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Abstract. Let G be a nontrivial connected graph on which is defined a coloring 
NkkGEc ∈→ },,....,3,2,1{)(: , of the edges of G, where adjacent edges may be 

colored the same. A path in G is called a rainbow path if no two edges of it are colored 
the same. G is rainbow connected if G contains a rainbow vu −  path for every two 
vertices u and v in it.  The minimum k for which there exists such a k-edge coloring is 
called the rainbow connection number of G, denoted by ).(Grc  In this paper, we 

determine )(Grc of brick product graphs associated with odd cycles.   
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1. Introduction 
Let G be a nontrivial connected graph with an edge coloring  

( ) { } ,,.......,,..3,2,1: NkkGEc ∈→  

where adjacent edges may be colored the same. A path in G is called a rainbow path if 
no two edges of it are colored the same. An edge colored graph G is said to be rainbow 
connected if for any two vertices in G, there is a rainbow path in G connecting them. 
Clearly, if a graph is rainbow connected, it must be connected. Conversely, any 
connected graph has a trivial edge coloring that makes it rainbow connected, i.e., a 
coloring such that each edge has a distinct color. The minimum k for which there exist a 
rainbow k-coloring of G is called the rainbow connection number of G, denoted 
by ( )Grc .  

Chartrand et.al. introduced the concept of the rainbow connection number and 
determined ( )Grc  for some classes of graphs like the cycle graph, the wheel graph etc. in 

[1].  In [2] and [3] Srinivasa Rao and Murali, determined )(Grc and the strong rainbow 

connection number )(Gsrc of some classes of graphs like the stacked book graph, the 
grid graph, the prism graph etc. and discussed the critical property of these graphs with 
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respect to rainbow coloring.  The rainbow connection number of the fan graph, the sun 
graph and the gear graph has been determined in [6].  Other results on the rainbow 
connection number of a graph can be found in [6,7,8].  In [8], Nabila et al. determined the 
rainbow connection number of Origami graphs and Pizza graphs.  An overview about 
rainbow connection number can be found in a book of Li and Sun in [4] and a survey by 
Li et al. in [5].  In [11] authors studied distance pattern edge coloring of a graph. 

The brick product of even cycles was introduced in a paper by Alspach et al. in 
[9] and it was proved that these graphs exhibit hamiltonian laceability properties. Using 
this concept Shenoy and Murali in [10] defined the brick product related to an odd cycle.  
In this paper we determine the rainbow connection number )(Grc of brick product 
graphs associated with odd cycles.  

Definition 1.1. (Brick product of odd cycles) Let randn,m  be positive integers.  Let 

2 1 0 1 2 2 1 0, ,................ ,n n nC v v v v v+ += =  denote a cycle of order ( )2 1 1 .n n+ > The 

( )r,m -brick product of 12 +nC , denoted by ( )rmnC ,,12 +  is defined as follows: 

For 1=m , we require that nr 21 << .  Then ( )rmnC ,,12 +  is obtained from 

1n2C +  by adding chords nkvtov rkk 20, ≤≤+  where the computation is performed 

under modulo 12 +n .   
For 1>m , ( )rmnC ,,12 +  is obtained by first taking the disjoint union of m 

copies 12 +nC  namely ( ) ( ) ( ) ( )mCCCC nnnn 12121212 ,.....3,2,1 ++++  where for each 

( ) ( ) 0in2i3i2i1i1n2 v,v....,,.........v,v,viC,m,......,2,1i == + .  Further: 

Case (i): If m is odd and n2r1 <<  where r is defined as ( )[ ] ,0k,2k1n2r ≥++=  an 

edge is drawn to join ( )k1iik vtov +  for both odd or both even 

( ) n2k0,1mi1 ≤≤−≤≤  whereas for each odd ( )1mi1 −≤≤  and even n2k0 ≤≤  

an edge is drawn to join ( )2kmik vtov + .   

Finally an edge is drawn to join ( ) ( )rn2mn2i vtov + . 

Case(ii): If m is even and n2r1 <<  where r is defined as ( )[ ] ,0k,3k1n2r ≥++=  an 

edge is drawn to join ( )k1iik vtov +  for both odd or both even 

( ) n2k0,1mi1 ≤≤−≤≤  whereas for each odd ( )1mi1 −≤≤  and even n2k0 ≤≤  

an edge is drawn to join ( )2kmik vtov + .   

Finally an edge is drawn to join ( ) ( )rn2mn2i vtov + . 

The Brick products ( )2,1,13C  is shown in figure 1.  
In the next section, we determine the values of )(Grc for the brick product graph 

( )rmnC ,,12 + for 2,2,1 ≥== nrm  and for .3,3,1 ≥== nrm   
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Figure 1: The brick product ( )2,1,13C  
2. Main results 
Theorem 2.1. Let ( ).,,12 rmnCG +=  Then for 2r,1m == and ,2n ≥  

( )












≥+






≤≤






=
4nfor1

2

n

3n2for
2

n

Grc  

Proof: We consider the vertex set of G as ( ) { }12210 ,.,........., += nn vvvvGV  and the edge 

set of G as ( ) { } { }121:121: +≤≤′∪+≤≤= nienieGE ii , where ie is the cycle edge 

),( 1 ii vv −  and ie′  is the brick edge ),( rkk vv + , 0,1,2,......, 2 1.k n= − Here rk +  is 

computed modulo 12 +n . 
We prove this theorem in different cases as follows. 

Case 1: 3n2 ≤≤ . 
We have two sub cases. 

Subcase 1: 2n = , 
 ( ) 5K2,1,5CG ≅= .  For complete graph ( ) 1Krc,K nn = .  Hence ( ) 1Grc = . 

Subcase 2: 3n =  
Since ( ) 2Gdiam = , it follows that ( ) 2Grc ≥ .  It remains to show that 

( ) .2≤Grc   Define ( ) { }2,1GE:c →  and consider the assignment of colors to the edges 
of G as 

( )




======
=========

=
165342064332

0564312065542110

2

1

vvvvvvvvvvvveif

vvvvvvvvvvvvvvvveif
ec  

Then, for any two vertices ( )GVy,x ∈ , the above assignment gives a rainbow yx −  

path in G. Hence ( ) .2≤Grc  This proves ( ) 2=Grc . (An illustration for the assignment 

of colors in ( )2,1,7C  is provided in figure 2). 
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Figure 2: Assignment of colors in ( )2,1,7C  

Case 2: 4≥n  
We prove this case in two subcases.   

Subcase 1: Let n be even.  Since ( )
2

n
Gdiam = , it follows that ( )

2

n
Grc ≥ .  But, if we 

assign 
2

n
- colors to the edges of G as in case 1, we fail to obtain a rainbow path between 

the vertices .11 nvtov n ∀−   (This is illustrated in figure 3 for the graph ( )2,1,9C ). 
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Figure 3: Assignment of colors in ( )2,1,9C  

Accordingly, we construct an edge coloring ( )






 +→ 1

2
,......,2,1:

n
GEc  and 

assign the colors to the edges of G as 

( ) ( )















≤≤+




+

≤≤+




 −

≤≤






=′=

ni
n

if
n

ninif
ni

niif
i

ecec ii

22
2

3
1

2

21
2

1
2

 

From the above assignment it is clear that for any 2 vertices ( )GVyx ∈, , there 
exists a rainbow yx −  path. 

Subcase 2: Let n be odd. 
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Since ( ) 






=
2

n
Gdiam , it follows that ( ) 







≥
2

n
Grc .  It remains to show that 

( ) 




≤
2

n
Grc .  Define ( )
















→−
2

,......,2,1:
n

eGEc  and consider the assignment of 

colors to the edges of G  as,  

( ) ( ) ( )















+=






≤≤+






 +−

+≤≤








=′=

12
2

22
2

1

11
2

niif
n

ninif
ni

niif
i

ecec ii
 

It is easy to verify that for any two vertices ( )GVy,x ∈ , the above assignment 

gives a rainbow yx −  path in G.  Hence ( ) 




≤
2

n
Grc . 

Combining both the sub cases, we have ( ) 4,1
2

≥∀+




≤ nn
n

Grc  . 

This proves ( ) 1, 4.
2

n
rc G n n

 = + ∀ ≥  
 

(An illustration for the assignment of colors in ( )9,1, 2C  is provided in figure 4).    
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Figure 4: Assignment of colors in ( )2,1,9C  

Theorem 2.2. Let ( )rmnCG ,,12 += .  Then for 3,1 == rm and ,3≥n  

( )












≥+








≤≤






=
61

2

53
2

nfor
n

nfor
n

Grc . 
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Proof: We consider the vertex set ( )GV  and the edge set ( )GE  defined in Theorem 
2.1.  We prove this result in different cases as follows. 

Case 1: 5n3 ≤≤  

Since ( ) 






=
2

n
Gdiam , it follows that ( ) 




≥
2

n
Grc . It remains to show 

that ( ) 




≤
2

n
Grc .  We have following subcases. 

Subcase 1: 3 and 5n n= =  

Define ( )













→
2

,......,2,1:
n

GEc  and consider the assignment of colors to the 

edges of G as, 

( ) ( )





















+=








≤≤+






 +







 +−

+≤≤++−

+≤≤+














−






≤≤

=

12
2

21
2

33

2

33
2

33
21

11
22

2
1

niif
n

ni
n

if
n

i

n
inifni

ni
n

if
n

i

n
iifi

ec i

 

and 

( ) ( )

( )











+≤≤−−−
−≤≤+−

≤≤−−−
−≤≤

=′

121222

221

12

21

ninifin

ninifni

ninifni

niifi

ec i

 

It is easy to verify that for any two vertices ( )GVy,x ∈ , the above assignment 
gives a rainbow yx −  path in G.   

(An illustration for the assignment of colors in ( )3,1,11C  is provided in figure 5). 

Subcase 2: 4n=  

Define ( ) { }2,1GE:c →  and consider the assignment of colors to the edges of 
G as, 

( )




========
========

=
1785634187154321

0674523076543210

2

1

vvvvvvvvvvvvvvvveif

vvvvvvvvvvvvvvvveif
ec  

It is easy to verify that for any two vertices ( )GVy,x ∈ , the above assignment 
gives a rainbow yx −  path in G.  

(An illustration for the assignment of colors in ( )3,1,9C  is provided in figure 5). 
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Combining both the subcases, we have ( ) 




≤
2

n
Grc .  This proves ( ) 




=
2

n
Grc  . 
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Figure 5: Assignment of colors in ( ) ( )9,1,3 and 11,1,3C C  

Case 2: 6≥n .  
 We have two subcases. 

Subcase 1: Let n be even 

In this case, ( ) 




=
2

n
Gdiam  and hence it follows that ( ) 




≥
2

n
Grc .  But, if we 

assign 






2

n
colors to the edges of G as in case 1 above, we fail to obtain a rainbow path 

between the vertices nvtov n ∀0 (this is illustrated in figure 6 for the graph ( )3,1,13C ) 

and this continues for a total of up to 






2

n
 colors. Hence, we need at least one more color 

along with 








2

n
colors. This shows that ( ) 1

2
+







≥ n
Grc  

In order to show that ( ) 1
2

+




≤ n
Grc , construct an edge coloring  

( )






 +




→ 1
2

,......,2,1:
n

GEc  to the edges of G as 

( )

2 2
2

3 2 1
2

1 1 1
2

1 2 2
2

2

i

i
if i is even and i n

i n
if i is odd and n i n

n
c e if i is odd and i n

n
if i is even and n i n

n
elswhere

 ≤ ≤ −


−  + ≤ ≤ −  

= + ≤ ≤ −

 + + ≤ ≤




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and 

( )

( )

1 3
2

1
2 2 2

2

1 2 2 2
2

1 1 2 3
2

2

i

i
if i is odd and i n

i n
if i is even and n i n

n
c e if i is even and i n

n
if i is odd and n i n

n
elswhere

  ≤ ≤ −  
 − +

+ ≤ ≤ − 
 

′ = + ≤ ≤ −

 + + ≤ ≤ −





 

It is easy to verify that for any two vertices ( )GVy,x ∈ , the above assignment 
gives a rainbow yx −  path in G.   (An illustration for the assignment of colors in 

( )3,1,13C  is provided in figure 6).    
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Figure 6: Assignment of colors in ( )3,1,13C . 

Subcase 2: Let n be odd 

As in subcase 1, in this case also ( ) 






=
2

n
Gdiam , and if we assign 






2

n
colors to 

the edges of G we fail to obtain a rainbow path between the pair of vertices and this 

continues for a total of up to 






2

n
 colors. Hence, here again, we need at least 

1
2

+




n
colors. 

This shows that ( ) 1.
2

n
rc G

 ≥ +  
In order to show that ( ) 1

2
+




≤ n
Grc , we 

construct an edge coloring ( )






 +




→ 1
2

,......,2,1:
n

GEc  to the edges of G as 
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( )

( )

2 1
2

1
3 2

2

1 1 2
2

1 2 2 1
2

2

i

i
if i is even and i n

i n
if i is even and n i n

n
c e if i is odd and i n

n
if i is odd and n i n

n
elswhere


≤ ≤ −


 − +

+ ≤ ≤

 = + ≤ ≤ −  
  + + ≤ ≤ −  
 
  

   

and 

( )

if is odd and 1 2
2

2 2 3
2

1 2 3
2

1 1 2 2
2

2

i

i
i i n

i n
if i is odd and n i n

n
c e if i is even and i n

n
if i is even and n i n

n
elswhere

  ≤ ≤ −  
 − + ≤ ≤ −

 ′ = + ≤ ≤ −  
  + + ≤ ≤ −  
 
  

 

From the above assignment it is easy to verify that for any two 
vertices ( )GVyx ∈, , the above assignment gives a rainbow yx −  path in G.   

Combining both the subcases, we have ( ) 1
2

+




≤ n
Grc . This proves 

( ) 1
2

+




= n
Grc .  (An illustration for the assignment of colors in ( )3,1,15C  is provided 

in figure 7).    
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Figure 7: Assignment of colors in ( )3,1,15C . 
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