i 2
}
end if
end if
endif
}
end for
Fori=1tondo
{
(2) . .2 .
Vi) 3 V(i =
}
end for

end procedure
Output: The vertex labeled HSS (P,), n> 1.
Complexity of the Algorithm : Clearly this agorithm runsin linear time.

Theorem 2.1. The H- Super subdivision of a path is a lucky edge labeled graph and the
lucky number is #(HSS( P)) =5.
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Proof: Let HSS( P,,), be the H- Super subdivision of apath graph whose vertex set is

_ @ @ (2) (2) ;
V={vi, Vi Ve Vit Vs / 151 <n}U{ vny4} and the edge set

E={v; vl((l)-i-l)’vl((ll)-l-l) 1((2111)"71((1111) ((11421)1" v((ilzl)iv((izzl)i'v((il-i)-l)iv(i+1)/1§ i <n} where
n= 1.

The vertices of HSS ( P,) are labeled by defining a function f : V(HSS(P,))) = N as
givenin Algorithm 2.1.

Define the induced function *: E(HSS ( P,)) — N such that f*(uv) = f(u) + f(v) ,for
every uv € E.

Now the edges |abels are calculated as follows:

For 1<i<n,

Case(i): i= 1(mod 4)

® —n. ) (2) 1) (1) (€] (2)
P ivyihq) =30 0k Vigen) =4 P Wi Vi) =2 T Wy Vi =4

P (Vi nivrn) =3;

Casa(ii): i= 2(mod 4)

® —A- (€)) (2) (€Y) (2) -
P viviiiy) =4 f*(v(l+1)lv(l+1)) =2 (i Vie )= P WiiVien )4

D (1)
f*(vl(l+1) (l+1)l) 3
Case(iii): i= 3(mod 4)

® —a- ® —a. o @ .
F* (v; vl(l+1)) =3, 1E*(v(i+1)v(i+1)i) =3; f*(vl(l+1) l(l+1)) S5,

L, —c-
f*(v(l+1)l (i+1)i )_5'

(€Y (1)
f*(vl(l+1) (1+1)1) 4,
Case(iv): i=0(mod 4)
® —_n. 1 —2- (1) (2)
f*(v vl(l+1)) =2 f*(v(i‘"l)v(i+1)i) =4, f*(vl(l+1) l(l+1)) 4,

(€] (2)
f*(v(l+1)l (i+1)i ) 5

@ M
f*(vl(l+1) (l+1)l) 3
From al the above cases, we get f*(E(HSS(P,)) ={ 2,3,4,5} and al the adjacent edges
are properly colored. Thus HSS(P,) admits lucky edge labeling and the lucky number is

n(HSSPy)) =5.
Hence HSS(P,,) isalucky edge labeled graph.
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Example 2.1.

Figure 1. Lucky edge labding of HSS(P,)

Lucky Edge L abeling of H- Super Subdivision of Cyclegraph C, n> 3
Algorithm 2.2
Procedure: Lucky edge labeling of HSS(C,) , n> 3
Input: HSS(C,) graph

— 1 1 (2 (2) ; @ @ @ (2
V_{vi'vi((i)-l-l)'v((i-zl)i'vi(i)-i-l)’v(i+1)i /1SS0l Ulog, vy v ol v )
@ @® ©))

vr(li) < Lv <« L, <20, <2
Fori=1tondo
v; < 3;
end for
Fori=1ton-1do
{
vi((li)+1)‘_ L ’v((il-al)i -2
1]i((zi)+1)<_ 1, v((i2+)1)i -2
}
end for
end procedure

Output: The vertex labeled HSSC,) , n= 3
Complexity of the Algorithm : Clearly thisalgorithm runsin linear time.

Theorem 2.2. The H- super subdivision of a cycleis a lucky edge labeled graph and the
lucky number is#(HSS(C,)) = 5, (n= 3).

Proof: Let HSS(C,)), n=> 3 bethe H- super subdivision of acycle graph, whose vertex set
is

— (€] (€] 2 2) ; @® @ @ (2
V=A{vi, Viiay Vi Vigeny Vi / 1S 1S 071 Ufvg vy, vpy vy vy, b and

the edge set
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_ D 1 (2) (€Y (¢Y) @ (2) 1)
E = {viy Vicen Vitisn Vidsn Voo Vi Vs ne Vs Varn/sisn-y U

1) (1) (2) (1) @ . @ 2 @
{VnVn1" Vn1 Vn1 V1 Vin'» Vin Vin Vi Vi)

The vertices of HSS(Cn) are labeled by defining a function f:V(HSS(C,))—=N as given in
Algorithm 2.2. Thusthe vertices of HSSC,,) are labeled.

Define the induced function f* : E(HSS(C,)))— N such that f* (uv) = f(u) + f(v) for every
uveE.

Now the edge labels are calcul ated as follows.

For 1<i<n-1

® @ oo o M
fx (17 1]L(L+1)) =4, 1E*(vl(wl) l(l+1))_2 f*(vl(l+1) (l+1)l) 3
f*(v(l) (2)

(i+1)i (l+1)l ) 4, f*(v(l+1)lv(l+1)) =5;
For the remaining edges that is when i=n

P vany) =4; (o5 viD)=2; P (v 01 )=3;
FELr=4 L) =5;

Thus f* (E(HSS(C,)) ={ 2,3,4,5} and al the adjacent edges are properly colored. It is clear
that HSS(C,)),n= 3 admits lucky edge labeling and the lucky number is #(HSS(C,)) =5.
Hence HSSC,), n= 3 isalucky edge labeled graph.

Example 2.2.

Figure2: Lucky edge labding of HSS(Cy)
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Lucky Edge Labeling of H-Super Subdivision of Graphs

L ucky Edge L abeling of H- Super Subdivision of Coronagraph C,;f n>3
Algorithm 2.3.

Procedure : Lucky edge labeling of HSS(C;}) , n> 3

Input: HSY(C,F) graph

v={v;, v @ @ @ ci<ny

l(l+1)’ (i+1)i’ Vi(i+1)y (l+1)l
U{v,,v T(li),vﬁ) 'U1(711)' 2) }U{(vu)(l) (vu)(z)(uv)(l)(uv)(z)u /1<i<n}
T(l? <1 v(z) «1; v(l) < 2; v(z) «2;
Fori=1tondo
{
v« 3 u; < 2 (vu)gl) « 3; (vu)gz) « 2; (uv)gl) « 1; (uv)gz) «1
}
end for
Fori=1to(n-1) do
{
1]i((li)+1) <1 1]z((21)+1) <Lv EilJ)rl)i <2 v((i2421)i <2
}
end for

end procedure
Output: The vertex labeled HSS(C,'), n> 3
Complexity of the Algorithm : Clearly thisagorithm runsin linear time.

Theorem 2.3. The H- super subdivision of a corona of cycle graph is a lucky edge
labeled graph and the lucky number is n(HSS(C,f)) = 6, (n= 3).

Proof: Let HSS(C;+),n = 3 be the H- super subdivision of a corona graph, whose vertex
setis

Vz{”i'”i((li)Jd)’v((ilJZni'”i((zi)+1)' ((1231)1 /1si=nl} U{w,, 1(11)'1]1(1?’171(:1)’”12)}
U{(vu)gl) (vu)gz)(uv)gl)(uv)gz)ui/ I<i<n}

and the edge set

(€9) 1) (2) (€9) (€] (€] (2) (€9)
EX{vivi 1y Vitien Vit Vi V)i V)i Vs i Ve Va+n/ 1S T < -1}

(€] (1) (2) (1) . @, 2 1)
U {vpv n1 Vn1 Vn1 Vn1 Vin'»Vin Vin »Vip V1}U

{v; (vu)l. , (vu)gl) (vu)gz),(uv)gl) (uv)gz),ui(uv)gl) (vu)gl)(uv)gl)/l <i<n}
The vertices of HSS(C;') are labeled by defining afunction f:V(HSS(C,f))—»N asgivenin
Algorithm 2.3. Thusthe vertices of HSS(C,') are labeled.
Define the induced function f* : E(HSY(C,F))— N such that f*(uv) = f(u) + f(v)for every
uv eE.
Now the edge labels are calculated as follows.
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Case(i): For1<i<n-1
® —A- D (2) D (1)
f* (v; vl(l+1)) =4 f*(vl(l+1) 1(1+1)) 2; f*(vl(l+1) (l+1)l) 3

(€Y (2) _c.
f*("(z+1)1 Grni )74 T (”(i+1)i”(i+1)) =5;

Case(ii): For1<i<n

Fw®) =6;  (w)Pw)®) =5; ()P )?) =4;
()P @) =2; () Puy) =3;

Case(iii): For the remaining edges

f*(vn (1)) =4: f*( 1(11) 7(121)) =2: f*( (1)'71(711)) =3:
(v DvPy =4; f (v Pv,) =5;

From all the above cases f*(E(HSS(C,))) ={ 2,3,4,5,6} and dl the adjacent edges are
properly colored. Thus the graph HSS(C,F),n> 3 admits lucky edge labeling and the lucky
number is n(HS3(C,')) = 6.

Hence HSS(C;'), n> 3 isalucky edge labeled graph.

2 e, (2)
Example 2.3. (vu)s 12 1T (wv)s
5 2
ml3 4 1 el
(vu); | (uv)s
3
20l
W @ e o
1 (uv)e 2 VA
1 u U] n
3 4 4 \Vg, Vo /2
1 2, @
4 (2) 2 1 15 (2)
2 5 Vas N2 3 3 4 W (vu)
@ 3 g 5 4 29 1) (vu), 5 2
(vu), m Vs Vis " 3
(vue 4 3v
6 ] 5 4 \
1) s \3, 0] 2 @
@ Vs 5 3 1 > Viz @ 2 3 m vk
Va3 2 1 Viz (uv)y
2 4 2 1 u,
3
3 Viq vV, 3
4 5
1 24
1 fth 5 4 1) 2
Vm Vs Vay (2)
3 Fil
u, 4 w2 3 1w
m V. 23 6
(uv), /3 6 =l 2
@ 1 V(?} 2 1 Vlzzal
(uv), /2 4 L (vu);
1 3 [ 2
(vu); u 3
2N\3 a s (2
2 g vu)z
(vu), (uv); 2
@)
(uv)z

Figure 3: Lucky Edge Labeling of HSS(CY)
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3. Conclusion
In this paper, we have proved that the H- Super subdivision of path, cycle and corona of
cycle graph are lucky edge labeled graphs and their lucky numbers are obtained.
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