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1. Introduction
In 1968, Kannan [10] was the first who proved thistence of a fixed point for a map
that can have a discontinuity in a domain, howglrermaps involved in every case were
continuous at the fixed point. On the other hditer ahe classical result of Jungck [7] of
common fixed point of two commuting maps, Sessd [ditiated the weaker condition
than that of commutativity namely weak commutagivif maps and proved the result
regarding common fixed point consideration of suthps. Of course two commuting
mappings are weakly commuting but the conversevignmie always. Further a weaker
condition of these notions namely, compatibilitynoéps has been introduced by Jungck
[8] and proved result regarding common fixed poiofssuch maps. Jungck [8] also
demonstrated that commuting mappings are weaklynaging and weakly commuting
are compatible but neither implication is reversibl

Recently Jungck & Rhoades [9] has introduced akeralass among all
commutative conditions namely weakly compatibilitynaps or  coincidently
commutativity of maps and gave results regardingroon fixed points of such maps.
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Abbas et al. [2] introduced the notions namely waakihilator and dominating
maps and proved some results of common fixed pdigtsising these notions in the
framework of partially ordered metric space.

Berinde in [4, 5] initiated the concept of almosintractions. Further by
introducing the concept of almost generalized emtive conditiorCirié et al. [6] extend
the concept of almost contractions to a pair of-melps. Also Aghajani et al. [3]
generalized the notion of almost generalized cotita by introducing the notion of
almost generalize(f, T)-contraction.

The aim of this paper is to establish coincidencitpand common fixed point
results for six mappings which satisfy almost gaheed (S, T)-contractive condition in
the setting of partially ordered metric spacesadhfwe have generalized the results of
Aghajani et al. [3] and many others.

2. Preliminaries
We start this section by some basic definitions @sdlts which are used in sequel.

Definition 2.1. Let (X, <) be a partially ordered set afidg: X — X then

(2.1.1) an ordered pair (f, g) are called partiaigakly increasing ifx < gfx for all
x € X. (cf. [2])

(2.1.2) a maff is called weak annihilator gf if fgx < x for all x € X. (cf. [2])

(2.1.3) a mayf is called dominating it < fx for all x € X. (cf. [2])

Definition 2.2. [9] Let (X, d) be a metric space then mappinfijsg: X — X are said to be
weakly compatible if they commute at their coincide points, that is, iffx = gx for
somex € X thenfgx = gfx.

Berinde [5] introduced the notion of “weak contras” which further renamed
as “almost contraction” by Berinde [4] defined as:

Definition 2.3 [4, 5] A self-mapf on a metric spacE is said to an almost contraction
or (6,L) — contraction if there exist a constanE (0, 1) and somd, > 0 such that
(2.3.2) d(fx, fy) < 6d(x,y) + Ld(y, fx), Vx,y€eEX.

Remark 2.4. [4, 5] Due to the symmetry of the distance, the almostraotion condition
(2.3.1) implicitly includes the following dual one

d(fx,fy) <6.d(x,y) +Ld(x,fy), V x,y€X, obtained from (2.3.1) by
formally replacingd(fx, fy) andd(x,y) by d(fy, fx) andd(y, x), respectively and
then interchanging andy.

Berinde in [5] established some fixed point thesdor almost contractions in
complete metric spaces and shown that any strintraction such as Kannan [10]
mapping as well as a large class of quasi-contmagtire all almost contractions.

By generalizing the notion of almost contracticiri¢ et al. [6] gave:

Definition 2.5. [6] Let (X,d) be a metric space afdX — X is said to be an almost
contraction with respect tg: X — X if there exists a constadite (0,1) and somd. > 0
such that

d(fx, fy) < 6d(gx, gy) + Ld(fx,gy), VxyE€EX.
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Remark 2.6. [6] If one takeg = Identity map orX, then the above definition reduced to
the notion almost contraction.

Further, Ciri¢ et al. [6] introduced the notion namely “almostngmlized
contraction” defined as:

Definition 2.7. [6] Let (X, d) be a metric space aifgg: X — X are said to satisfy almost
generalized contractive condition if there existsoastant § € [0,1) and somd. > 0
such that

(2.7.1) d(fx,gy) < dmax {d(x, y),d(x, fx),d(y, gy)’d(x.gy);d(y.fx)}
+ Lmin{d(x, fx),d(y, gy),d(x, gy),d(v, fx)}, ~ Vxy€X.

Theorem 2.8. [6] Let (X, <) be a partially ordered set and there exists aitnéton X
such that(X,d) is a complete metric space. Lftg: X - X be strictly weakly
increasing mappings with respectdcatisfying (2.7.1) for every comparahlgy € X. If
eitherf or g is continuous thefi andg have a common fixed point &

Aghajani et al. [3] generalized the notion of afingeneralized contraction by
introducing the notion namely “almost generaliZ8dr)-contraction” as:

Definition 2.9. [3] Let f, g,S andT be self-maps on a metric spdded), thenf andg
are said to satisfy almost generaliZ&dT)-contractive condition if there exist a constant
6 €[0,1) and somd. > 0 such that

(2.9.0)d(fx,gy) < 6M(x,y) + LN(x,y), where

M(x,y) = max {d(Sx, Ty),d(fx,Sx),d(gy, Ty), w},

N(x,y) = min{d(fx,Sx),d(gy, Ty),d(Sx,gy),d(fx,Ty)}, Vx,y€EX.

Remark 2.10. [3] If one takeS = T = Identity map on¥, then above definition reduced
to almost generalized contractive condition.

Theorem 2.11. [3] Let (X, <) be a partially ordered set and there exists aicnéton X

such thai(X, d) is a complete metric space. lfetlg, S, T: X — X satisfying the condition

(2.9.1) for each pair of comparable elementsy € X and

(211.1)fX < TX and gX c SX.

(2.11.2)f andg are dominating, and weak annihilators’adndsS, respectively.

(2.11.3) there exists a non-decreasing sequengewith x,, < y, for alln andy,, - u
implies thak,, < u.

(2.11.4) pairsf, S ) and (g, T) are weakly compatible.

(2.11.5) one of X, gX,SX andTX is a closed subspace Xfthenf, g, S andT have a
unigue common fixed point.

3. Main result

Our main result is generalization of result of {8t six self-maps as opposed to four
maps satisfying almost generaliz€fl, T)-contractive condition in partially ordered
complete metric space.
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Theorem 3.1. Let (X, <, d) be an ordered complete metric space.A,&,L,Q,S,T: X —
X satisfying (2.11.3) and

(3.1.1)ABX € TX and LQX < SX.

(3.1.2)d(ABx,LQy) < 6M(x,y) + LN(x,y), where

M(x,y) = max {d(Sx,Ty), d(ABx, Sx), d(LQy, Ty), L@ (BT

N(x,y) = min{d(ABx, Sx),d(LQy,Ty),d(Sx,LQy),d(ABx,Ty)},
for each pair of comparable elementsy € X, § € [0,1) and somd. = 0.
(3.1.3) (i) the pairsT, AB ) and §, LQ ) are partially weakly increasing.

(inAB andLQ are dominating, and weak annihilatorsrodinds, respectively.
(3.1.4) one oABX, LQX,SX andTX is a closed subspace Xfthen

()LQ andT have a coincidence point X

(i) AB andS have a coincidence point }h
(3.1.5) pairs4B,S) and (Q,T) are weakly compatible then

(ii)AB, LQ, S andT have a uniqgue common fixed point¥n
Furthermore if
(3.1.6) the pairs (4,B), (4,5), (B,S), (L,Q), (L,T) and (Q,T) commute at the
common fixed point ofiB, LQ, S andT thenA, B,L,Q,S andT have a unique common
fixed point inX.

Proof. Let x, be an arbitrary point i¥, sincedBX < TX then there existg; € X such
that ABx, = Tx,. Also sinceLQX < SX then there exists, € X such that.Qx; = Sx,.
Inductively we can construct the sequenfogg and{y, } in X such that
Von = ABXyy = Txypyq @Nd Vo1 = LQXop1 = SXopneo foralln=0,1,2,3...
From (3.1.3), we have
Xon < ABXyp = TXn41 < (AB)TX2n41 < Xpn4q and
Xon+1 < LQXon41 = SXons2 < (LQ)SX2p42 < Xons2-
ThusvV n >0, we obtainxg < x; <x, < x3 < <xp, <Xpgq - - - .

Now we claim thaf y,,} is a Cauchy sequenceXnlf y,, = y2n41, fOr somen,
then from (3.1.2), we have

d%y2n+1'y2n+2) = d(ABXyp42,LQX3n41) < OM (X342, Xont1) + LN (Xon42, Xon+1),
where

M (X242, X2n+1) = Max {d(SXxzn42, TXon41), A(ABXopn42, SXon42),
da(s L d(AB T
d(LQx2n+1,Tx2n+1), (Sx2n42,LQX2n+1)+d(ABXapn4p xzn+1)}

2
= max{d Van+1,Y2n) AWV2n+2, Yan+1) AV2n+1, Yont1)s
d(Yan+1,Yan+1) + d(y2n+2:y2n)}

0+d(y. Yan)
%} < dVz2n+1, Y2n+2)s

max{0,d(Y2n+2,Y2n+1), 0,
and
N(X2n42, X2n4+1) = min {d(ABXn42, SXon42), A(LQX2n11, TX2n41),
d(Sxon42, LQX2n11), Ad(ABX2n42, TX2n41)}
= min{d (Vzn+2, Y2n+1)» AV2n+1, Yan) AV2n+1, Yont 1), dWans2, Y2n)} = 0.

Henced (Yan+1, Y2n+2) < 8d(Van+1, Yan+2), Sinced € [0,1) yields thaty,n,1 = yan+a-
Further by using the similar arguments, we haye,, = y,,.3 and so on. Thug y,,}
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turns out to be a constant sequencejgnds the common fixed point ofB, LQ, S and
T.

If we supposel(y,,, Von+1) > 0, for everyn and sincec = x,,, andy = x,,,41
are comparable, then from (3.1.2), we have

AdWan Yan+1) = Ad(ABxop, LQXon11) < M (Xon, Xan41) + LN (X0, Xon41) (3.1)

where

M(xZn: x2n+1) = max{d(SXZn: Tx2n+1): d(ABXZn: SxZn): d(LQx2n+1: Tx2n+1):
d(Sx2n, LQXop41) + d(ABXop, TXopn41)

2
= max{d(Yzn-1,Y2n), AV2n Yan-1), AV2n+1, Yon)»
dYan-1,Y2n+1) + AY2n, )’Zn)}

< max{d(Yan—-1,Y2n), dV2n+1, Y2n)} -
and
N(x2p, Xan41) = min {d(ABx3p, Sx2p), A(LOX2n 41, TX2041), A(SX2n, LOX2p41),
d(ABx2pn, Txpn41)}

= min{d (¥2n, Y2n-1), dW2n+1, Y2n), A(Van-1,Y2n+1), 0} = 0.
Therefore from (3.1), we have

AdVan Yon+1) = A(ABxop, LQXon41) < dmax{d(Yan—1,Y2n), AVon+1, Yan)} (3.2)
Now
max{d(Yan-1,Y2n), AWan+1,Y2n)} = €itherd(y2p_1,¥2n) Ord(YVan+1, Y2n)

It max{d(Von-1,Y2n), AWan+1,Y2n)} = d(V2ns1,¥20) then from (3.2), we have
dVon Yons1) < 6d(Yan, Yans1), Which is a contradiction, sincé € [0,1). Therefore
AdVon Yons1) < 6d(Yon—1,Y2n)- Similarly it can be proved thatl(y,,—1,Y2n) <
6d(Yan_2,Von—1)- Therefore for all = 1, we haved (¥, Yni1) < 6d(Vn_1, Yn)-
Inductively for all n> 1, we have

d(yn: yn+1) < 6(d(yn—1:yn)) < 62(d(yn—2:yn—1)) < < (Sn(d(yO' yl))
By triangle inequality form > n, we have
d()’m'yn) < d(yn.yn+1) + dWnt1 Yn2) + AWnsz Ynrz) + -+ dWm-1, Ym)

d(yo,yl) — 0 asn - oo ( sinced € [0, 1)), yields that{y,} is a Cauchy

sequence mX By the completeness aX, the Cauchy sequencgr} and its
subsequence$y,,} and {y,,,1} are also converges to someén X, i.e.,
lim,,_, o Vo = limy,00 ABX5, = limy, T Xyneq =2 and
7111_2}0 Von+1 = Tlli_{IC}OLQ Xon+1 = 7111_{1010 SXon+2 = Z.

SupposeTX is closed then there exists€ X such thatz = Tw. From (3.1.3),
since

Xon < ABxyy, @andABx,, » zasn - © = x,, <z=Tw < (AB)Tw < w.
Using (3.1.2), we have

d(ABxy,, LQW) < M (x5, W) + LN (%35, W) 3B.
where
M (x5p, w) = max{d(Sxyy, TW), d(ABX4y,, Sx2,,), d(LQw, Tw),

d(Sx9p, LQW) + d(ABx5y, Tw)}
2
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d(Sxyn,LQW)+d(ABx,p,2)

. }

= max{d(Sx,p,z), d(ABxyy, Sx27,), A(LQW, Z),
and
N (x5, w) = min {d(ABx,,, Sx5,,), d(LQwW,Tw),d(Sx,,, LQw), d(ABx,,, Tw)}

= min {d(ABxyy, Sx3,), d(LQwW, z), d(Sx3,, LQW), d(ABxyy,, 2)}.
Lettingn — oo, we have
7111—1;{)10 M(xyp, w) = d(LQw, 2), Tlll_pgo N(xy,,w) = 0.
Therefore from (3.3) as — o, we have
d(z, LQw) < 6d(LQw, z) yields thatLQw = z. So LQw =Tw = z. Now hy
weakly compatibility of pai{LQ,T), LQz = (LQ)Tw = T(LQ)w = Tz.
Using (3.1.2), we have
d(z,LQz) = d(ABxyy, LQz) < SM(x3p,2) + LN (x3p, 2) (3.4)
where
M(x3p,z) = max{d(Sx,y,, Tz),d(ABxyp, Sx25,), d(LQz, TZz),
d(Sxyp,LQ2z) + d(ABxyy, Tz)}

2
= max{d(Sx,,, LQz),d(ABx,,,Sx5,),d(LQz LQz),
d(Sx,,,LQz) + d(ABxZH,LQz)}

2

and

N(x3p,2) = min {d(ABx5,,Sx5,), d(LQz Tz),d(Sxyy, LQ2), d(ABxyy, TZ)}
= min {d(ABx3y,, SX3,,),d(LQz,Tz),d(Sx,,,LQz), d(ABx,,,TZ)}.

Letting n — oo, we have

1111_{130 M(xyq,2z) = d(z,LQ2), 7111—1;1010 N(x,,,2) = 0.

Therefore from (3.4) as — o, we have
d(z,LQz) < 6d(z,LQz), yields thatLQz = z.
HencelLQz = z. (3.5)
Since LQX < SX then there exists a pointe X such that = LQz = Sv. From
(3.1.3) since < LQz = Sv < (LQ)Sv < v implies thatz < v.
Using (3.1.2), we have

d(ABv,Sv) = d(ABv,LQz) < 6M(v,z) + LN(v, 2) 3.6)
where
M(v,z) = max{d(Sv,Tz),d(ABv,Sv), d(LQz, Tz), {22 AAB D),

= max{d(Sv,Tz),d(ABv,Sv),d(LQz,Tz), d(sv’LQz)+2d(ABv’LQZ)}

= max{0, d(ABv, Sv), 0, 224EYy — 4(ABv, Sv),

2
and

N(v,z) = min {d(ABv,Sv),d(LQzTz),d(Sv,LQz), d(ABv,Tz)}

= min {d(ABv, Sv),0,d(Sv, LQz), d(ABv,Sv)} = 0.
Therefore from (3.6), we have

d(ABv,Sv) < 6d(ABv,Sv) yields thatdABv =Sv. Now by weakly
compatibility of pair(4AB, S), ABz = (AB)Sv = S(AB)v = Sz.
Using (3.1.2), we have
d(ABz,z) = d(ABz,LQz) < 8M(z,z) + LN(z,z) 3.7)
where
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}
d(ABz,LQz)+d(ABz,Tz)

> }

d(Sz,LQz)+d(ABzTz)

M(z,z) = max{d(Sz,Tz),d(ABz,Sz),d(LQzTz),

= max{d(ABz,Tz),d(Sz,5z),d(LQz,Tz),
= max{d(ABz,z),0,0,d(ABz,z)} = d(ABz, z),

and
N(z,z) = min {d(ABz,5z),d(LQzTz),d(Sz,LQz), d(ABz Tz)}
= min {0,0,d(Sz,z), d(ABz,z)} = 0.
Therefore from (3.7), we have
d(ABz,z) < 6d(ABz,z), yields thatdBz = Sz = z (3.8)
Hence from (3.5) and (3.8), we had®z = LQz = Sz =Tz = z, i.e.z is the common
fixed point ofAB, LQ, S andT.
For the uniqueness afsuppose: be another common fixed point4B, LQ, S
andT then from (3.1.2), we have
d(z,u) = d(ABz,LQu) < §M(z,u) + LN(z,u) (3.9)
where
M(z,u) = max{d(Sz,Tu),d(ABz,Sz),d(LQu, Tu),
= max{d(z,u),0,0,d(z,u)} = d(z,u)

d(Sz,LQu)+d(ABz,Tu)

> }

and
N(z,u) = min {d(ABz, Sz),d(LQu,Tu),d(Sz, LQu), d(ABz, Tu)}
= min {0,0,d(z,u), d(z,u)} = 0.
Therefore from (3.9), we have
d(z,u) < 6d(z,u), yields thatz = u, i.e. z is the unique common fixed point of
AB, LQ, S andT.

The proof is similar for the cases in which oned8X, LQX andSX is a closed
subspace aof.

From (3.1.6) by commutativity df4, B), (4,S) and(B, S), we have

Az = A(ABz) = A(BAz) = AB(Az), Az = A(Sz)=S(Az),

Bz = B(ABz) = B(A(Bz)) = BA(Bz) = AB(Bz), Bz = B(Sz) = S(Bz),
which shows thatlz and Bz are the common fixed points ofdg,S ). But AB andS
have a unique fixed poiat then

z=Az=Bz=Sz=ABz (3.10)
Again from (3.1.6) by commutativity ¢f., @), (L,T) and(Q, T), we have

Lz=L(LQz) =L(QLz) =LQ(Lz), Lz=L(Tz)=T(Lz),

Qz = Q(LQz) = QL(Qz) = LQ(Qz), Qz = Q(Tz) =T(Qz),
which shows thalz andQz are the common fixed points ofL@, T ). But LQ andT
have unique fixed poirt, then

z=Lz=Qz=Tz=LQz (3.12)
Using (3.1.2), (3.10) and (3.11), we have
d(Az,Lz) = d(AB(Az),LQ(Lz)) < 6M(Az, Lz) + LN(Az, Lz) (3.12)

where

M(Az, Lz) = max{d(SAz,TLz),d(AB(Az),SAz),d(LQ(Lz),TLz),
d(SAz,LQ(Lz))+d(AB(Az),TLz)

; }

U2+ UED) — max{0,0,0,0} = 0

=max{d(z,z),d(z,z),d(z, z),
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and
N(Az, Lz) = min {d(AB(Az),SAz),d(LQ(Lz),TLz),d(SAz LQ(Lz)), d(AB(Az),TLz)}
= min {d(z,2),d(z,z2),d(z,z),d(z2)} = 0.

Therefore from (3.12), we have

d(Az,Lz) < 60 =0, yields thatAz = Lz (3.13)
Hence from (3.10), (3.11) and (3.13), we have Az =Bz =Lz =Qz=Sz=Tz, i.e.
z is the unique common fixed point of self-mappidgs, L, Q, S andT.

If we takeS = T in Theorem 3.1, we have the following corollary:

Corollary 3.2. Let (X, <,d) be an ordered complete metric space.A&,L,Q,T: X -
X satisfying (2.11.3) and
(3.2.1)ABX € TX and LQX S TX.
(3.2.2)d(ABx, LQy) < 6M(x,y) + LN(x,y), where
M(x,y) = max {d(Tx, Ty),d(ABx,Tx),d(LQy,Ty), %Ly );d(ABx'Ty )},
N(x,y) = min{d(ABx,Tx),d(LQy, Ty),d(Tx, LQy),d(ABx, Ty)}
for every comparable elements y € X, § € [0,1) and somé. = 0.
(3.2.3) (i) the pairsT, AB ) and [, LQ ) are partially weakly increasing.
(i) AB andLQ are dominating, and weak annihilatorsof
(3.2.4) one ofABX, LQX andTX is a closed subspaceXfthen
()LQ andT have a coincidence point X
(iAB andT have a coincidence point }h
(3.2.5) pairs4B, T ) and (Q, T) are weakly compatible then
(iilAB, LQ andT have a uniqgue common fixed pointdn
Furthermore if
(3.2.6) the pairs (4,B), (A, T), (B,T), (L,Q), (L,T) and (Q,T) commute at the
common fixed point ofAB, LQ andT, thenA,B,L,Q andT have a unigue common
fixed point inX.

Corollary 3.3.

(3.3.1) If we takeB = Q = Ildentity mappings in Theorem 3.1, we can obtaiedrlm
2.10 of Aghajani et al. [3].

(3.3.2) If we takedB = LQ = f andS =T in Theorem 3.1, we can obtain Corollary 2.3
of Aghajani et al. [3].

(3.3.3) If we takedB = LQ = f andS = T = Identity mappings in Theorem 3.1, we can
obtain Theorem 2.1 dfiri¢ et al. [6].

Remark 3.4. Here note that for every self-mdj (T,I) is weakly compatible] is
identity and dominating map so by takidd = LQ =1 in Theorem 3.1, we have the
following result.

Corollary 35. Let (X,<,d) be an ordered complete metric space. £8t: X - X
surjective maps such thet < x and Tx < x for allx € X satisfying (2.10.3) and
d(x,y) < 8M(x,y) + LN(x,y), where
M(x,y) = max {d(Sx, Ty),d(x,5x),d(y, Ty),w},
N(x,y) = min{d(x,Sx),d(y,Ty),d(Sx,y),d(x,Ty)}
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for every comparable elements y € X, § € [0,1) and somd. = 0, thenS andT have
a unique common fixed point xi

Now we illustrate the following example in suppoffTheorem 3.1.

Example 2.6. Let X = [0,0) with relation given by <” and d(x,y) = |x — y|, we
define a new orderingg” on X suchthak S y © y < x,Vx,y € X. Then(X,<,d) is

an ordered complete metric space. Defing, L, Q, S, T: X — X such that

Ax = ln(l +§),Bx =2x,Lx = ln(l +§), Qx = 4x, Sx =e?* —1 andTx = e* — 1.
Then by routine calculation we can see that alctheditions of Theorem 3.1 are satisfied
and 0 is the uniqgue common fixed point4pB, L, Q, S andT.

Acknowledgement: Authors are thankful to the referee and editohefjburnal for their
positive comments and valuable suggestions to imeptloee manuscript.
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