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Abstract. The aim of this paper is to introduce and study dbecept of contra pig
continuous function and strongly ptgclosed function. Already Jafari and Noiri
introduced new generalization of centre continuitypntra-e-continuity, contra
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1. Introduction

Dontcher and Noiri are investigated the notionsCohtra-continuity and contra semi
continuity respectively. Caldas and Jafari introetlithe notion of Contrigi— continuous
functions in topological spaces. Dass and Rodrigestigated and give more properties
in contra d. continuous functions. The aim of thaper to introduce a new class of
functions called contra ptg- continuous functions.

2. Preliminaries

Throughout this paper (X), (Y, c) and (Z,n) will always denote the topological spaces
on which no separation axioms are assumed, unkbeswise mentioned. Let A be a
Subset of (x1), cl (A) and Int (A) denote the closure and intef A, respectively, Now
we recall some definitions which we needed in fiaiper.

Definition 2.1 Let (X,t) beatopologicalspaceA subsetA of thespaceX is saidto be
1. Preopenf A 0 int(cl(A)) andpreclosedf cl(int(A)) O A.

2. Semiopenif A O cl(int(A)) andsemiclosedif int(cl(A)) O A .

3. Regularopenif A = int(cl(A)) andregularclosedif A = cl(int(A)).

Definition 2.2 Let(X,t) beatopologicalspaceA subsefA 0 X is saidto be

1. g-closedif cl(A) O U wheneveA O U andUis openin X.
2. [ha-closedif cl(A) O U wheneveA [0 U andU is go-openin X.

197



K.Geetha and M.Vigneshwaran

3. p*ga-closedif pcl(A) O (U) wheneveA O U andU is*ga-openin X.
Thecomplementsf abovementionedsetsarecalledtheir respectiveopensets.

Definition 2.3.A functionf : (X,1) - (Y,0) is called

1. g-continuousif f '1(V) is g-closedn (X,1) for everyclosedsetV in (Y,0).

2. *ga-continuousif f '1(V) is g -closedin (X, 1) for everyclosedsetV in (Y,0).

3. p*gu -continuousif f -1 (V) is p*ga. -closedn (X, 1) for everyclosedsetV in (Y,0).

4. p*ga -irresoluteif f '1(V) is p*ga -closedn (X,1) for everyp*ga -closedsetV in (Y,0).

5. Stronglyp*ga continuousif f '1(V) is closedin (X,t) for everyp*ga
closedsetV in (Y,0).

6. Pre-p*gx continuousf f '1(V) is p*ga-closedin (X,t) for everypre-closedsetV in (Y,0).

7. Perfectlyp*ga-continuousf f '1(V) is clopenin (X,t) for every
p*go -closedsetV in (Y,0).

8. Supercontinuousif f '1(v ) is regularopenin (X,1) for everyopensetV in (Y,0).

9. Contra-continuous f '1(V) is closedin (X,t) for everyopensetV in (Y,0).

10. Contrapre-continuousf f 'l(V) is preclosedn (X,t) for everyopensetV in (Y,0).
12. Contrag-continuousif f '1(V) is g-closedn (X,t) for everyopensetV in (Y,0).

13. Contrasemi-continuoug f 'l(V) is semiclosedn (X,t) for everyopensetV in (Y,0).

14.RC-continuousif f 'l(V) is regularclosedin (X,t) for everyopensetV in (Y,0).
15. p*ga -openif f(V) is p*ga -openin (Y,0) for everyp*ga -opensetV in (X,1).

Definition 2.4. A spacgX,) is called
1. A gT**aspacq2l]if everyg-closedsetis p*ga closed.
2. A P-Tsspac§3] if everyp*ga -closedsetis closed.

Theorem 2.5. [1] Let (X,1) be a topological space.
(1) A subset A of (X) is regular open= A is opened p*g closed.
(2) A subset A of ()§) is open and regular closed then A isgtdosed.

Theorem 2.6.[2] Everyclosedsetin atopologicalspaceX,t) is p*ga—closed.

3. Contrap*ga-Continuous Functions

Definition 3.1. A function f. (X;1) - (Y,0) is called contra- p*g-continuous if i V) is
p*ga-open(respectively p*g closed)in (X,1) for everyclosed(respectivelyopen)setV in
(Y,0).

Example3.2Let X ={a, b,c} =Y, 1={q {a}, X} ando ={@, {b, ¢}, Y}. Thentheidenti
ty function f : (X, ) - (Y, 0) is contra-p*g: continuougunction,sincefor the closed
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(respectively operget V ={b} in (Y,0), f _1(V) ={b} is p*ga- open(respectivelyp*ga-
closed)in (X, 1).

Definition 3.3.Let A beasubsebf atopologicalspacgX, 1). Thesetn{U Ot/ A O U}
is calledthekernelof A and is denotedby Ker(A).

Lemma 3.4. Thefollowing propertieshold for subset#\, B of aspaceX :
1. xOKer(A) if andonlyif A n F# @for anyFOC(X, X).
2. A OKer(A) andA =Ker(A) if A isopenin X.
3. If A OB thenKer(A) O Ker(B).

Theorem 3.5. Everycontra-continuoufunctionis a contra-p*gr-continuousfunction.
Proof: Letf: (X,1) - (Y,0) beafunction.LetV beanopensetin (Y,0). Sincef is contra-

continuousf _1(V) is closedin (X, 1). Henceby theoren?.6,f _1(V) is p*ga-closedin
(X, 1). Thusf is a contra-p*gr-continuousfunction.

Remark 3.6. Converseof thistheorenneednotbetrueasseernfrom thefollowing example.

Example3.7.LetX ={a, b,c} =Y, 1={¢g, {a}, X} ando ={q, {a}, {b, c}, Y}.
Definef : (X, 1) - (Y, o) by f(a) = b; f(b) = c andf(c) = a.Thenf is contrap*giconti

nuousbut not contracontinuoussincefor the open(resp.closedsetV = {b,c}, f _1(V) =
{a, b} is p*ga-closed(resp.p*ga-open)but it isnotclosed.

Remark 3.8. Contra-p*gx -continuousand contra-p*ga -continuous(respectively contra
semi-continuousgontra-semi pre-continuouscontra semi-continuous)reindependent
concepts.

Remark 3.10.The compositionof two contrap*ga-continuousfunctionsneednot be
contrap*ga continuousand this is showrby the following example.

Example3.1LetX ={a, b,c} =Y =Z 1 ={¢{a},.X}, c={q {b, c},Y} andn ={¢{a, c}
,Z}. Define
f: (X, 1) -(Y, 0) byf(a) = a; f(b) = b andf(c) = b. Thenf is contrap*gx continuoussincef

ortheclosedsetV ={a}, f _1(V) ={a}isp*gaopenin (X, 1).

Defineg: (Y, 0) - (Z, n) by g(x) = x. Theng is contra-p*gr continuoussincefor
the closed set V = {b} in (Zy), g'(V) ={b} is p*g a-open in (Yg). But their composition
is not a contra-p*g-continuous, since for the closed set V={b}in §%f (g™ (V)) =f
“({b})={b, c} is not a p*ga-open in (X,1).

Theorem 3.12.The following are equivalent for a function f:,(® - (Y, o) : Assume
that p*gu(X) (respectively p*@C(X)) is closed under any union (resp. intersegtion
1.f is contra-p*gr-continuous
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2.The inverse image of a closed set V of Y isgfgpen

3.For each XIX and each YIC(Y, f(x)), there exists Up*gaO(X, x) such that f(U)J
V.

4.f(p*ga-cl(A)) O Ker (f(A)) for every subset A of X.

5.p*ga-cl(f %(B)) O f * (Ker (B)) for every subset B of Y.

Proof: The implications (1} (2), (2)= (3), is true obvious.

3)=(2)

Let V be any closed set of Y andxf (V). Then f(x)O V and there exists

U,0p*gaO(X, x) such that f(l) OV. Hence we obtain (V) = O{U, / x O f "{(V)) and

by assumption (V) is p*ga-open.

2)=(4)

Let A be any subset of X. Suppose that Ker (f(A)).Then byLemma 3.4 there exists
V O C (X, x) such that f(An V = @ Thus we have A& f (V) = ¢ and p*a@-cl(A) n f
(V) = @. Hence we obtain f (ptg-cl(A)) n V = @ and yO f(p*ga — cl(A)).Thus
f(p*ga-cl(A)) O Ker(f(A)).

(4= (5)
Let B be any subset of Y. By (4) ahdmma 3.4,we have
f(p*ga -cI(f ™(B))) O Ker(f(f (B))) O ker(B) andp*g-— cl(f *(B)) O f "(Ker (B)).

G)=@Q)

Let U be any open set of Y lhemma 3.4we have f(p*g-cl(f(U)) O f(ker(U)) = f}(U)
and p*agi-cl (F*(0)) = f(V). By assumption{U) is p*go-closed in X. Hence f is a contra-
p*ga-continuous.

Theorem 3.13.If f: (X, 1) — (Y, o) is a p*gr-irresolute (resp. contra pdgcontiuous) and

g. (Y, 6) — (Z, n) in contra p*g-continuous (respectively continuous). Then their
composition gof: (Xz) — (Z, ny) is contra p*g-continuous.

Proof: Let U be any open set in (8). Since g is contra-ptg-continuous (respectively
continuous) then &V) in is p*ga -in (Y, o) and since f is p*g-irresolute (respectively
contra p*@ -continuous) then T(g™(V)) is p*ga —closed in (Xt). Hence gof is contra-
p*ga -continuous.

Theorem 3.14 If f : (X,1) - (Y,0) is contra-continuous and g : @, - (Z, n) is
continuous then their composition gof : ,- (Z, n) is contra-p*g -continuous.

Proof: Let U be any open set in (g).Since g is this p*g continuous, g(U) is open in
(Y,0).

Since f is contra-continuous, f(g™(U)) is closed in (X,1). Hence by theorem 2.6,
(gof) ™ (V) is p*go -closed in (X;1). Hence gof is contra-ptg-continuous.

Theorem 3.15.If f:(X, 1) - (Y, 0) is contra-continuous and super-continuous and

0:(Y,0) - (Z, n) is contra-continuous then their composition g¢k; 1) - (Z, n) is
contra-p*g. -continuous.
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Proof: Let U be any open set in (B).Since g is contra-continuous, @) is closed in
(Y, 0) and since f is contra-continuous and super-cantis f(g™(U)) is both open and
regular closed in (Xt). Hence by theorem 2.5, (gdfU) is p*go-closed in (X;1). Hence
gof is contra-p*g-continuous.

Theorem 3.16.Let (X1), (Y,0) be any topological spaces and g ,be T, space
(respectively gI~ space). Then the composition gof : @, — (Z, n) of contra-p*@. -
continuous function f : (X,;1) - (Y, o) and the g-continuous (respectively p*g-
continuous) function g : (Yg) - (Z, n) is contra-p*g -continuous.

Proof: Let V be any closed set in (8). Since g is g-continuous (respigcontinuous),

g (V) is g-closed (respectively p*g -closed) in (Y,0) and (Y, o) is Ty, space
(respectively gT -space), hence YV) is closed in (Y,0). Since f is contra-pig -
continuous, fi(g™(V)) is p*ga -open in (X,1). Hence gof is contra-ptg-continuous.

Theorem 3.17.If f: (X, 1) — (Y, 0) is a surjective p*@ -open function and g : (\g) -
(Z, n) is a function such that gof : (X) - (Z, n) is contra-p*g -continuous then g is
contra-p*g. -continuous.

Proof: Let V be any closed subset of @). Since gof is contra-ptgcontinuous then
(gof) (V) = f (g (V)) is p*ga -open in (X,1) and since fis surjective and ptgopen,
then f (F(g™(V))) = g{(V) is p*ga -open in (Y,0). Hence g is contra-ptg-continuous.

Theorem 3.18:Let {X; /i0 I} be any family of topological spaces. If f : X I X is a
contra-p*gi-continuous function. Therniof : X - X; is contra-p*@ -continuous for each
i I, wherers is the projection of1 X; onto X.

Theorem 3.19.If f: (X, T) - (Y, o) is strongly p*@ -continuous and g : (\q) - (Z,
n) is contra-p*@ -continuous thendaf: (X, t) - (Z, n) is contra-continuous

Proof: LetU be any open set in (g, Since g is contra-pdgcontinuous,
then g'U) is p*qr -closed in (Y,0). Since f is strongly p*g -continuous, then f
g™ (V)) = (gof)™* (U) is closed in (X1). Hence gof is contra-continuous.

Theorem 3.20:1f f: (X, 1) — (Y, o) is pre p*@g-continuous and g: (Yo) — (Z, 1) is
contra —pre continuous then gof: @X,— (Z, 1) is contra-p*@ continuous.

Proof : Let U be any open set in (g). Since g is contra pre continuous, théiil) is
pre-closed in (Yg). Since f is pre p*g-continuous then’f(g*(U)) = (gof)* (U) is p*qu-
closed in (X;r). Hence gof is contra ptgcontinuous.

Theorem 3.21.If f: (X, 1) — (Y, o) is strongly p*@-continuous and g: (Yg) — (Z,n) is
contra p*@i-continuous then gof: (%) — (Z, n) is contra p*g-continuous.

Proof: Let U be any open set in (g). Since g is contra-ptgcontinuous, then gU))
isp*ga-closed in (Y,0) and since f is strongly-ptg-continuous, then fi(g*(U)) =
(gof) (V) is closed in (X1). By theorem 2.6, (gof)(U) is p*go-closed in (X;1). Hence
gof is contra-p*g-continuous.

Theorem 3.22.Let f: (X, 1) - (Y, 0) be surjective p*g-irresolute and p*g-open and
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g:(Y,0) - (Z,n) be any function. Then gof : (X) — (Z, n) is contra-p*g-continuous
if and only if g is contra-p*@-continuous.

Proof: The necessary part obvious. To prove the conymselet V be any closed set in
(Z, n). Since gof is contra-ptgcontinuous, then (gof(V) is p*ga-open in (X,1) and
since f is p*g-open surjection, then f((gof{V)) = g*(V) is p*go-open in (Yg). Hence
g is contra-p*g-continuous.

Theorem 3.23.Let f: (X;1) - (VY,0) be a contra-p*g-continuous function and H is an
open p*gi-closed subset of (X). Assume that p*@C(X,1) (the class of all p*g-closed
sets of (X1)) is p*gu-closed under finite intersections. Then the restm f, : (H,14) -
(Y,0) is contra-p*@-continuous.

Proof: Let U be any open set in @), By hypothesis and assumptiof(W)nH =
Hy(say) is p*ai-closed in (X7). Since (f)™(U) = H, it is sufficient to show that His
p*ga-closed in H. By hypothesis, ;Hs p*go-closed in H. Thusfis contra p*g-
continuous.

Theorem 3.24.Let f: (X;1) - (Y,0) be a function and g : X X x Y the graph function
given by g(x) = (x,f(x)) for every XX. Then f is contra-p*g-continuous if g is contra-
p*ga-continuous

Proof: Let V be a closed subset of Y. Therx¥/ is a closed subset of XY. Since g is
contra-p*g: continuous ,thenf X x V) is a p*gr-open subset of X. Also'gX x V) = f
1(V). Hence f is contra-p*g continuous.

Theorem 3.25.If a function f: (X, 1) - (Y, 0) is contra-p*g-continuous and Y is
regular, then f is p*g continuous.

Proof: Let x be an arbitrary point of X and N be an ogehof Y containing f(x). Since
Y is regular, there exists an open set U in Y daittg f(x) such that cl(UJ N. Since f

is contra-p*@i-continuous, bytheorem 3.12 there exists Zip*gaO(X, X) such that f(2)

O cl(V). Then f(Z2)d N. Hence bytheorem 4.13f is p*ga-continuous.

Theorem 3.26.Every continuous and RC-continuous function ist@p*ga-continuous.
Proof: Let f: (X, 1) - (Y, o) be a function. Let U be an open set in Y, Since fis
continuous and RC-continuous;fU) is open and regular closed in (¥, Hence by
theorem 2.5, f is contra-ptgcontinuous.

Theorem 3.27. Every continuous and contra-pfgontinuous (respectively contra-
continuous and pfigrcontinuous) function is a super-continuous funttio

Proof: Let f: (X, 1) - (Y, 0) be a function. Let U be an open (resp. closedinsg, o).
Since f is continuous and contra-p*gontinuous (respectively contra-continuous and
p*ga-continuous), f*(U) is open and pgclosed in (X,1). Hence bytheorem 2.5, f
V) is regular open in (X). This shows that f is a super-continuous function

Theorem 3.28.Let f: (X, 1) - (Y, 0) be a function and X a pTspace. Then the

following are equivalent.
1. fis contra-p*g-continuous.
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2. fis contra-continuous

Proof:

1) = (2.

Let U be an open set in (). Since f is contra- pigcontinuous, f(U) is p*gu-closed
in (X, ©) and since X is p-Ts space.()) is closed in (X,7). Hence f is contra-
continuous.

2=
Let U be an open set in (¥). Since f is contra-continuous’(D)) is closed in (X;).
Hence by theorem 2.6(U) is p*ga-closed in (X;t). Hence f is contra pigcontinuous.

4. Contra-p*ga-closed and stronglyp*ga-closed

Definition 4.1. The graph G(f) of a function f: (X) - (Y, 0) is said to be contra-
p*ga-closed in Xx Y if for each (x, y)O (X x Y) — G(f) there exist Ulp*ga O(X, X)
and VO C(Y, y) such that (k& V) nG(f) = @

Lemma 4.2.The graph G(f) of a function f: (X) - (Y, o) is contra-p*g-closed if and
only if for each (x, y)O (X x Y) = G(f), there exists Up*ga O(X, x) and VO C(Y, Vy)
such that f(Un V =q.

Theorem 4.3.1f f: (X, 1) - (Y, 0) is contra-p*@-continuous and Y is Urysohn then
G(f) is contra-p*g-closed in Xx Y.

Proof: Let (x, y)O X x Y — G(f).Then y# f(X) and there exist open sets A,B such that
f)O A, y O B and cl(A)n cl(B) = . Since f is contra-p*g-continuous and by theorem
3.12 there exists Up*gaO(X, X) such that f(UYJA.Hence f(U)n cl(B) = @.Thus by
lemma 4.2, G(f) is contra ptgclosed in Xx Y.

Definition 4.4. A topological space (X) is said to be

Strongly S-closed if every closed cover of X hdimige subcover.

S-closed if every regular closed cover of X hamisef subcover.

Strongly compact if every preopen cover of X héinite subcover.

Locally indiscrete if every open set of X is clogaX

Midly Hausdorff if the d-closed sets form a network for its topologwhere aod-
closed set is the intersection of regular clos¢sl se

Ultra normal if each pair of non-empty disjoint st sets can be separated by
disjoint clopen sets

Nearly compact if every regular open cover of X hdiite subcover.
p*ga-compact if every p*g-open cover of X has a finite subcover.
p*ga-connected if X cannot be written as the disjoinibn of two non-empty p*g
open sets.

arONE

o

© N

Definition 4.5. A topological space (X) is said to be strongly p#gclosed if every
p*ga-closed cover of X has a finite sub cover.

Example 4.6 A p-T; strongly S-closed space is strongly gfgjosed.
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Theorem 4.7.Let (X, 1) be p-Ts space. If f: (X) - (Y, o) has a contra-p*gclosed
graph, then the inverse image of a strongly S-dest K of Y is closed in (X).

Proof: Let K be a strongly S-closed set of Y andifx '(K). For each KKK, (x, k) OG(f).
By Lemma 4.2, there existUp*gaO(X, X) and (O C(Y, k) such that f(l) nVy =q.
Since {KnV, / kO K} is a closed cover of the subspace K, theretexasfinite subset
Ko K such that KOO{V / kOKg}. Set U =n {U«/ kO Kg}. Then U is open, since X is
a P-Ts space. Therefore, f(l4) K=¢ and Unf "(K) = ¢. This shows that f/(K) is
closed in (X1).

Theorem 4.8.1f a space (X) is strongly p*g-closed then the space is strongly S-
closed.
Proof: We get the result from the definitions of 4.4 @nfl and theorem 2.6.

Theorem 4.9.Let (X,;1) be p*gr-connected and (Yg) be a T-space. If f : (X1) - (Y,0)
is contra-p*g-continuous then f is constant.
Proof: Since (Y,0) is a Tispacen = { f* (y)/yeY} is a disjoint p*gx — open partition of
X.

If In | >=2, then X is the union of two non-empty p*@pen sets. Since (¥,is p*ga —
connected,
[n | =1. Hence f is constant.

Theorem 4.10.Let f : (X, T) ->(Y, o) be a contra-p*g-continuous and pre-closed
surjection. If (X,1) is a P-Ts, then (%) is a locally indiscrete space.

Proof: Let U be any open set in (). Since fis contra pfigcontinuous and (Xt) is a
P-Ts space, T (U) is closed in (X). Since f is a pre-closed surjection, then U is-pr
closed in (Y,0). Therefore cl(U) = cl (Int(U))J U. Hence U is closed in (). Thus (Y,
0) is a locally indiscrete space.

Theorem 4.11.1f every closed subset of a space X isgtgpen then the following are
equivalent.

1. Xis S-closed

2. Xis strongly S-closed

Proof:

1) =@

Let {A, /ad I} be a closed cover of X. Then by hypothesis Agdheorem 2.5,{A, /

all I} is a regular closed cover of X. Since X is ®s#d, then we have a finite sub cover
of X. Hence X is strongly S-closed.

2)=@1)
Let {A, / all} be a regular closed cover of X. Since every tagalosed is closed and X
is strongly S-closed, then we have a finite subco¥&. Hence X is S-closed.

Definition 4.12. A topological space (%) is said to be
1. P-Hausdorff if for each pair of distinct pointsand y in X there exist disjoint pég
open sets A and B of x and y respectively.
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2. P-Ultra Hausdorff if for each pair ofstihct points x and y in X there
exist disjoint P-clopen sets A and B of x andspextively.

Theorem 4.13.1f f : (X, 1) - (Y, 0) is contra-p*g-continuous injection, where Y is
Urysohn then the topological space tXjs a P-Hausdorff.

Proof: Let x, and % be two distinct points of (X1). Suppose y= f(x;) and y = f(x,).
Since f is injective and;% X, then y# y,. Since the space Y is Urysohn, there exist open
sets A and B such that[yA,y.[(0B and cl(Ancl(B) = @ Since f is contra-pg
continuous and byheorem 3.12 there exist p*g-open sets UxIp*gaO(X x;) and
Ux.p*gaO(X,X,) such that f(UyY O cl(A) and f(Ux) O cl(B). Thus we have Ux Ux,=

@, since cl(Ancl(B) = @. Hence X is a P-Hausdorff.

Theorem 4.14.1f f: (X, 1) — (Y, o) is a contra p*g-continuous injection, where Y is P-
ultra Hausdorff then the topological space tXis P-Hausdorff
Proof: Let x, and % be two distinct points of (Xg). Since f is injection and Y is P-ultra
Hausdorff, then f(¥ # f(x;) and also there exist clopen sets U and V in Yhsimat
f(x)dU and f(%)dV, where LhV = .

Since f is contra-pigcontinuous, x and % belong top*g-open sets f(U) and f
(V) respectively, where F(U) nf (V) = ¢. Hence X is P-Hausdorff.

Lemma 4.15.Every mildly Hausdorff strongly S-closed spactizlly indiscrete.

Theorem 4.16.If a function f: (X,1) - (Y, 0) is continuous and (Xt) is a locally
indiscrete space, then f is contra-p*gontinuous.
Proof: Let U be any open set in (¥).Since f is continuous, f(U)is open in (X;1) and
since (X,1) islocally indiscrete, (U) closed in (X;1).

Hence bytheorem 2.6,f "{(U) is p*gu -closed in (X,T). Thus f is contra- p'g-
continuous.

Corollary 4.17. If a function f. (Xg)—(Y,0) is a continuous and (X, is mildly
Hausdorff strongly S-closed space then f is conitge. —continuous.
Proof: It follows fromLemma 4.15andtheorem 4.16

Theorem4.18. A contra -p*gi-continuous image of a pégconnected space is
connected.
Proof: Let f: (X, 1) - (Y, 0) be a contra-p*g-continuous function of p*grconnected
space onto a topological space Y. If possible, rassthat Y is not connected. Then Y =
AOB, A @, B Zp and AnB = @, where A and B are clopen sets in Y. Since f istieo
p*ga-continuous, X = fi(Y) = f (AOB) = f {(A) O f "}(B), where f*(A) and f™(B)
are non-empty p*g-open sets in X. AlsoT(A) n f {(B) = ¢.

Hence X is not ptgconnected, which is a contradiction. Therefores ¥donnected.

Definition 4.19. A topological space (X1) is said to be P-normal if each pair of non-
empty disjoint closed sets can be separated byinlig*ga-open sets.
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Theorem 4.20.If f: (X, 1) - (Y, 0) is a closed contra-p$gcontinuous injection and Y
is ultra-normal, then X is P-normal.
Proof: Let A; and A be non-empty disjoint closed subsets of X. Singe dlosed and
injective, then f(A) and f(A) are non-empty disjoint closed subsets of Y. Siwces
ultra-normal, then f(4A) and f(4&) can be separated by disjoint clopen setsaigd B
respectively.

Hence, VO f (B,) and O f (B,). Since f is contra-pigrcontinuous, then T(B,)
and f{(B,) are p*gi-open subsets of X and{B,) n f "(B,) = ¢. Hence X is P-normal.

Theorem 4.21. The image of a strongly pégclosed space under a contra-*g
continuous surjective function is compact.

Proof: Suppose that f: (X5) — (Y, o) is a contra- p*g-continuous surjection. Let{y/

ae |} be any open cover of Y. Since f is contra- pfgontinuous, then {f(V,)/ ael} is a
p*ga-closed cover of X. Since X is strongly ptgclosed, then there exists a finite subset
lo of I such that X =3{f (V) / a0 lg}. Thus we have Y £1{V a / a Ig}. Hence Y is
compact.

Theorem 4.22.Every strongly p*g -closed space (X) is a compact S-closed space.
Proof: Let {V, /a0 I} be a cover of X such that for evety |, V is open and regular
closed by assumption. Then theorem 2.5,each \, is p*go -closed in X. Since X is
strongly p*gi-closed, there exists a finite subsgbf | such that X £1{V, / aO Ig}.
Hence (X1) is a compact S-closed space.

Theorem 4.23.The image of a p*g -compact space under a contra-g*gontinuous
surjective function is strongly S-closed.

Proof: Suppose that f: (X) - (Y, 0) is a contra-p*g -continuous surjection. Let {¥/
/all} be any closed cover of Y. Since f is contra-p*gontinuous, then {f'(V) /ad 1}
is a p*gr -open cover of X. Since X is ptg-compact, there exists a finite subgedfi |
such that X =0{f (V) / aO lg}. Thus we have Y =0{V  / aO Ig}. Hence Y is
strongly S-closed.

Theorem 4.24.The image of a p*g -compact space in any P -Ts space under a contra-
p*ga -continuous surjective function is strongly p*eclosed.

Proof: Suppose that f: (X) - (Y, 0) is a contra-p*g -continuous surjection. Let {{//

al 1} be any p*gr -closed cover of Y. Since Y is P-Ts space, theg M I} is a
closed cover of Y. Since f is contra-pgcontinuous, then {f'(V,) / al I} is a p*ga -

open cover of X. Since X is ptg-compact, there exists a finite subsgetfll such that X

=0 {f (Vo) / al Ig}. Thus we have Y =1{V, / a lg}. Hence Y is strongly p*g -
closed.

Theorem 4.25.The image of strongly ptg -closed space under a p*gresolute
surjective function is strongly ptgclosed.

Proof: Suppose that f : (X1)- (Y,0) is an p* irresolute surjection. Let {/ all

[} be any p*gx -closed cover of Y. Since f is pdgirresolute then {f*(Vy) /a0 I} is a
p*ga closed cover of X. Since X is strongly p*eclosed then there exist a finite subset
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Iof | such that X£ {f (Vq) / al lg}. Thus we have Y £1{V, / all lg}. Hence Y is
strongly p*agr -closed.

Lemma 4.26.The product of two p*@-open sets is pfgopen

Theorem427.Letf: (X, 1) - (Y,0)and g: (% T) - (Y, o) be two functions where
Y is a Urysohn space and f and g are contraxpfpntinuous function. Then {(x)
/f(x1) = g(%)} is p*ga -closed in the product spacexXXs.
Proof: Let V denote the set {{(x) / f(X)) = g(%)}. In order to show that V is pig
closed, we show that (X X,) — V is p*gu-open. Let (x,%) O V. Then f(%) # g(x).
Since Y is Urysohn, there exist open sets dnid U of f(x;) and g(%) such that
cl(Uy)ncl(U,) = . Since f and g are contra-gigontinuous, f'(cl(U,)) and g*(cl(U.))
are p*gr-open sets containing &nd % in X, and X%. Hence bytemma 4.26,f ~(cl(U,))
x g(cl(Uy)) is p*go-open.

Further (xx)0f (cl(U,)) x g (cl(Us)) O ((X1x X5) — V). If follows that (%x X5) —
V is p*ga-open. Thus V is p*g-closed in the product spacgxXXX..

Corollary 4.28. If f : (X, T) - (Y, 0) is contra-p*g-continuous and Y is a Urysohn
space, then V = {(x %) / f(X1) = f(x2)} is p*ga-closed in the product spacexXX..

Theorem 4.29.Letf: (X, T) - (Y, 0) be a continuous function. Then f is RC-continuous
if and only if it is contra-p*g-continuous.

Proof: Suppose that f is RC-continuous. Since every R@htoous function is contra-
continuous. Therefore byheorem 3.5,f is contra p*@ continuous.

Conversely, Let V be any open set in €Y, Since f is continuous and contra-p#g
continuous, f'(V) is open and p*g-closed in (X;1). By theorem 2.5,f (V) is regular
open in (X,1).

That is, Int(cl(f*(V))) = f "X(V). Since (V) is open, Int(cl(f(V))) = Int(f (V)
and so cl(Int(f*(V))) = f (V). Therefore V is regular closed in (X). Hence f is RC-
continuous.

Theorem 4.30.Let f: (X, 1) - (Y, 0) be perfectly p*g-continuous function, X be
locally indiscrete space and connected. Then Yahadadiscrete topology.
Proof: Suppose that there exists a proper open set U 8frite Y is locally indiscrete, U
is a closed set of Y.

Therefore btheorem 2.6,U is a p*gi-closed set of Y. Since f is perfectly pig
continuous, f(U) is a proper clopen set of X. This shows thas Xot connected, which
is a contradiction. Therefore Y has an indiscref®logy.

Theorem 4.31.If f : (X, ) - (Y, 0) is a function and (X1) a P-Ts space, then the
following statements are equivalent;

1. fis perfectly continuous.

2. fis continuous and contra-continuous

3. fis continuous and contra-pdecontinuous.

4. fis super-continuous.
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Proof:

()= (2) is obvious.

(2)= (3) bytheorem 2.6 ,it is clear.

(3)= (4) bytheorem 3.27,it is clear

@)= (1)

Let U be any open set in (¥i). By assumption, f'(U) is regular open in (X). By
theorem 2.5,f ™(U) is open and p*gclosed in (X,1). Since (X,1) is a P-Ts space,
f(U) is clopen in (X7). Hence f is perfectly continuous.

Theorem 4.32.Let f: (X, 1) - (Y, 0) be a contra -p*gcontinuous function. Let A be
an open p*g-closed subset of X and let B be an open subs¥t oAssume that p*gC
(X, T)(the class of all p*g—closed sets of (X) be p*gr-closed under finite intersections.
Then, the restriction f|A:(Ata) —>(B, og). Is a contra p*g-continuous function.
Proof: Let V be an open set ifB, og). Then V=BYK for some open set K in (Yg).
Since B is an open set of Y, V is an open set ina)Y By hypothesis and assumption, f
(V)NA=H,(say) is a p*g-closed set in (X1). Since (flA)-1 (V)= (H), it is sufficient
to show that H1 is a ptgclosed set in (ATa). Let Gy pep*ga-open in (A,T) such(Hy) O
(Gy). then by hypothesis atdeorem 4.21.Giis p*ga-open in (X,1).

Since H1 is a pigclosed set in (X1),we have p&(Hy) Oint (G1). Since A is open
pcla(H1) = pck(Hy) n A Oint (Gy) nInt(A) = Int(Gyn A) OInt(G,) and so H = (f
|A)H(V) is a p*gp-closed set in (A7,). Hence f | A is contra-ptgcontinuous function.

Theorem 4.33.A topological space (Xt) is nearly compact if and only if it is compact
and strongly p*g-closed.

Theorem 4.34 A topological space (%) is S-closed if and only if it is strongly S-clakse
and p*gr-compact.

Theorem 4.35.If a topological space (X) is locally indiscrete space then compactness
and strongly p*g-closedness are the same.

Proof: Let (X, 1) be a compact space. Since {,is a locally indiscrete space, then
every open set is closed and llyeorem 2.6, compactness and strongly g
compactness are the same in a locally indiscre@dgical space.
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