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Abstract. Let G be a nontrivial connected graph on which is defined a coloring
c:E(G) - {1,23,....,k} ,kON , of the edges of G, where adjacent edges may be
colored the same. A path in G is called a rainbow path if no two edges of it are colored
the same. G is rainbow connected if G contains a rainbow u-—v path for every two
vertices u and v in it. The minimum k for which there exists such a k-edge coloring is
caled the rainbow connection number of G, denoted by rc(G). In this paper, we

determine rc(G) of brick product graphs associated with odd cycles.

Keywords: diameter, edge-coloring, rainbow path, rainbow connection number, brick
product.
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1. Introduction
Let G beanontrivial connected graph with an edge coloring

c:EG) - {12 3......k}, KON,

where adjacent edges may be colored the same. A path in G is caled arainbow path if
no two edges of it are colored the same. An edge colored graph G is said to be rainbow
connected if for any two vertices in G, there is a rainbow path in G connecting them.
Clearly, if a graph is rainbow connected, it must be connected. Conversely, any
connected graph has a trivial edge coloring that makes it rainbow connected, i.e, a
coloring such that each edge has a distinct color. The minimum k for which there exist a
rainbow k-coloring of G is caled the rainbow connection number of G, denoted

byrc(G).

Chartrand et.a. introduced the concept of the rainbow connection number and
determined rc(G) for some classes of graphs like the cycle graph, the wheel graph etc. in
[1]. In[2] and [3] Srinivasa Rao and Murali, determined rc(G) and the strong rainbow
connection number src(G) of some classes of graphs like the stacked book graph, the
grid graph, the prism graph etc. and discussed the critical property of these graphs with
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respect to rainbow coloring. The rainbow connection number of the fan graph, the sun
graph and the gear graph has been determined in [6]. Other results on the rainbow
connection number of agraph can befoundin[6,7,8]. In[8], Nabilaet a. determined the
rainbow connection number of Origami graphs and Pizza graphs. An overview about
rainbow connection number can be found in abook of Li and Sunin [4] and a survey by
Lieta.in[5]. In[11] authors studied distance pattern edge coloring of a graph.

The brick product of even cycles was introduced in a paper by Alspach et al. in
[9] and it was proved that these graphs exhibit hamiltonian laceability properties. Using
this concept Shenoy and Murali in [10] defined the brick product related to an odd cycle.
In this paper we determine the rainbow connection number rc(G) of brick product
graphs associated with odd cycles.

Definition 1.1. (Brick product of odd cycles) Let m,n and r be positive integers. Let
G VA VAR V0, Vong =V, denote a cycle of order 2n+1(n >1). The
(m,r)-brick product of C,,.,, denoted by C(2n+1,m,r) is defined asfollows:

For m=1, we require that 1<r <2n. Then C(2n +1 m,r) is obtained from
C,,.; by adding chords v, tov,,,, 0< k< 2n where the computation is performed
under modulo 2n+1.

For m>1, C(Zn +1 m,r) is obtained by first taking the digoint union of m
copies C,.,, namely C2n+1(1),C2n+1(2), C2n+1(3), ..... Conn (m) where for each
i = 1,2, ...... y m,C2n+1 (|) = Vil ’Vi2 ’Vi3 TTTCT I ,Vi (2n) ’ViO . Further
Case (i): If misoddand 1<r < 2n wherer isdefinedas r = [(2n +1)k] +2,k=0, an
edge is drawn to join Vj 1O Vj,) for both odd or both even
1<i<(m-1),0<k < 2n whereas for each odd 1<i < (m-1) and even 0< k < 2n
an edgeisdrawn tojoin Vi, t0 Vyyyo)-

Finally an edgeis drawn to join V;(;,) 10 Viy(on4)-

Case(ii): If misevenand 1<r <2n wherer isdefined as r :[(2n+1)k]+3,k >0, an
edge is drawn to join Vy 1O V() for both odd or both even
1<i<(m-1),0< k < 2n wheress for each odd 1<i <(m-1) and even 0< k < 2n
an edgeisdrawn tojoin Vi, t0 Vyy)-

Finally an edgeis drawn to join V;(;,) 10 Viy(on4)-

The Brick products C(13,1,2) isshown infigure 1.

In the next section, we determine the values of rc(G) for the brick product graph
C(2n+1mr)for m=1,r=2,n=2andfor m=1,r =3 n=3.
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Figure 1: The brick product C(13,1,2)
2. Main results
Theorem 2.1. Let G =C(2n+1,m,r). Thenfor m=1,r =2and N> 2,

Pw for 2=<n<3
c(G)=1 2
FJ +1  for nz4
2
Proof: We consider the vertex set of G as V(G) = {V0 WV ereennnen AV ,V2n+1} and the edge

set of G asE(G)={e :1<i<2n+1 0{e:1<i<2n+1}, where g is the cydle edge
(V,,V,) and € is the brick edge (V,,Vy.,), k=0,12,.....,2n-1. Here K+r is

computed modulo2n+1.,
We prove this theorem in different cases as follows.

Casel 2<n<3.
We have two sub cases.
Subcasel: n=2,
G =C(51.2) K. For completegraph K, rc(K,,)=1. Hence rC(G) =1.
Subcase2: N=3
Since diam(G)=2, it follows that rc(G)=2 . It remains to show that

rc(G) < 2. Define c: E(G) - {1,2} and consider the assignment of colors to the edges
of Gas

1 if  e=VveY, =V, SV,Vo =VVg =VV, ==V,V, =V,V; = V.V,
c(e) - {2 if e=VV, =V, VeV, SV,V, S VoV = VY,

Then, for any two vertices x,yDV(G), the above assignment gives a rainbow X—Yy
path in G. Hence rC(G) < 2. This provesrc(G) = 2. (Anillustration for the assignment
of colorsin C(7,L2) isprovided in figure 2).
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Figure 2: Assignment of colorsin C(7,1,2)

Cae2: N24
We prove this case in two subcases.

n

: n
Subcase 1: Let n be even. Sincediam(G) :E’ it follows that rc(G)=—. But, if we

assign g colors to the edges of G asin case 1, we fail to obtain a rainbow path between

thevertices v, to v,_, OIn. (Thisisillustrated in figure 3 for the graph C(9,L2)).

l<i<n
oy n_]li=n . .
cle)=cle)= [Zw if n+l<i<2n
D41 if Pﬂ+2$isZn
2 2

From the above assignment it is clear that for any 2 verticesX, y DV(G), there
existsarainbow X—Yy path.
Subcase 2: Let n be odd.
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Sincediam(G) =E] it follows that rc(G)= Bw It remains to show that

'W it 1<i<n+l
2
cle)=cle)= i—(2+1)w if  n+2<i<2n
nw it i=o2n+1
2

It is easy to verify that for any two verticesX,y DV(G), the above assignment
givesarainbow X—Y pathin G. Hence rc(G)< [g—‘ .

Combining both the sub cases, we have rc(G) < LEJ +1, Onnx=4.

Thisproves rc(G) = {EJ +1, Onn=4.

(Anillustration for the assignment of colorsin C (9,1, 2) isprovided in figure 4).

Figure 4: Assignment of colorsin C(9,ZL2)
Theorem 2.2. Let G=C(2n+1,mr). Thenfor m=1,r =3and N> 3,

[n—l for 3<n<5
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Proof: We consider the vertex set V(G) and the edge set E(G) defined in Theorem
2.1. We prove thisresult in different cases as follows.

Casel: 3<n<5

Since diam(G):[g—‘ , it follows that rc(G)z{g—‘ . It remains to show

that rc(G) < [g—‘ . We have following subcases.

Subcasel: n=3andn=5

edges of G as,

i if 1sis{nw
2
i—{”w if {”W+1sisn+1
2 2

cle)=1i-(n+1) if n+2<i<onts
i‘(3n+3) if [3n+3]+1sis2n
2 2
[”1 it i=2n+1
2
and
i if 1<isn-2
i-(n-2 if n-1<i<n
S i
I-n if n+l<i<2n-2
2n-(i-2) if 2n-1<i<2n+1

It is easy to verify that for any two verticesX,y DV(G), the above assignment
givesarainbow X—YV pathinG.
(Anillustration for the assignment of colorsin C(11,1,3) isprovided in figure 5).
Subcase2: n=4
Define c: E(G) - {1,2} and consider the assignment of colors to the edges of
Gas,
c(e) _ {1 ?f e VoV, SV,V S V,Ve = VeV, = VoV = V,V = V,V; = VeV,
2 if e=vV, TV, SV S VLV SV, S VRV S VeV = VLV,

It is easy to verify that for any two verticesX,y DV(G), the above assignment
givesarainbow X—Yy pathinG.

(Anillustration for the assignment of colorsin C(9,:LB) isprovided in figure 5).
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Combining both the subcases, we have rc(G) < {2—‘ . Thisproves rc(G) = [2—‘ .

Figure5: Assignment of colorsinC(9,1,3) and C(11,1,3)

Case2: n=6.
We have two subcases.
Subcase 1: Let n be even

I this case, diam(G) = EJ and hence it follows that rc(G) 2 EJ But, if we

assign {EJ colors to the edges of G asin case 1 above, we fail to obtain a rainbow path
between the vertices v, to v, On (thisis illustrated in figure 6 for the graph C(13,:L3))

and this continues for atotal of up to [g—l colors. Hence, we need at least one more color
along with Ew colors. This shows that rc(G) = [gw +1

In order to show that re(G) < [21 +1, construct an edge coloring

LZ if iisevenand 2<i<sn-2
L"Z”J if iisodd and n+3<i<2n-1
n , . :

c(g)= E+1 if iisodd and 1<i<n-1
g+1 if iiseven and n+2<i<2n
n elswhere
2
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and

f iisodd and 1<i<n-3

- 1
TN
_

iisevenand n+2<i<2n-2

—
|
—
N| S
+
=
[
=y

c(e)= N1 if iiseven and 2<i<2n-2
2
g+1 if iisodd and n+l<i<2n-3
n elswhere
2

It is easy to verify that for any two verticesX,y DV(G), the above assignment
gives a rainbow X—Y path in G. (An illustration for the assignment of colors in

C(13,1,3) isprovided in figure 6).

Figure 6: Assignment of colorsin C(lS,:LS).
Subcase 2: Let n be odd

Asin subcase 1, in this case asodiam(G) = LEJ , and if we assign [gJ colorsto
the edges of G we fail to obtain a rainbow path between the pair of vertices and this

. n ,
continues for a tota of up to H colors. Hence, here again, we need at least

[E—l +1colors.
2

This shows that rc(G) 2 {g—‘+1. In order to show that rc(G)< [2—‘ +1, we
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L2 if iiseven and 2<i<n-1
i—(n+1
(2) if iiseven and n+3<i<2n
c(g)= L] if iisodd andl<i<n-2
2
g +1 if iisodd and n+2<i<2n-1
n eswhere
2
and
['21 if iisoddandl<i<n-2
% if iisodd and n+2<i<2n-3
c(e)=4 2]+ if iiseven and 2<i<n-3
2
2 +1 if iiseven and n+l1<i<2n-2
n dswhere
2

From the above assignment it is easy to verify that for any two
vertices X, yDV(G), the above assignment givesarainbow X—Yy pathinG.

Combining both the subcases, we have rc(G)s{%W+1. This proves

rc(G) = [g—‘ +1. (Anillustration for the assignment of colorsin C(15,1,3) is provided
infigure 7).

Figure7: Assignment of colorsin C(15,L3).
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