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Abstract. In this paper, we introduce the notions of-aperfect sets, mclopen setsq-
mx-closed sets, stronglg-m=«-closed sets, pre-closed sets, m-clopen setst-m-I-

sets and obtain a diagram to show their relatigmsshetween these sets and related sets.
Also we investigate some properties and charaetiisizs of these sets. Suitable
examples are given to establish the results.
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1. Introduction and preiminaries

The study of ideal topological spaces was initiatby Kuratowski [5] and
Vaidyanathaswamy [14]. Several authors studied dedeloped the properties of
topological spaces and ideal minimal spaces [83,6,12,13,15,16]. Jankovic and
Hamlett [4] developed the study in local and systienmanner and offered some new
results in the field of ideal topological spacedd agstablished some applications.
Bhattacharya [1] introduced regular closed setd.7JnMaki introduced the notions of
minimal structures and minimal spaces. Popa andi Mdroduced a new idea of M-
continuous function as a function defined betweeis,ssatisfying some minimal
conditions. The concept of ideal minimal spaces wasduced by Ozbakir and Yildirim
[9] by combining a minimal space and ideals. Iis fiaper, we define ¥roperfect ana-

mx-closed sets and investigate some of the propetite above set3he relationships
among these sets are discussed.

Example 1.1. [9] Let (X, m) be a minimal space with an idéabn X.

(i) If 1 ={g@, then A (¢) = m-CI(A),
(ii) If I =0 (X), then A_ (0 (X)) = @
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Lemma 1.1. [9] Let (X, m,, |) be an ideal minimal space and CAX. If A is mk-dense

in itself, then A, = m-CI(A,) = m-CI(A) = m-CI*(A).

2. Some new subsets

Definition 2.1. [10] A subset A of an ideal minimal space (X, ) is said to be
® regular-mi-closed if A = (m-Int(A))*,,
(i) t-m-l-set if m-Int(A) = m-Int(m-CI*(A)),
(i) semi-mi-regular if A is both semi-nh-open and a t-m-set.

regular-m-I-closed - m=-perfect
semi-m-J-regular m=-closed
semi-m-J-open t-m-I-set
Figure2.l:

Remark 2.1. None of the implications in Diagram 2.1 is revelsilas seen in the
following Examples.

Example 2.1. Let (X, m,, |) be an ideal minimal space such that
X ={a, b, c, d},
m={e X, {c}, {b, c, d}}
and 1 ={g¢g.
Then A ={a, b, d} is an m*-perfect set but nategular-mi-closed set.

Example 2.2. Let (X, m,, | ) be an ideal minimal space such that

X={a, b, c, d},
n={q X, {a}, {c, d}, {b, ¢, d}}
and | =¢ {b}}.

Then A = {a, b} is an mclosed set but not ansaperfect set.

Example 2.3. Let (X, m,, |) be an ideal minimal space such that
X={a, b, c, d},
= {@ X, {b}, {d}}
and | =.
Then A = {a, d} is a t-mi-set but not an mclosed set.

Example 2.4. Let (X, m, |) be an ideal minimal space such that
X={a, b, c, d},
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m={® X, {a, b}}
and  |=¢ {a}, {c}, {a, c}}.

Then A = {a, c} is a t-ml-set but not a semi-m-regular set.

Example 2.5. Let (X, m, 1) be an ideal minimal space such that

X={a, b, c,d},
m={@, X, {a}, {a, d}, {a, c, d}}
and |=§ {a}}.

Then A = {a, d} is a semi-nh-open set but not a semi-hregular set.

Example 2.6. Let (X, m,, |) be an ideal minimal space such that

X ={a, b, c, d},
m={q X, {b}, {d}}
and I ={¢@}.

Then A = {a, d} is a semi-n1—regular set but not a regular-melosed set.

3. mx-operfect setsand a- mx-closed sets
Definition 3.1. A subset A of an ideal minimal space (X, M is said to be
® m«-operfect if A is m-open and #¥perfect,
(i) mx-clopen if A is m-open and #rclosed,
(i) a- mx-closed if m-CI*(m-Int(m-CI*(A))) O A,
(iv) stronglya- m«-closed if m-Cl(m-Int(m-CI*(A)))O A,
(v)  pre-m-closed if(m=Int(A)) O A,
(vi) a*-m-I-set if m-Int(A) = m-Int(m-ClI*(m-Int(A))) and
(vii)  m-clopen if A is m-open and m-closed.

Remark 3.1. To avoid confusion we will denote the family of alim«-closed sets by
amxC(X), stronglya-mx-closed sets byosn«C(X) and pre-m-closed sets by paC(X).

Proposition 3.1. For a subset A of an ideal minimal space (X, I the following
properties hold.
® Every m-operfect set is a regular-trelosed set.

(i) Every me-clopen set is an m-open set.
(i) Every mk-clopen set is an saclosed set.

Proof:
® Let A be a m-perfect set.

Since A is both m-open andxAperfect, we have
(m=Int(A)),,= A} =A.
This shows that A is regularseiosed.
(i) and (iii) are obvious from the DefinitionBBthat A is m-open and #¥closed.
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Remark 3.2. The converses of Proposition 3.1 need not be tsusean in the following
examples.

Example 3.1. Let (X, m,, ) be an ideal minimal space such that

X ={a, b, c, d},
¥ {¢, X, {b}{c}{b, c, d}}
and | ={q.

Then A = {a, b, d} is a regular-m¢losed set which is not m-open. Therefore, A is
neither an m-clopen set nor an #roperfect set.

Example 3.2. Let (X, m,, |) be an ideal minimal space such that
X ={a, b, c, d},
e {@ X, {a}, {a, b}}

and | ={q@.
Then A = {a, b} is an m-open set, but not ar-ohosed set and hence not ar-ohopen

set. Moreover, A is not a presatlosed set.

Example 3.3. Let (X, m,, |) be an ideal minimal space such that

X={a, b, c, d},
o {q@ X {a}, {c, d}, {b, c, d}}
andl ={q, {b}}.

Then A = {a, b} is an m-closed set, but not an m-open set and hence nok arlopen
set. Moreover, A is not an #¥perfect set.

Proposition 3.2. A subset A of an ideal minimal space (X, i) which satisfies property
B, then every moperfect set is an m-clopen set.

Proof: Let A be an m-operfect set.

Then A is m-open and #mperfect.

By Lemma 1.1, we have m-CI(A) = m-(ZJ(:n) = A:n =A
Hence A is m-open and m-closed. Therefore A idaopen.

Remark 3.3. The converse of Proposition 3.2 need not be trugeas in the following
example.

Example 3.4. Let (X, m,, |) be an ideal minimal space such that

X ={a, b, c,d}
m={@ X, {a}, {d}, {b, c}, {a, d}, {b, c, d}, {a, b, c} }
and | ={o {a}}.

Then A = {a, b, c} is an m-clopen set, but not anroperfect set.

Proposition 3.3. For a subset A of an ideal minimal space (%, ), the following
properties hold.
® Every m-perfect set is a strongty-m«-closed set.

(i) Everya-mx«-closed set is a pre«ytlosed set.
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(i) Every a-mx-closed set is a t-rh-set.
(iv) Every m-preclosed set is a pre-tliosed set.
(V) Every pre-m-closed set is an*-m-|-set.
(vi) Every m-clopen set is arxAtlopen set.
Proof: Let A be subset of an ideal minimal space (X, Im
() Let A be an m-perfect set, then we havé\’;n =A.
Thus we obtain that

m-Cl(m-Int(m-CI*(A))) = m-Cl(niat(AD A" ))
= m-CI(m{A\ )

O m-CI(A")=A" =A.
Hence A is a strongly-mx-closed set.

(i) Let A be ana-mx-closed set.

Therefore, (m=Int(A)}, 0 m-Cl*(m-Int(A))
O m-CI*(m-Int(m-CI*(A)))
0 A.

Hence A is a pre-raclosed set.

(iii) Let A be ana-mx-closed set.

Then we obtain that,
m-Int(m-CI*(A)) = m-Int(m4&m-Int(m-CI*(A))))
O m-Int(A).
Since Al m-CI*(A), m-Int(A) O m-Int(m-CI*(A)).
This shows that A is a t-inset.

(iv) Let A be a m-preclosed set.
Then we havgm—Int(A)).. O m-Cl(m-Int(A)) O A.
This shows that A is a presralosed set.

(v) Let A be a pre-mclosed set.

Then we havém—Int(A))., O A.
Then we obtain that
(m-Int(AY) (m—Int(A)),. O (m-Int(A)) 0 A O A
and m-Int(m-CI*(m-IntpA O (m-Int(A)).
On the other hand, it is obvious that
(m-Int(A) m-Int(m-CI*(m-Int(A))).
This shows that A is axt-m-1 -set.

(vi) Let A be an m-clopen set.
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Then A is m-open and m-closed and we obt&inA:n 0 m-CI(A)=A.
Hence A is m-open and m*-closed and heneelopen.

Proposition 3.4. For a subset A of an ideal minimal space (X, Ilnsatisfying property |,
then every m-closed set is an-mx-closed set.

Proof: Let A be an mr-closed set, then we ha\/ég:n OA.

Therefore,
m-CI*(m-Int(m-CI*(A))) O m-CI*(m-CI*(A))
n=CI*(A) = A.
This shows that A is am-mx«-closed set.

Remark 3.4. The converses of Propositions 3.3 and 3.4 neebatiue as shown in the
following examples.

Example 3.5. Let (X, m,,| ) be an ideal minimal space such that X = {a,}b, ¢

wF{e X {a}, {a, c}yand | ={¢ {a}}.
Then A = {a} is an m-closed set and hence A is an-plopen set, but it is neither an m-

clopen set nor an frperfect set.

Example 3.6. Let (X, m,,I) be an ideal minimal space such that

X={a, b, c, d},
m={qe X, {a}, {b, c}}
and I ={q {a}, {b}, {a, b}}.

Then A ={a, b, d} is a stronglg-m«-closed set, but not anxAperfect set.

Example 3.7: Let (X, m,, I) be an ideal minimal space such that
X={a, b, c, d},
= {o X {a}, {c, d}}

and I ={qg, {a}}.
Then A = {a, d} is a pre-mclosed set, but it is neither a t-mset nor ara-m«-closed

set. Moreover, A is not an m-open set.

Remark 3.5. By Examples 3.2 and 3.7, m-open sets and prelosed sets are
independent.

Example 3.8. Let (X, m,, |) be an ideal minimal space such that
X={a, b, c, d},

0 {@ X, {b}, {d}}
and 1 ={qg}.

Then A = {a, d} is a t-m-I-set, but it is neithen ax-m«-closed set nor a presstlosed
set. Moreover, it is amx-m-71 -set.
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Example 3.9. Let (X, m,, 1) be an ideal minimal space as in Example 3.7nThis clear
that
A ={a, d} is a pre-m-closed set, but not an m-preclosed set.

Example 3.10. Let (X, m,, | ) be an ideal minimal space such that
X ={a, b, c, d},
o {@ X, {a}, {c}}

and | ={o {a}}.
Then A = {a, d} is arn-m«-closed set, but not an«atlosed set.

Remark 3.6. By example 3.11, m-clopen sets ang-perfect sets are independent.

Example 3.11.
(i) Let (X, m,1) be an ideal minimal space such that
X ={a, b, c, d},
pF{e X, {a}, {d}, {b, c}, {a, d}, {b, c, d}, {a, b, c} }
and | ={q@ {a}}.

Then A ={a, b, c} is an m-clopen set, but not anperfect set.

(i) Let (X, m,1) be an ideal minimal space such that
X={a, b, c, d},

7 {o X, {b}, {c}, {b, c, d}}
and | ={q.
Then A = {a, b, d} is an mperfect set, but not an m-open set and hencemot a

m-clopen set.

Remark 3.7. It follows from Examples 3.7 and 3.8 that pre-plosed sets and t-insets
are independent.

Proposition 3.5. For a subset A of an ideal minimal space (X, i the following
properties hold.
® Every mea-closed set is strongly-m«-closed.

(i) Every stronglya-m«-closed set isi-m«-closed.

Proof:

® Let A be an ma-closed set.
Then, m-Cl(m-Int(m-CI*(A))d m-Cl(m-Int(mCI(A))) O A.
This shows that A is stronglymx-closed.

(i) Let A be a stronglyi-m«-closed.
Then, m-Cl*(m-Int(m-CI*(A))J m-Cl(m-Int(m-CI*(A))) O A.
This shows that A t&m«-closed.

Remark 3.8. The converses of Proposition 3.5 need not be tsusean in the following
Examples.
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Example 3.12. Let (X, m,, | ) be the same ideal minimal space as in Example 3.
Then it is clear that A = {a, b, d} is a strongtym*-closed.
But since m-Cl(m-Int(m-CI(A))) = X A, it is not an ma-closed set.

Example 3.13. Let (X, m,, | ) be the same ideal minimal space as in Exampl& 3.
Then it is obvious that A = {a, d} is an-m«-closed set.

Since m-Cl(m-Int(m-CI*(A))) = {a, b, d}L] A, A is not a stronglyi-m«-closed set.
Moreover, it is not an miclosed set.
From the above propositions and diagram 2.1 weirobte following diagram.

m=-operfect __, regularm-Jclosed _—  semi-m-[regular

|

m-clopen m=-perfect —p strongly o-m=-closed

m=-clopen —p» m=*-closed o-m*-closed —» t-m-JI-set

m-open pre- m#=-closed —» o=-m-J-set
Figure3.l:

Theorem 3.1. For a pre-m-open set A of an ideal minimal space (X, M satisfying
property B, the following property holds.
A is stronglya-mx-closed if and only if A is m-closed.

Proof: Let A be a m-closed set.
Then m-Cl(m-Int(m-CI*(A)))d m-Cl(m-int(m-CI(A)))
O m-Cl(A) = A.
Therefore, A is stronglg-m«-closed.
Let A be a stronglp-m«-closed set.
Since A is pre-m-l-open,
m-CI(A) O m-Cl(m-Int(m-CI*(A)))
OA.
Hence A is an m-closed set.

Theorem 3.2: For a pre-mi-open set A of an ideal minimal space (X, M satisfying
property I, the following property holds. Adsmx-closed if and only if A is m-closed.
Proof: By Proposition 3.4, every frclosed set is an-m«-closed set.
Let A be ami-mx«-closed set. Then
m-CI*(A)d m-ClI*(m-Int(m-CI*(A)))
O A since A is pre-mi-open.
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Hence we obtain that A is anrelosed set.

Theorem 3.3. For a subset A of an ideal minimal space (%, m), the following are
equivalent.
® A is ana-mx-closed set.

(i) Ais a pre- m-closed set and a t-irset.
Proof:
(i) = (ii) According to diagram 3.1, it is obvious.
(i) = (i) Let A be a pre-mrclosed and t-m-set.
Thus, m-ClI*(m-Int(m-CI*(A))) = m-CI*(m-Int(A))
= (m-Int(A))d (M- Int(A))., O A.
This shows that A is an-mx-closed set.

Theorem 3.4. For a subset A of an ideal minimal space (X, B the following are
equivalent.

() Ais a regular-m-I-closed set.

(i) Ais a semi-m-I-regular set and a stronghynx-closed set.

(i) A is a semi-m-I-regular set and armx-closed set.
(iv) A is a semi-m-l-open set and armx-closed set.

(v) Ais a semi-m-l-open set and a pre-m*-dosed set.
Proof:
i = (i), (i) = (iii), (i) = (iv) and (iv) = (v) are easily seen by diagram 2.1 and
diagram 3.1.
(v) = (i) Let A be a semi-nt-open and pre-riclosed set.
Then, we havdm—Int(A)),, O A since A is pre-m-closed.

Also since mO m*, m-Int(A) O (M- Int(A)) .

Since A is semi-mi-open, we obtain that
Ad m-ClI*(m-Int(A))
= (m-Int(AY) (M= Int(A))
=(m-Int(A)) OA.
This implies that A is a regular-m-I-closed set.

Example 3.14.
() Let (X, m,!) be anideal minimal space such that
X ={a, b, c, d},
o {@ X, {b}, {d}}
and | ={g}.

Then A= {a, d} is a semi-iropen set and a t-faset and hence a semidanegular
set but not a pre-saclosed set.
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(i) Let (X, m, | ) be an ideal minimal space such that
X={a, b, c, d},
A {¢.X,{a,b}}

and | ={q {a}{c}{a, c}}.
Then A = {a, c} is a pre-sclosed set and a t-trset but not a semi-iopen set

and hence not a semi-regular set.

From the above example 3.14 that the sentiapen (hence semi-maregular) sets and
pre-mx-closed sets are independent.

Example 3.15.

(i)

(ii)

Let (X, m,, I) be the same ideal minimal space as in Exampke @)1 Then A
= {a, c} is a stronglya-m=x-closed set and hence aamx-closed set but not a
semi-mi-regular set.

Let (X, m, |) be the same ideal minimal space as in Exampke @.1Then A =
{a, d} is semi-mi-regular set but it is neither a stronglym«-closed set nor an

a-mx-closed set.

From the above example 3.15 that the senttapen (hence semi-tiaregular) sets and
strongly a-mx-closed (hence-mx-closed) sets are independent.
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