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Abstract. Let G be a connected and undirected graph. The shadqh @fés, denoted
byD,(G)is the graph constructed frofé by taking two copies 065 namely G itself
and G and by joining each vertentin G to the neighbors of the corresponding vertex
u'in G'. Let D be the set of all distance between distinct pdirgedtices inG and let
D, (called the distance set) be a subsetDofThe distance graph d& denoted by
D(G,D,) is the graph having the same vertex as thdb afnd two verticedl and V

are adjacent irD(G, D,) wheneverd(u,Vv)ID.. In this paper, we determine the edge

domination number of the shadow distance grapthefhielm graph, the star graph and
the subdivision graph of star graph with specifisstance sets.

Keywords. Domination set, Edge domination number, Minimdge dominating set,
Shadow distance graph.
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1. Introduction

The theory of domination in graphs is of vast iegtrto researchers in graph theory due
to its many and varied applications in fields sashoptimization, linear algebra, design

and analysis of communication networks, militaryveillance and social sciences. The
study of domination extends to more than four desadnd many results have been
obtained in the various parameters associated ethination. The concept of edge

domination in graphs was introduced by Mitchell &tatletniemi [2].

By graphG =(V,E) we mean a finite undirected graph without loopsl an
multiple edges. A subsé&of V is called a dominating set @ if every vertex notSis

33



Vijaya Chandrarfar U and R Murali

adjacent to some vertex @ The domination number d& denoted byy(G) is the
minimal cardinality taken over all dominating sefsG. A subsetF of E is called an
edge dominating set if each edgeEiis either inF or is adjacent to an edge . An

edge dominating seF is called minimal if no proper subset & is an edge
dominating set.

The edge domination number Gfdenoted byy (G) is the minimum cardinality
taken over all edge dominating set£of

The open neighborhood of an ede E denoted byN (€) is the set of all edges
adjacent toe in G.If e=(u,v)is an edge i,the degree of denoted byleg(e) is
given bydege)=deg(u)+deg(v) —2. The maximum degree of an edge @ is
denoted byA (G).

The shadow graph &,denoted byD, (G) is the graph constructed fro@ by
taking two copies ofs namelyG itself andG , and by joining each verten in G to
the neighbors of the corresponding vedei G .

LetD be the set of all distance between distinct pairgertices inG and letD
(called the distance set) be a subsetDnf The distance graph o denoted by
D(G,D,) is the graph having the same vertex as thab cdnd two verticesl andV
are adjacent i (G, D,) wheneverd(u,v)CID,.

The shadow distance graph of G, denotedgy(G, D,)is constructed fronG
with the following conditions:

i) consider two copies o say G itself andG
ii) if ULV (G) (first copy) then we denote the correspondingeveats

u OV (G) (second copy)
ii) the vertex set oD, (G,D,) isV (G)OV(G)
iv)  the edge setoD, (G,D,) is E(G)UE(G)0E,
wheré&  is the set of all edges between two distinct gesi
ulV(G)andv [V (G) that satisfy the conditiod (u,v)(Dy in G.
The Shadow distance grapbx, (KLS,{Z}) and D, (H,.{3}) are illustrated in figure 1

and figure 2 respectively.
The Helm graph denoted by, is the graph obtained from the-wheel graph\V, |

by adjoining a pendant edge at each node of thie.cyde call the edges not in the cycle
of W, , as the spoke edges.
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Figure 2: The graphD, (H,.{3})

A star graph is the complete bipartitepgrK, .

IfX=(u,Vv) is edge of5,and w is not a vertex B, thenx is subdivided
when it is replaced by the edgfs, W) and (W, V). If every edge ofG is subdivided, the
resulting graph is the subdivision grafG).

In the next section we determine thgeedomination number of the shadow
distance graph of the helm graph and the subdivigimph of the star graph with

D, :{2} and {3} respectively and the star graph widh :{ 2}.

2. Main results
We recall the following result related betedge domination number of a graph .
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Theorem 2.1. [3] An edge dominating sdt is minimal if and only if for each edge
elJG, one of the following two conditions hold:
i) N n F=¢
ii) there exits an edge (] E—F such thatN (e) n F ={e}.
We begin our results with the shadow distance grapbociated with the helm
graphH,,.
n+1

Theorem 2.2. For n=3, y (D, {H, {2}}) = Z[Tw

Proof: Consider two copies o, namelyH  itself andH . In the first copy of
H,,
(V) 1,(V5) 1yeereinen (v.)1 be the pendant vertices a@g),be the central vertex. Let
the edges of the cycle e ), = {{ (v.),,(v...),} O{(v),,(v),}} wherel<i<n and

let pendant edges béepi)lz{ (v, )1,(vi)'1} where 1<i<n and spoke edges be

(eg), = { (C)l,(vi)l} wherel<i<n. In the second copy(V;),,(V,) s -eeeeeerens (v,), be

let  (Vy)1 (Vy)qsmeemeeeeen (v,), be the vertices of the cycle, let

the vertices of the cyclgV,) 2,(V,) 2,.ecveven-. (v,) 2 be the pendant vertices ar(g),
be the central vertex. Let the edges of the cyclee b
(q)z:{{(vi)z,(vi+l)2}D{(Vl)z,(vi)z}} where 1<i<n and let pendant edges be
(e, ).= {(vi')z,(vi')'z} where 1<i<n and spoke edges b@,),={(c),,(,),}
wherel<i<n.

Let G =(Dy {H,.{2}}).

For N=3, the setF :{e4,esl,e;1,e'sl} is a minimal edge dominating set with
minimum cardinality and hencg (G) =4.

For N=4,the setF :{e4,e8,esl,e;,e§,e'sl} is a minimal edge dominating set
with minimum cardinality and hencg (G) =6.

Let Nn=5

Consider the sdf :{e4,e8, ..... e4j,esl,e;,eg,....e;j,e'sl} where 1sjs{nTJ.

This setF is a minimal edge dominating set since for any eglgeF, F —{ei}
is not an edge dominating set fdr(e ) in G. Hence any set containing edges less than
that of F cannot be a dominating set @f Further,A (G)=3n+1 which implies that

an edge ofG can dominate at mo8n + 2 distinct edges including itself and each of
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the remaining edges can dominate less tBianr1l edges ofG. Therefore, any set
containing the edges less thathn cannot be an edge dominating seGof
This implies that the sdt described above is of minimum cardinality and since
+ . +
IF|= 2[%} it follows that y/ (D, {H, {2}}) = 2[”711
Hence the proof.

Theorem 2.3. Forn=3, y (D {H,.{3}}) = 2[2n2_1—‘.

Proof: Let G =(Dgy {H n ,{3}}) The vertex set and edge set@fare as in theorem 2.2.
For N=3, the setF :{eLe4,e6,ei,e;,e'6} is minimal a edge dominating set
with minimum cardinality and hencg (G) =6.

Let n=>4.
Consider the set

2n—1J

This setF is a minimal edge dominating set since for any egdeF, F —{e,}
is not an edge dominating set fdr(e ) in G. Hence any set containing edges less than

that of F cannot be a dominating set Gt Further, A (G)=2n which implies that an
edge ofG can dominate at mog&n +1 distinct edges including itself and each of the
remaining edges can dominate less tRanedges ofG. Therefore, any set containing
the edges less that i cannot be an edge dominating seGof

This implies that the sdt described above is of minimum cardinality and since

||:|= z[znz_lw, it follows thaty‘(ng{Hn '{3}}) - Z[an_l—l'

Hence the proof.

For the star grapl, ., we have the following result.

Theorem 2.4. For n =4, y'(Dsd{Kl,n,{Z}}) = Z[n—_l—‘

ln?

2

Proof: Consider two copies oK, , namelyK, itself andKin. In the first copy of
Kins let (V) (Vo) (v,),be the pendant vertices af@d), be the central vertex

and let the edges bge ), ={(c),,(v,),} wherel<i<n . In the second copi,, ,
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(V1) 2s (Vo) 5y eeiienn. (v,), be the pendant vertices ar(@), be the central vertex and let
the edges bée ), ={(c),.(v,),} wherel<i<n .
Let G= y' (Dy {K,, . {2}})
For n=4 and n=5, the setF :{92,914 :96:9'219;4} is a minimal edge
dominating set with minimum cardinality and hepcéG) =4.

Let N=6.
Consider the set

oo : , : n-4
F _{ €2 Cixiva» Civararray ’ez'e(i)'(i+3)’e(2k+3)'(2k+4)} where i1=1,1< J’ksi‘ 2 J

This setF is a minimal edge dominating set since for any eglgéF, F —{ei} is
not an edge dominating set fdf (e ) in G. Hence any set containing edges less than

that of F cannot be a dominating set 6f Further, A (G)=n(n-1) which implies
that an edge o6 can dominate at most(n—21)+1 distinct edges including itself and
each of the remaining edges can dominate lessnifan-1) edges ofG . Therefore,

any set containing the edges less thdtircannot be an edge dominating seGof
This implies that the seff described above is of minimum cardinality and since

IF|= Z[nT_l] it follows that ' (D { Ky, {2}}) = Z[nT_l]

Hence the proof.
For the subdivision graph of the star grégK, ), we have the following results.

Theorem 2.5. For n=3, y'(Dsd{S(Kln),{Z}}) = 2n,
Proof: Consider two copies 0B(K,,) namelyS(K, ) itself andS (K.,). Inthe first
copy of S(K,,)) , let (V);,(Vo)1seeeminnnnn (v,), be the pendant vertices and

()1 (1) (I,),be the sub division vertices and I¢t), be the central vertex
which is adjacent to (I;); , where I<i<n. Let the edges be
e ={((v).,(1))0((©),,(,),)} where 1<i<n. In the second cop$ (K,,), let
(V1) 5, (Vy) 5y eeeiinnns (v,),be the pendant vertices afid),,(1,),,........... (1,,),be the
sub division vertices and lefc), be the central vertex which is adjacent(kd,, where
1<i<n. Letthe edges bei ={(v),.(,),)T((c),.(,),)} where 1<i<n.

Let G= y (D {S(K,,).{2}})
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Let N=3.
Consider the seF :{ €,€,,6,....6) eze4eeezl} where 1<i<n.
This setF is a minimal edge dominating set since for any eglgeéF, F —{eI} is
not an edge dominating set fdf (e ) in G. Hence any set containing edges less than

that of F cannot be a dominating set Gf Further, A (G)=3n+5 which implies that

an edge ofG can dominate at mo8&n + 6 distinct edges including itself and each of
the remaining edges can dominate less tBan 5 edges ofG. Therefore, any set
containing the edges less thathn cannot be an edge dominating seGof

This implies that the seff described above is of minimum cardinality and since

|F|= 2n, it follows that ' (Dg{S(K,,).{2}}) = 2n.

Hence the proof.

Theorem 2.6. For n23 ' (Dy, { S(K,,).{3}}) = 2n.
Proof: Let G= ) (D {S(Kln),{3}} ). The vertex set and edge set@fare as in

theorem 2.5.
Let n=>3.
Consider the seF :{ €,€,,6,....6) ,éz,e;,eg,....e;i} where 1<i<n.
This setF is a minimal edge dominating set since for any eggeF, F —{eI} is

not an edge dominating set fdf (e ) in G. Hence any set containing edges less than

that of F cannot be a dominating set @f Further, A (G)=2n+ 3 which implies that
an edge ofG can dominate at mo&n + 4 distinct edges including itself and each of
the remaining edges can dominate less thar 3 edges ofG. Therefore, any set
containing the edges less thathn cannot be an edge dominating seGof

This implies that the sdt described above is of minimum cardinality and since
|F|= 2n, itfollows that ) (Dy,{S(K,,).{3}}) = 2n.
Hence the proof.
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