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1. Introduction

A signed graph is obtained from a graph when ogards some of the lines as positive
and the remaining lines as negative [7]. Preciseligned graph is a pdi5,0) whereG

is called the underlying graph amd: E(G) — {+-}is called the signature function or
sign to the edges. The collection of all positidges and the collection of all negative
edges are denoted I8/(S) andE(S), respectively. In social psychology, signed graphs
have been used to model social situations (exaniplés3], [14] and [9]). A signed
graph in which all the edges are positive (negatisecalled all-positive (all-negative)
signed graph. A signed graph is said to be homameni it is either all-positive or all-
negative and heterogeneous, otherwise. A cyclesigreed graph S is said to be positive
if the product of the signs of its edges is positi®therwise, it is called negative [6].
Similarly, a path in a signed graph is said to bsitive, if the product of the signs of the
edges is positive and is negative, otherwise. Aexein a signed graph is considered as a
homogeneous vertex if the entire edges incideiithtas the same sign. Otherwise, it is a
heterogeneous vertex. Further, in [4], every siggephS = (Gp) can be associated
with a signing of its vertices by the function,ledlthe canonical marking of S, defined
by the rule,

w0 = | | o

EjEEx
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whereE, denote the set of all edges®yfwhich are incident on the vertéx. In literature
signed graph in short called a&tgrapti [10]. In this paper, canonical marking is used to
sign the vertices.

The line graph [8L(G), of a graphG has the edges @& as its vertices and two
distinct edges o are adjacent ib(G) if they are incident ifs. The Gallai grapti(G),
of a graphG has the edges @ as its vertices and two distinct edge$adre adjacent in
I'(G) if they are incident irG, but do not span a triangle (& [16]. Though,/(G) is a
spanning subgraph df(G), their behaviors are different. For exampl€G) has a
forbidden subgraph characterization, whereas Gagtaphs do not have the vertex
hereditary property and hence cannot be charaeterising forbidden subgraphs [16].
But, in [3] it has been proved that there exisfmide family of forbidden subgraphs for
the Gallai graphs and the anti-Gallai graphs tdikece for any finite grapld. Also it
has been proved in [1] that the recognition of-&wllai graphs is NP-complete. In [2],
the forbidden subgraph characterizationssdfor which 7{G) andA(G) is a split graph
and is a threshold graph are given.

Signed line graph(S) of a given signed graph = (Gy) as defined by Behzad and
Chartrand [12] is the signed graph with standamnd fraphL(G) of G as its underlying
graph and whose edges are assigned the signs imcctwdhe rule: for angg € E(L(S)),
eg € E7(L(S))if and only if the edges andg of S are both negative i For a signed
graphSthe set of all signed grapB$with L(S) = Sis calledsigned lineroots of S[11].

There are two other notions of a signed graph of a given signed grahe (Gp)
in [5] - product-line sigraph(S)and dot-line sigraph.(S). Both of them havk(G) as its
underlying graph and only the rule to assign signthe edges df(G) are different. In
L., an edge€ has signo(e)o(e) and inL.(S) any edgee€ has the sign of the vertex
common toe ande’ [6]. For a signed grap&the set of all signed grap8swith L(5") =
S'is called L.-rootsof S[5].

1.1. New terminology and definitions

Motivated from the above concepts, we define Gaigied grapli(S) of a given signed
graphS = (Gp), as the signed graph with the Gallai grdj§&) as its underlying graph
and whose edges are assigned the signs accordihg tale: for anyge in E(7(S)), ¢g
is negative if and only if the edgesande are both negative i§ and positive otherwise.
Like the concept of signed line roots we introdtlee concept oGallai Signed roots as
the set of all signed grapl®& with 7(S) = Sis calledGallai Signed roots of S. In this
paper there is no ambiguity to c&éllai Signed roots asroots.

Similarly, given signed gragh = (G ), the product-Gallai signed graph(S) and
the dot-Gallai signed graph.(S), havel(G) as their underlying graph and the rule to
assign signs to the edges are as follows. In aa eglbas sigrns(e)s (€) and inl".(S) any
edgee€ has the sign of the vertex commonretande’ Like the concept of .-roots we
introduce the concept df.-roots. For a signed graph S the set of all signed gr&shs
with I'.(S) = Sis calledI'.~oots of Sand the set of signed grap®4with 7.(S) contains
Sas an induced subgraph is calledsemiroots of S Note thatI'.-semiroots consist
of signed graphs which containg"aroot as an induced subgraph.

If a graphG has a property? implies thatG cannot have an induced sub-graph
isomorphic toH, and thenH is called a forbidden subgraph for the propd?ty15].
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Though Gallai graphs do not admits forbidden suttyicharacterization [16](S),I'«(S)
and I'.(S) admit forbidden subgraphs. In this paper, we obtarbidden subgraph
characterization of Gallai signed graphs, produalidb signed graph and dot-Gallai
signed graphs.

Given a graps, G° denotes the complement &f The join of two graph& andH
is denoted bysVH. All graph theoretic notations and terminology nantioned here are
from [15].

2. Forbidden subgraph characterizations
2.1. Gallai signed graph

In this section, we give the forbidden subgraphrati@rization of Gallai signed
graph.
Theorem 2.1.1. The following graphs are the only vertex minirfabidden subgraphs
of the Gallai signed graphs.
(1) A trianglevyv,ovs with only one positive edge.
(2) A pathP = wyovav, with signso(vivy) = o(Vavg) = — and o(Vavs) = +.
(3) A path P as on (2) above together with some oofalhe edgesivs, V-vs andvyvg;
each of them assigned a + sign.
Proof: Letviw,vs be a triangle in the Gallai signed graph with aohe positive edge. Let
€1, &, & be the edges corresponding to the vertiges, andvs. Sincevyv, andv,vs are
negativee;, & ande; must be negative. But, then in Gallai signed graph must also be
negative, which is a contradiction.

Letvivovav, be a path in Gallai signed graph walgns o(vivz) = o(vavy) = —and
o(Vovs) = +. Letey, &, e; ande, be the edges in the root corresponding to thécesni,

Vo, V3 andvy,. The edges v, andvsv, are negative if and only if the corresponding edge
e, &, & ande, are all negative. But, themvs must also be negative, which is a
contradiction.

As evident from the proof, any super graplthef above path is also forbidden and it
is vertex minimal forbidden if it does not contairtriangle with only one positive edge.
Therefore, this path with some or all of the edgas, vV, and vy, each of them
assigned a + sign are also minimal forbidden.

Now, letS = (Gp) be a signed graph which do not contain the sigmegbhs
mentioned in the theorem as subgraphsvieb, ..., v be the vertices of the underlying
graphG. Note that, ifvvis a positive edge i®, then either; orv; do not have a negative
edge incident on it. We can construct a gr&hk (H,z) such that7(S) containsS, as
follows.

LetH = G°V {v}. The sign functionz E (H) — {+-}is defined as,

—, if e = vv; and v; has a negative edge incident on it in G
+, otherwise.

ule) = {

Clearly the vertices corresponding{twy, v\, ..., vy} in S”induceSin I(S).

2.2. Product-Gallai signed graph
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In this section, we prove that the only forbiddebgraphs of product-Gallai sigraph are
the cycles.

Lemma2.2.1. If S contains a negative cycle, then S contamimduced negative cycle.
Proof: Consider a negative cyclgé with verticesvy, v, ..., \ in which m edges are
negative (note thaim is odd). IfC has a chora:y; (i < j) then we get two cycleS,; with
vertex sewy, Vo, ..., V, i, Vu1, ..., 4 andC, with vertex sew;, V.1, ..., Vi, V. Clearly, at
least one among these cycles is negative Csa¥f C; is an induced cycle then we are
done. Otherwise, repeat the procedure @itluntil we get an induced negative cycle.

Theorem 2.2.2. The only forbidden subgraphs for the product-Gadigraph are the
negative cycles.

Proof: Let S = (Gyp) be a graph without negative cycles. We const8fct (H,z) as
follows. Without loss of generality we assume tkatis a connected graph. If G is
disconnected, repeat the same procedure for eactecied component of G. Leét(G) =
{vi, ¥, ..., w}. LetH = G°v{v} ando(vv;) = +. Note that, for any two verticasandy; in
G, everyvy, path (if more than one exist) is either positivenegative, since otherwise
we get a negative cycle (& which is a contradiction. Assigi(vv) = + or - according as
a path joiningv; to v; in Sis positive or negative. The remaining edge#licould be
assigned any sign. 8, if v; is adjacent t;, then inH, vv andvv are incident and do not
span a triangle. Therefore ii(S?), the vertices corresponding to the edgesndvv, are
adjacent. Ifvy; is +, then bothv,v; path andv;v; path are either positive or negative, so
thatvv andvy, are both eithet or - in S’ In either cases, if«(S) the edge joining the
vertices corresponding o4 andvy, is +. Similarly, if viv; is -, then every,v; path and
vyVj path are of opposite signs so tiiatandvy, are of opposite sign. Therefore,/in(S)
the, subgraph induced by the vertices correspontinthe edgesivi, v, ..., Wy is
isomorphic tcS.

To prove the converse part, #be a signed graph such that(S) contains a cycle
ViVi.1 IS negative if and only ig ande.; are of opposite signs. Since the number of
change of signs fog, &, ..., &, e is always even, the number of negative edges in the
cycleswiv,...\, is also even. That iScannot have negative cycles. Hence, the theorem is
proved.

2.3. Dot-Gallai sigraph

In this section, we characterize dot-Gallai sigraptih respect to the forbidden
subgraphs. For convenience we introduce the fofigvterminology. A vertex is dfype

A if it belongs to a cycle in which the edges inad® it have the same sign and there is
at least one edge of opposite sign incident taiiside the cycle. Otherwise, the vertex is
of type B. We have the following observations regarditype A andtype B vertices.

(1) If a cycle contained in a signed graph is not hoemegus then there exist at least
two type B vertices.

(2) The edge corresponding totype A vertex in al'.—semi root has one end vertex
positive and the other negative.
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(3) If 'n’, type A vertices are adjacent 8ithen there is a homogeneous path of length
+ 2 in S The path connecting any tvigpe B vertices is homogeneous. Also the edges
corresponding to the vertices in this path inclgdinetype B vertices have a common
vertex in every.-semiroot of S

Lemma 2.3.1. A complete graph which is not homogeneous is bidden subgraph for
dot-Gallai sigraph.

Proof: LetS = (G, o) be a signed graph which contains a subg(&pho). If there exists
a signed grapB’such thaf.(S) containsS, then the underlying graph 8fcontainsK .
The n"-degree vertex oK, , is either positive or negative. Therefore the cponding
Kn in the dot-Gallai sigraph is homogeneous.

Lemma 2.3.2. The following signed graphs are not forbiddendot-Gallai sigraph.

(1) S =(Cnoa).

(2) $=(Kina).

(3) Signed trees.

(4) CyclesC, with at least %ype B vertices.

(5) Homogeneous cycles with any numbetypé A vertices.

Proof: (1) LetS = (C,,0), whereC, is a cycle of lengtim with vertices{v,, v, ..., v} and

‘m’negative edges. To construcEasemiroot, S,’= (H,z), lete, &, ..., §be the edges
corresponding t®;, Vs, ...,  and let these edges induce a cycl&ifiLet u(e) = + for
everyi and ifo(vivi.;) = —, add a negative pendant edge incident on the convaitex

of ¢ ande.;. In this casel.(S;) containsS as an induced subgraph.

(2) LetS, = (Kyn0), whereK, , is induced by the verticeswv, v, ..., \, wherev is the
central vertex. We can construcasemiroot S,”= (H, ) as follows. Lee = uu’be the
edge corresponding to the central vereand lete be the edge correspondinguwdor i
=1, 2, ..., nPartition{e,, &, ..., §} to E; andE, such that €E; if o(vv) =+ in Sande

€ E; if o(vv) = —in S Make all edges df; incident tou and that of, tou’ Also, make
the remaining end vertices Bf (andE,) induce a complete graph. Lete) = + andu(e)
=+, Vi. If E; # @, then attach one negative edgeutowhere the edges &, are
attached. Now the induced sign wfs positive andi’is negative. Clearly, the vertices
corresponding to the edgesa, &, ..., § induceK, ,in I'.(S;).

(3) LetS; = (T,0) be a signed graph, wheTeis a tree. Let/ be any vertex off. The
vertexv together with its neighbors induce a sigi@gd, in S. Obtain al".—semi root for
Kim as described in (2) above. Let be a neighbor of in T and lete; be the edge
corresponding te; in H.

Ifvv, is positive inS then the common vertex efande, is positive. Attach positive
edges, corresponding to the vertices which havéip®adjacency withy, to this vertex
in I'.-semiroot. Since there is no adjacency between neighbovs arfid neighbors of,
triangulate the edges correspond to the neighkiovs with the edges corresponding to
the neighbors of, if they are incident in th&.-semi root. Similarly attach the edges
corresponding to the vertices which have negattjacancy withv; to the other end
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vertex ofe; and assign positive sign. Also attach one additioregative edge to that
vertex. Then the sign of that vertex is negativE.isemiroot.

If vv; is negative inS then the common vertex efande; is negative. Attach the
edges corresponding to the vertices which have tivegadjacency withv; to the
common vertex oé ande; and triangulate the edges correspond to the neightifv,,
with the edges correspond to the neighbong &imilarly attach the edges corresponding
to the positive adjacent vertices to the otherrtex ofe;. Then the sign of that vertex
is positive. Repeat the same procedure to obtAuasemiroot for S.

(4) Let C, contains exactly Gype B vertices. To find al'.—semi root S = (H, ),
according to the order in the cycle let tifpe B vertices arey, Vs, ..., \&. By observation
3, since the path between any two successive geriit the above list is homogeneous
the edges corresponding\tg V. and thetype A vertices between them should have one
common end vertex. A similar argument holds fohpdietween the pairsx(vs), (Va,Va),
(v4,vs) and(vs,v1). Let ey, &,..., & be the positive edges corresponding to the vanige
V..., . Draw e; and e, with a common end vertex. If there existype A vertices
betweenv; andv,, corresponding to that vertices attach positivgesdto the common
vertex of e and . Triangulate all the edges if the correspondingices are non
adjacent irS Sincee,, & have a common end vertex ands not atype A vertex we can
attache; and positive edges corresponding totipe A vertices betweew, andv; to the
other end vertex of,. Then triangulate all the edges, if the correspundertices inS
are non adjacent. If any of the homogeneous pathemiing the pairévi,v2) and(v,,Vs)
is all-negative then add an additional negativeeetdgthe common vertex of the edges
corresponding to that pairs. Whatever be the sfgiime@ homogeneous path between
andv, attache; and the edges corresponding totiype A vertices in the path connecting
vz andv, to the other end vertex @&. Triangulate all the edges if the corresponding
vertices are not adjacent 8 If the homogeneous path is all-negative add @uative
edge to the common vertex &fande,. Attach positive edges, corresponding to tipe
A vertices in the patty, \s to the other end vertex ef. Drawes starting from this vertex
meeting at the end vertex @fwhich is not an incident vertex ef ande,. Triangulate all
the edges if the vertices corresponding to thogesdre nonadjacent 8but incident in
S’ If the homogeneous path is all-negative attachadditional negative edge to the
common vertex o&, andes in S” Then/"(S) containss.

If C, contains more than fpe B verticesvy,...\;,...,\. Lete ... g,...,6 be the
positive edges corresponding to thgge B vertices. For constructing’drawey, &,...,
€, in such a way that they formG, in S Attach the edges corresponding to tyye A
vertices between the verticesandvi,; in the common vertex & ande.;. If any of the
homogeneous path betweerandv.; is all-negative add an additional negative edge to
the common vertex a& ande.;. Triangulate all the edges if the edges are imtideS’
but the corresponding vertices are not adjacegt @iearly/".(S) containsS

(5) Letvy, Vs, ..., \, denote the vertices of the cycle. To findl.asemiroot consideH =
C.°V {v}. Lete, &, ..., gdenote the edges correspondingitow, ..., \ . InH takeg =

vy, and assign positive sign &, &, ..., . If the cycle is all-negative attach one edge
with negative sign to the vertex v. Clearly thisgh is alI".-semi root for the cycle.
Consider an arbitrary vertex in the cycle if it is aype A vertex there exists vertices
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outside the cycle adjacent ¥0 By the definition oftype A vertex at least one outside
edge is of opposite sign. In this case attach ipeséidge corresponding to the end vertex
of this edge to the vertex in H. If the edge is of negative sign attach one amutiti
negative edge to the vertexin H. So the verticey andv, receive opposite sign. So
depending on the sign of edges incident; tidtach edges with positive sign to eithiear

Vi, Repeat the same for other vertices.

Theorem 2.3.3. In a Signed grapl$ if a heterogeneous cyclg, contains exactly four
type B vertices, the graph is forbidden for dot-Gallgraph if and only if,

(1) all thetype B vertices induce B;.

(2) any threaype B vertices induce B; and the fourthype B vertex is independent to it.
(3) at most one pair ofype B vertices are adjacent (forms an edge) and both the
neighboring edges of this edge in the cycle has gaposite to that of this edge.

Proof: Let thetype B vertices bau, v, wandz By observation 3, the path connecting the
pairs (u,v) is a homogeneous path. Similarly for the othertioaous pairgv,w), (w,z)
and (z,u) the paths are homogeneous. Since the cycle isogeteeous, any one of the
path is of opposite sign. Lgt, q, r, sdenote the edges correspondingutov, w, z
respectively. LeB’= (H, ) denote d .-semiroot of S

(1) Letu, v, w, Znduce &, in S. Since the path connectizgandu is homogeneous and
the vertices between them istgpe A, by observation 3 the edges corresponding to these
vertices and the edggsands should have a common vertex3n. Sincez andu are non
adjacent the edggsands belong to &s. In Sif the edgeuv is of opposite sign, I8’ we
can attach the edggonly to the other end vertex pf But in this case we cannot draw
the edge such thatv is adjacent to botka andx in S So the only possibility is that the
edgeuv is of the same sign of the edges between thecesttiandz and we can attach
the edgey to the common vertex gf ands. Since the vertew is adjacent to both andz
here the only possibility is join edgeo the common vertex qf, gands. Then all the
edges of the cycle i receive the same sign of the common verteg, @f, rands. Then
the cycle becomes a homogeneous cycle. That iateadiction.

(2) Let the vertices that indug® be u, v, wandz be not adjacent to all of them. As
explained above the edgpsands should have a common vertex and belong kg.df
the edgauv has opposite sign as that of, the sign of the ®dgthe path connectingand

z, in S’we can join the edggonly to the other end vertex pf Sincew is adjacent ta in

S and by observation 3 the edgshould have common vertex with the edgemds in
S’ But any way we draw it affects the adjacency between the verticeS io, that is
not possible. So the only possibility is the edgeds of the same sign as that of the sign
of, the edges in the path connectingndz Then we can join the edgegto the common
vertex ofp and s. Sincev is adjacent tov and by observation 3, the edgehould have
common vertex with the edgesands. The only possibility is joirr to the common
vertex ofp, gands, contradicting the cycle is heterogeneous.

(3) Let the adjacent pair isandv. In this caseaiv is adjacent irSimplies inS’, the edges
p and q have a common vertex. Since the path connedatiragnd z is homogeneous
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(observation 3) and is of opposite sign we can foéedges only to the other end vertex
of p. Sinceu andz are nonadjacent i8 make the edggs ands belong to &s. Since the
edges in the homogeneous path connectiagdw also have the opposite sign as that of
the edgeuv we can joinr only to the other end vertex gfwhich is not incident witlp.
Also by observation 3, should have common vertex witand both the edges belong to
a K3z sincew andz are nonadjacent i Anywayp andg form a K; which contradicts the
adjacency ofiandvin S

To prove the converse, assume that thgpd B vertices do not induce any one of the
graphs given in the theorem. Then the followingesaarise,

(4) at most one pair df/pe B vertices adjacent and at least one of the neighdpedge
in the cycle has same sign to that of this edge.

(4) two disjoint pairs ofype B vertices are adjacent.

(5) all the fourtype B vertices are nonadjacent.

(6) typeB vertices form a cycle.

In these cases edges means edges with positive sign

(4) As in the above case we assume the adjacentspaiandv and the homogeneous
path which has same sign as that of adgis the path connectingandw. uv is an edge

in Simplies, inS’the edgep andg have a common vertex. Also the path conneating
andz is homogeneous (observation 3ghWhatever be the sign of the edges in the path
we can join the edgetogether with the edges corresponding totype A vertices in the
(u,z) path to other end vertex of the edmgeTriangulate the edges if the corresponding
vertices are not adjacent $ So the edges ands belong to &s. Since the edges in the
homogeneous path connectngndw have the same sign as that of the edgeker as
the edge connecting the end verticep ahds so that the edggs r, sform aKs. Join the
edges corresponding to thge A vertices in the homogeneous path connectiagdw

to the common vertex gf,q andr in S” Triangulate all the edges if the corresponding
vertices are non adjacent®hAlso join the edges corresponding to tiyge A vertices in
the homogeneous path connectingand z to the common vertex of ands in S’
Triangulate all the edges if the corresponding izest are non adjacent i By
observation 3 if any path consists of negative sdbgen add an additional negative edge
to the common vertex of the edges correspondinthedype A vertices in the path.
ClearlyI".(S)containsS as an induced subgraph.

(5) Without loss of generality léti,v) and(w,z) be the adjacent pairs. 8fdraw edges p
andq with a common vertex. With respect to thipe A vertices in the homogeneous path
connectingu andz draw edges including in the pendant vertex gf. Triangulate the
edges if the corresponding vertices are non adjane® Thenp ands belongs to &s.
Corresponding to thgype A vertices in the homogeneous path connectiagdw, add
edges at the pendant vertexgpfvherer is drawn in such a way thpat g, rands form a

C,. Triangulate the edges if the corresponding vestare non adjacent $ If any one of
the homogeneous path joining ttype B vertices are all-negative ®then inS’ add an
additional negative edge to the common vertex efdtiges corresponding to the vertices
in the homogeneous path. CleaflyS)containsS as an induced subgraph.
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(6) The verticess, v, wandz are non-adjacent. 18" draw edge®, g, randsin such a
way that they form &,. Since the path connecting every consecutive phivertices are
homogeneous, corresponding to tiyge A vertices inside each homogeneous path draw
edges at the common vertex of, the edges correspprid the end vertices of the
homogeneous path &’ Triangulate all the edges if the correspondindie®s are non
adjacent inS but are incident ir87 Thenu, v, wandz form the outer cycle of &,.
Clearlyl'.(S) containsSas an induced subgraph.

(7) As discussed in lemma 2.3.2(1) findI'a-semi root for the cycle. Consider an
arbitrary vertex in the cycle. For convenience wasider the vertey. If the edges in the
cycle incident tou are of opposite sign, if.—semi root one end vertex gb is positive
and the other is negative. If there exist edgesmtte cycle incident ta, if an edge is
positive (or negative) attach one edge to the pes{or negative) end vertex pf Since
the vertexu is atype B vertex, if the edges incident tan the cycle are of the same sign,
then the edges incident tooutside the cycle are also of the same sign. 18D,-isemi
root the end vertices gb receive the same sign. In this case we can atteetedges
corresponding to the other adjacent vertices td any end vertex gb. Triangulate all
the edges which are incident®ibut the corresponding vertices are not adjaceft o
the same procedure for the remaining vertices. Weubave d .—semi root for S.

Corollary 2.3.4. A heterogeneouSs with onetype A vertex is forbidden.

Theorem 2.3.5. In a Signed graph if a heterogeneous cycle conthireetype B vertices,
the graph is forbidden for dot-Gallai sigraph iflamnly if at least twdype B vertices are
adjacent.

Proof: Let thetype B vertices beu, vandw. By observation 3, the paths connecting the
pairs (u,v) is a homogeneous path. Similarly for the otherticoous pairs(v,w) and
(w,u). Since the cycle is heterogeneous any one of #tle i3 of opposite sign. For
convenience consider the pditl,u) is of opposite sign. Lep, g, r denote the edges
corresponding tai, v, wrespectively. LetS”= (H,z) denote al'.-semi root of S. By
above discussion, the edgesndg should have a common vertex. Since the edgas
common vertex with bothh andp and the patlfw, u)is of opposite sign implies that the
only way we can drawis, the edgep, gandr form aKs. Then inl".(S) the verticesu, v
andw become non adjacent. So we can finfl.asemi root of the cycle given in the
theorem only when all thigpe B vertices are not adjacent to each other. Thaigiven
cycle is forbidden if and only if at least twype B vertices are adjacent.

Corollary 2.3.6. A heterogeneoug, with onetype A vertex is forbidden.

Theorem 2.3.7. In a Signed graph if a heterogeneous cycle caontaily twotype B
vertices then the graph is forbidden for dot-Gadlgraph.

Proof: Let thetype B vertices beu andv. By observation 3, the paths connecting the
pairs (u,v) are homogeneous paths. Since, the cycle is hetegogs out of two paths
connecting u and v, one path consists of negatlge®and other with positive edges. Let
p, gdenote the edges correspondingiterespectively. Le8’= (H,x) denote d .-semi
root of S. By observation 3, the edgesandq should have a common positive vertex.
Also since the other path is negative the eqgasdqg should have a common negative
vertex in §, which is not possible. Hence the theorem is pove
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Note: For convenience we call the cycles which are fodbidden viz. lemma 2.3.2,
theorems 2.3.3 and 2.3.5 as permissible cycles illshe constructions df.—semi'root

for the permissible cycles discussed in the abbgerems if a vertex is dfpe B having
opposite adjacency in the cycle then the end \e=rtif the corresponding edge in fhe
semi root receive opposite signs. And if a vertex igygfe B having same adjacency in
the cycle then the end vertices of the correspanditige in thd.-semi root receive
same signs in the constructions discussed in tlweatheorems except in case 4 of
theorem 2.3.3. In this case also except the gddlethe other edges satisfy the conditions
noted above. For edgg one end vertex af is a pendant vertex with positive sign. If the
other end vertex of] is negative, there is no ambiguity to change ige sf pendant
vertex as negative by adding an additional negadge to the pendant vertex. Thus the
edgeq also satisfies the above condition.

Theorem 2.3.8. If Sconsist of two permissible cycles whose intersecis a path the
= (G, o) is not forbidden for dot-Gallai sigraph.

Proof: Let S consist of two permissible cycles whose intersecis a pathP, with
verticesvy, Vs, ..., Vi

Case 1: All the vertices in the cycles are type B.

To find arl'.-semiroot for S, corresponding to the common verticgsvs, ..., \ of the
two cycles draw positive edges e, ...,&. In Sif the edgevivi,; is a negative edge add
an additional negative edge to the common verteg ahde.;. Now by the method
discussed in lemma 2.3.2(1) find"a-semiroot of the first cycle. Starting from the edge
e, again, extend thif.—semiroot by adding edges as on lemma 2.3.2(1) to détsemi
root of S.

Case 2: There existsype A vertices.

Consider the first cycle identify the number tgpe B vertices. Depending upon the
number oftype B vertices since the cycle is a permissible cyclaiging any one of the
above methods viz. lemma 2.3.2, theorems 2.3.2&h8 find al".—semiroot of the first
cycle. Consider the edges e, ..., § corresponding to the verticeg Vs, ..., \ in I'.—
semi root of the first cycle. The vertice, Vs, ..., .1 have the same behavior in both
cycles. That is same behavior means when we cartsideycles independentlyvf, 1 <

i < nis oftype A (ortype B) with respect to the first cycle then with respecthe second
cycle also it is otype A (or type B). So the problem may arise only in the end vestige
andyv, of the path .The behavior ef andv, may be opposite. That is opposite behavior
means when we consider the cycles independently(dr v,) is of type A (or type B)
with respect to the first cycle then with respectite second cycle it is tfpe B (or type
A).

Consider the casg andv, have same behavior in both the cycles; Ifor v,) is of
type A then in thel".-semi'root the end vertices @&, (or e,) already receive opposite sign.
Then by considering the total numbertyde B vertices of the second cycle and by using
any one of the above said methods we can extenabitnel".-semiroot to find S”such
that/.(S) containsS as an induced subgraph.

Ifv; (orvy) is oftype B in both cycles then either the edges incident stiduld have
same sign in both cycles or if the edges of tra fiycle incident to it is of opposite sign
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then the edges of the second cycle incident ttsdt bave opposite sign otherwise it will
be oftype A. By the above note, in the first case the endicastofe; (or €) in I'(S)
have same sign and in the second case, the eridegedfe; (or e, in I'(S) have
opposite sign. Then by considering the total numifetype B vertices of the second
cycle and by using any one of the above said meth@can extend the abolie-semi
root to find S”such thaf".(S) containsSas an induced subgraph.

Consider the case(or v,) has opposite behavior in both the cycles. Leisssimer;
(or v,) is of type B when we consider the first cycle only and istyde A when we
consider the second cycle also. Then the edgeseofitst cycle incident to it have
opposite sign, otherwise it will contradict our @sption. Since the edges incidentvio
is of opposite sign, if.—semi root of first cycle the end vertices ef already receive
opposite signs. So by using any one of the aboickrsathods, we can find B.—semi
root for S. If we assumey; (orv,) is of type A when we consider the first cycle only and
is of type B when we consider the second cycle also. Thendbeseof the second cycle
incident to it have opposite sign, otherwise itlwibntradict our assumption. Since the
vertexv, is oftype A, in I'.—semiroot of first cycle the end vertices ef already receive
opposite signs. So by using any one of the aboickrsathods, we can find B.—semi
root for S

Corollary 2.39. If S consists of more than two permissible cycles witmmon
intersections theBis not forbidden for dot-Gallai sigraph.

Theorem 2.3.10. The only forbidden subgraphs of Dot-Gallai Sigramnle the signed
graphs discussed in lemma 2.3.1, theorems 2.33 a@nd 2.3.7.

Proof: Consider an arbitrary signed graph (Gp). By using the fact that, any graph is
the union of cycles and trees we fiBdwith 7.(S) containsS as an induced subgraph.
First of all consider all the signed cyclesSrand by using corollary 2.3.9 find a signed
graph whose dot-Gallai sigraph contains all thdesyin S as an induced subgraph. Now
we can extend this signed graph such that its ddiaGcontains the given signed graph.
For that consider the vertices common to the cyatebtrees. Let be an arbitrary vertex
common to a cycle and a tree. It may bgpe A vertex ortype B vertex. If it is atype A
vertex corresponding to this vertex we have alremgpsitive edge with one end vertex
as positive and other as negative. (This is appléc# ‘v’ is a vertex common to more
than one cycle, for one cycle it is tfoe A and for some other it is dfjpe B). Then
starting from this vertex by using the construction in lemma 2.3.2(3), we egtend the
signed graph such that its dot-Gallai also conttiestree. Ifv is atype B vertex and if
the edges of the cycles incident to it is of opposigns the end vertices of the edge
corresponding t@ in theI'.—semiroot already receive opposite signs. So starting from
by using the construction in lemma 2.3.2(3) we fiad the extension. I/ is atype B
vertex and if the edges of the cycles incident te of same sign then the end vertices of
the edge corresponding ‘40 receive the same sign. In this case by the dfinif type

B vertex, the edges incidentwaot in the cycle also have the same sign. Sdragerom

v by using the construction in lemma 2.3.2(3), we fiad the extension. Considering the
common vertices of cycles and trees and by usiegctinstruction in lemma 2.3.2(3)
again we can fin&’with I.(S) containsS
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3. Conclusion and open problems

Gallai graphs do not admit forbidden subgraph attarezation but in this paper we

characterized Gallai signed graph, product Galiginesd graph and dot-Gallai signed
graph using forbidden subgraphs. Though Krause-tgparacterization of dot-line

sigraph is discussed in [1] characterization oflaa sigraph using forbidden subgraphs
still remain open.
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