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Abstract. The notion of a modular metric spaces were intreduay Chistyakov [5, 6].
Abdou and Khamsi [1] gave the analog of Banach regtibn principle in modular
metric spaces. More recently, Alfuraidan [3] gaeneralization of Banach contraction
principle on a modular metric space endowed witraph which is the modular metric
version of Jachymski [8] fixed point results.

In this paper, we generalize and prove some fixeuhtpresults for Kannan
contraction and weakly contractive mappings in alohar metric space endowed with a
graph. The result of this paper is new and imprguime previously known result in
modular metric spaces endowed with a graph.
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1. Introduction

The existence of fixed points for single valued piags in partially ordered metric
spaces was initially considered by Ran and Reur[tg$ Fixed point theorems for
monotone single valued mappings in a metric spadewed with a partial ordering have
been widely investigated. Recently, many resulfgeaped giving sufficient condition for
fto be a PO if (X, d) is endowed with a partial ondgr<. These results are the hybrid
of two fundamental and useful theorems in fixednpaheory, Banach Contraction
Principle and the Knaster-Tarski theorem (see[Jdchymski [8] obtain some useful
result for mappings defined on a complete metracep endowed with a graph instead of
partial ordering. Bojor [4] proved fixed point réisfior Kannan mappings in metric
spaces endowed with a graph. Samreen and Kamrapridid fixed point theorems for
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weakly contractive mappings on a metric space eadowith a graph. After that many
researchers have investigated in this directionwakly contractive condition and
analyzing connectivity condition of graph.

The notion of modular spaces was introduce by Nak&8] and was intensively
develop by Koshi and Shimogaki [11], Yamamuro [aA by Musielak and Orlicz [12].
Recently, Aghanians and Nourozi [2] discuss theterice and uniqueness of the fixed
point for Banach and Kannan contraction definednwdular spaces endowed with a
graph.

The notion of a modular metric spaces was introduleg Chistyakov [5,6].
Further Abdou and Khamsi [1] gave the analog of d&#ncontraction principle in
modular metric spaces. More recently, Alfuraidah gave generalization of Banach
contraction principle on a modular metric spaceosretl with a graph which is the
modular metric version of Jachymski [8] fixed pomesults for mappings on a metric
space with a graph.

Ran and Reurings [15] proved the following fixedn® result.

Theorem 1.1. [15] Let (XX) be a partially ordered set such that every paire X has
an upper and lower bound. Let d be a metric on ¢hghat (X, d) is a complete metric
space. Letf:X - X be a continuous monotone (either order presenangorder
reversing) mapping. Suppose that the following domdhold:
(1) There exist &e (0,1) with
d(f(x), f(») < kd(x, y), forallx > y.
(2) There exist arye X with xy < f(xo) orxg = f(xg)-

Then f is a Picard operator (PO), that is, f hasgue fixed pointc,e X and for each
xe X, lim,_,o, f™x = x,.

Nieto et al. in [14], proved the following fixed ipb theorem.

Theorem 1.2. [14] Let (X,d) be a complete metric spaces endowed \w&itpartial
orderings.Let f: X — X be an order preserving mapping such that thestseak € [0,1)
with
d(fx), f)) < kd(x,y), forallx > y.

Assume that one of the following conditions holds:
(1) f is continuous and there existsxgie X with xy < f(x,) orxy = fxo;
(2) (X,d,<=) is such that for any non decreasi®g)nen » if x, = x, thenx, <x

for ne N, and there exist arye X with x¢ < f(xg);
(3) (X,d,x) is such that for any non-decreaging),.y . if x, = x, thenx, > x

for ne N, and there exist arye X with x, = f(xg);
then f has a fixed point. Moreover, if (X) is such that every pair of elements of X has
an upper or a lower bound, then fis a PO.

Jachymski [9] obtained the contraction principlerfappings on a metric spaces

endowed with a graph.

Theorem 1.3. [9] Let (X,d) be a complete metric spaceand let theeti(X,d,G) have the
following property:
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(P) for any sequenc@c,)ne v in X asn — oo and (x,, x,4+1)€E(G), then (x,,, x)eE(G),

for all n. Letf: X — X be a G-contraction. Then the following stateméuolsl:

(1) Fr # @ if and only ifX, # @;

(2) if Xy # @ and G s weakly connected, then f is a Picard operee. Fr = {x"}and
sequencé€f™(x)} - x* asn — oo, for all xeX;

(3) for anyxeXy, flpag is a Picard operator ;

(4) if X < E(G), then f is a weakly Picard operator, ie.# @ and, for eachceX, we
have a sequend¢™(x)} — x*(x)e Fy asn — oo.

Bojor [4] proved fixed points of Kannan mappings nretric spaces endowed with a

graph.

Theorem 1.4. [4] Let (X, d) be a complete metric space endowed witjraph G and
T:X — X be a G-Kannan mapping. We suppose that:
® G is weakly T-connected;
(i) for any (x,)nenin X, if x,, = x and(x,, x,+1)€ E(G)forn € N then
there is a subsequen(e,, Jney With (x,,x) € E (G)forn € N.
ThenT is a PO.
Samreen and Kamran [16] proved fixed point theofemweakly contractive
mappings on a metric space endowed with a graph.

Theorem 1.5. [16] Let (X, d) be a completed metric space endowed sviihaph G and f
be a weakly G- contractive mapping from X into Xipfose that the following condition
holds.
0] G satisfies propertyp’),
(i) there exist someye Xp : = {x € X : (x, fx)eE(G)}.
Thenf|[x0]a has a unique fixed poidte [x,]z and f*y — & for anyy € [x,]z-

Aghaninas and Nourouzi [2] proved Banach and Kargmanraction in modular
spaces with a graph.

Theorem 1.6. [2] Let X be ap-complete modular space endowed with a graph Gland
triple (X, p, G). Moreover, this fixed point is unique if < % andXsatisfies the following

condition For alt, y €X, there exists a eX such tha(x, z), (y, z)eE(G). Then a Kannan
G — p contractionf: X — X has a fixed point ifand only a: + 0.

Alfuraidan [3] proved the contraction principle forappings on a modular metric
space with a graph.

Theorem 1.7. [3] Let (X, w) be a modular metric space with a grégh Suppose that
wis a convex regular modular metric which satistles A, — type condition. Assume
thatM =V (G,) is a nonemptyw — boundedw — complete subset df,, and the triple
M, d;,, G,) has property (P) Lef:M - M be G, -contraction map and4; :=
{x e M; (x,Tx)eE(G,)}.

If (x0, T (x0))€E(G,,), then the following statement holds:

® For anyxeMy, T|[x]G~whas a fixed point.
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(i) If G, is weakly connected, then T has a fixed point in M
(i) If M":== U{[x]z: xeM;}, thenT]|,has a fixed point in M.

2. Basic definition and preliminaries
Let X be a nonempty set. Throughout this paperafdunctionw : (0,0) X X X X —
(0, ) will be written asw; (x,y) = w(4,x,y) forallA > 0 and x, y €X.

Definition 2.1. [5,6] Let X be a non-empty set. A functian: (0,0) X X X X — [0, o]
is said to be a metric modular on X if it satisfike following three axioms:
0] given x,y €X,w;(x,y) =0 forallA > 0if and only if x = y;
(i) w,(x,y) = w(y,x) forall A > 0 and x,y €X;
(i) Wau (X, Y) < wy(x,2) + w,(z,y)for all 4, u > 0 and x,y,z €X.
If instead of (i), we have only the condition
wy(x,x) =0 forall A > 0and xeX.
Thenw is said to be a (metric) pseudo modular on X. Adular w on X is said to be
regular if the following weaker version of (i) iatssfied:
x = yifandonlyifw,(x,y) = 0 for some A > 0.
Finally w is said to be convex if foR, u > 0 and x, y, X, it satisfies the inequality

U
a)/1+u(X,y) = /1+ H(UA(X,Z) +mwy(Z;Y) .

Note that for a pseudo moduaon a set X and any, y €X, the functioml - w,(x,y) is
non increasing ofi0, ). Indeed, if0 < u < A, then

0 (x,y) < 0y, (%, %) + wu (%, y) = wu(x,y)

Definition 2.2. Let X, be a modular metric space.
(1) The sequencgx,,) ,en in X, is said to be convergent tce X, if
w3 (X, x) > 0asn - o forall 1 > 0.
(2) The sequencgx,,) ey I X, is said to be Cauchy if
Wy (X, X)) = 0 asm,n — oo forall 1 > 0.
(3) A subset C of,, is said to be closed if the limit of the convergsaquence of C
always belong to C.
(4) A subset C ok, is said to be complete if any Cauchy sequenceimaCconvergent
sequence and its limit in C.
(5) A subset C ok, is said to be bounded if for al> o
8, (C) = sup{wy(x,y); x, yeC} < 0.

We will use following notations and terminologyafaph theory (see [3]) related
to the rest of our result.

Let (X, w) be a modular metric space and M be a non empieswiX,,. LetA
denote the diagonal of the Cartesian proddick M. Consider a directed grapf,, such
that the seV (G,,) of its vertices coincide with M, and the #41G,,) of its edges contain
all loops, i.e.E(G,) 2 A. We assumé&,, has no parallel edges (arcs), so we can identify
G, with the pair (V(G,),E(G,)). Our graph theory notation and terminology are
standard and can be found in all graph theory hdikes [14]. Moreover, we may treat
G, as a weighted graph (see [10]) by assigning tt eslge the distance between its
vertices.
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By G™! we denote the conversion of a graph G, i.e., tlephy obtained from G by
reversing the direction of edges. Thus we have

E(G™) ={(, 0l(x, y)e E(G)}

A diagraph G is called an oriented graph if whenduev)e E(G), ther(v,u) ¢
E(G). The letterG denotes the undirected graph obtain from G byrignathe direction
of edges.

Actually, it will be more convenient for us to tte@ as a directed graph for
which the set of its edges is symmetric. Under ¢hisvention,

E(G)=E(G)VE(G™).

We call (V',E') a sub graph oV' c V(G),E' € E(G), and for any edge
(x,y) €EE",x,yeV".

If x andy are vertices in a graph G, then a (directed) pa® fromx to y of
length N is a sequencér,)Y, of N+1 vertices such thatx, =x,xy =y and
(Xp_1,xp) EE(G) for i =1,..,N. A graph G is connected if there is a directed path
between any two vertices. G is a weakly connedt&tl is connected. If G is such that
E(G) is symmetric and is a vertex in G, then the sub graphconsisting of all edges
and vertices which are contained in some path baginatx is called the component of
G containingx. In this casd/(G,) = [x];, where[x]; is the equivalence class of the
following relationR defined o/ (G) by the rule:

yRz if there is a (directed) path in G froyrto z.
ClearlyG, is connected.

Definition 2.3. [3] Let (X, w) be a modular metric space and M be a hon empiseswalh
X,- A mappingl’ : M - M is called
(i) G- contraction if T preserve edges@®f, i.e.,
Vx,y €M ((x,)eE(G,) = (T(x), T()EE(G,)),
and if there exists a constar#[0,1) such that
w1 (T(x), T(y)) < awy(x,y) for any (x,y)eE(G,).
(ii) (g, @) — G,-uniformly locally contraction if T preserve edges;,, and there exists a
Constantx € [0,1) such that for anyx, y)eE(G,,)
w1(T(x), T(y)) < aw,(x,y) whenevew,(x,y) < .

Definition 2.4. [3] A pointx € M is called a fixed point of T whenever= T (x). The set
of fixed points of T will be denoted by Fix(T).

Now we introduce thé&, Kannan contraction and weakl§, contractive
mappings in a modular metric space endowed wittaplgas follows.

Definition 2.5. Let (X, w) be a modular metric space with a grapf). Amapping
T:M - Mis called
() G,- Kannan contraction if T preserve the edge§ of

i.e., forallx,y eM ((x,y) € E(G,) = (Tx,Ty)eE(G,))

and if there exists positive numblesr(o,%) such that
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W (Tx, Ty) < k(w,(Tx,x) + w;(Ty,y)) for anyx, y eM with (x,y)e E(G,,).
(2) weakly G,, contractive if T preserve the edges®j ,

i.e., for allx,y eM ((x,y) € E(G,) = (Tx,Ty)€eE(G,))
andw/l(Tx' Ty) < wl(x' y) - IIJ(G)A(X, y))
wheneveriy: [0,0) — [0,00) is continuous non decreasing such tigatis positive
on(0, o) andy (0) = 0.

Ouir first result can be seen as an extension tfydaeki [9] fixed point theorems
to modular metric spaces. As Jachymski [8] didjntduce the following property.
We say that the tripleéM, d;,, G,,) has property (P) if
(P) For any sequende;,, },enyin M, if x,, = x asn - oo and(x,, x,4+1 )EE(G,), then
(xn,x)eE(G,), for all n.

Note that property (P) is precisele tNieto et al. [14] hypothesis relaxing
continuity assumption as in Theorem 1.2 ((2) anfdirgphrased in terms of edges.

Lemma 2.1. [16] Let (X,d) be a metric space afdX — X be a weaklyG-contractive
map. Then for anye X andye[x]; we have

limd(T"x, T"y) = limr(T™x,T™y) = 0.

n—-oo n—-oo

Proposition 2.2. [16] Let (X,d) be a metric space arfd be a weaklyG-contractive
mapping from X into X. Let there existe X such thatTx,e[x,]s then the sequence
{T™x,} is Cauchy.

3. Main results

Theorem 3.1. Let (X, w) be a modular metric space with a gréhh Suppose thab is a
convex regular modular metric which satisfies the type condition. Assume that
M =V(G,) is a nonemptyw — bounded,w —complete subset af,, and the triple
(M, d;, G,) has property (P). Lef : M - M be Kannan contraction map amf} :=
{x e M; (x,Tx)eE(G,)}.

If (xo,T(x9))EE(G,), then the following statements hold:
® Foranyx e My, Tl has a fixed point.
(i) If G, is weakly connected, then T has a fixed point in M
(iii) IfM" = U{[x]g;: x € Mz}, thenT|, has a fixed pointin M.
Proof (i): As (xq,T(xg))e E(G,) and(y,, T (yy))e E(G,,) thenxy, y, € M. Since T is a
Kannan-contraction, there exists a constast (0,%) such that(T (xy), T (vy))e E(G,)
andw, (Txo, Tyo) < k[w(xo, Txo) + w1 (¥o, Tyo)] 13)
By induction we can construct a sequenfe,} such thatx,,, =Tx, and
(Xn , Xn41) € E(Gy)
w1 (Xpy1,%n) = @01 (Txp, TXp—1)
wl(xn+1'xn) < k[wl(Txn' xn) + wl(Txn—l'xn—l)]
< k[a)l(xn+1:xn) + a)l(xn: xn—l)]
(1 - k) wl(xn+1:xn) <k a)l(xn: xn—l)

k k
a)l(xn+1, Xn) < (l__k)a)l (xTL) xn—l) Wherea = (1-k) <1

wl(xn+1J xn) < awy (xnl xn—l)
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So by induction, we construct a sequende,} such that(x,.,,x,)e E(G,) and
w1 (Xny1, %) < a™wq(xg,x,) for anyn = 1. SinceM is w-bounded, we have

w1 (Xny1,Xp) < 6, (MK™
for anyn > 1. Then by lemma 2.2 .
= {x,} isw -Cauchy. Sincé/ is w — Complete, thereforfe,} is w - convergence to
some pointe M.
By property (P),(x,, x)e E(G,,) for alln and hence

w1(xn+1' T(x)) = w1 (Txp, Tx)
< k(w;(Txp, xp) + w1 (Tx, X))
Taking limitn — oo both sides we get
w1 (x, Tx) < k(wq(x, x) + w1 (Tx, x))

i.e.wq(x,Tx) < kw,(Tx,x)) which is a contradiction.
Hencew,(x,Tx) = 0.
Thereforex = Tx.
i.e.x is a fixed point of T.
As (xg, x)€ E(G,), we havex €[x,]z- .
Uniqueness. Let x and y be two fixed point of T.
Considerw, (x,¥) = w1(Tx,Ty) < k[w,(x,Tx) + w1y, Ty)]

< kfw; (x, %) + w1 (v, ¥)]
This gives

wi(x,y)=0=>x=1y.
Hence point is unique.
(i) Since My # @, there exists amxye My and sinceG,, is weakly connected, then
[x0]lg; = M and by M and by (i), mapping T has a fixed point.
(iii) 1t follows easily from (i) and (ii).

Theorem 3.2. Let (X, w) be a modular metric space with a gréhh Suppose thab is a
convex regular modular metric which satisfies the type condition. Assume that
M =V(G,) is a honemptyw — bounded,w — complete subset of, and the triple
(M, d;, G,) has property (P). Lt : M - M be weak contraction mapping amt :=
{x e M; (x,Tx)eE(G,)}.

If (xo T(x9))€E(G,), then the following statements hold:
(iv) For anyx e My, T|[x]@ , has a fixed point.
(v) If G, is weakly connected, then T has a fixed point in M
(vi) IfM" = U{[x]g_: x € M7}, thenT|, has a fixed pointin M.
Proof: As (xq,T(x0))€e E(G,) and (y,, T(vy))€ E(G,) themnx,,y, € Mr. Since T is a
weak contraction, there exists a constart (0, é) such tha(T (x,), T (yo))€ E(G,) and
w1(Tx0, Tyo) < wy1(xg,¥0) — ¥(w1(x0,¥0))
By induction we can construct a sequgngésuch thate,,; = Tx,, and
(Xn » Xn41)€ E(G) w1 (Xny1, %5) = 01 (Txp, TXp_1)
w1 (xn+1rxn) = wl(xn' xn—l) - ¢(w1(xn' xn—l))

L a)l(xn+1:xn) < a)l(xn: xn—l)
Similarly
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w1 (Xnt2, Xns1) = 01 (Txp4q, Txy)
C‘)1(xn+2vxn+1) < C‘)1(xn+1vxn) - qj(wl(xn+1vxn))
w1 (Xn42, Xnt1) < 01 (Xt Xn)
W1 (Xn43, Xn42) = W1 (Txpi2, TXpyq)
wl(xn+3rxn+2) < wl(xn+2'xn+1) - l'IJ(O‘)l(erZ'xn+1))
wl(xn+31xn+2) < wl(xn+2'xn+1)
Hence in general
w1 (X1, 2%0) < 01 (3, x-1) — (w1 (O, X-1); Vi=123..n
SinceV is non decreasing and this shows g}, is aw-cauchy sequence
w1 (Xny1, %n) S 01 (Xp Xn—1) < -+ < w1024, %)
Since w1 (x,4+1,X,) iS Non increasing sequence of non-negative realbeu bounded
below by 0, thus convergent.
Taking limit as n—oo,
lim,,_, o Wy (Xp41, %) = 0; vVi=123..n
Uniqueness: Let x and y be two fixed point of T.
Considetw, (x,y) = w1(Tx, Ty) < w1(x,y) —Ypw,(x,y)]
This gives
wi(,y)=0=>x=1y.
Hence point is unique.
(i) Since My #+ @, there exists amx,e My and sinceG,, is weakly connected, then
[x0]lg; = M and by M and by (i), mapping T has a fixed point.
(iii) It follows easily from (i) and (ii).
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