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Abstract. Fault tolerance is an important property of netwoekformance. A grapfs” is

K — edge fault tolerant with respect to a gr&phif every graph obtained by removing
any K — edges fronG" containsG. A connected grapks is Hamiltoniant-laceable if
there exists a Hamiltonian path between every ghirerticesu andV in G with the
property d(u,v) =t where t is a positive integer such thdt<t < diam(G) .The
diameter of a grapks denoted bydiam(G) is the maximum eccentricity of any vertex
in the graph. That isiam(G) is the greatest distance between any pair ofoe=inG .

In this paper we explore the HamiltonifiHaceability property of the edge fault tolerant
N -dimensional Hierarchical hypercube network far>7 where t is even
and2<t < diam(G).

Keywords: Hamiltonian-{ -laceable graph, Hierarchical hypercube graphs,eEi@gilt
tolerance.
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1. Introduction

The Hierarchical hypercube (HHC) network was prggoss an alternative to the
hypercube network with thousands of processorsfeasible to implement. Structural
fault tolerance is defined as the ability to redgufe around faults, so that the
reconfigured system is isomorphic to the originaéolf the interconnection structures
changes due to the failure of processors or lifikis, necessary to reconfigure around
faults in order to preserve the basic interconpnecstructure. The fundamental to the
reconfiguration process is the one to one mappfniaudty processors on to fault free
ones. If F is a faulty edge i@, thenG — F denotes the graph obtained by deleting the

fault from G. A graphG’is 1- edge fault tolerant with respect to a gréph if the
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graph obtained by removing one edge fr@ncontainsG. A connected grapls is
Hamiltoniand-laceable if there exists a Hamiltonian path betwevery pair of vertices

u andV in G with the propertyd(u,v)=t wheretis a positive integer such that
1<t <diam(G). The diameter of a grapB denoted bydiam(G) is the maximum
eccentricity of any vertex in the graph. Thatiam(G) is the greatest distance between
any pair of vertices inG . Hamiltonian laceability ofn -dimensional Hierarchical
hypercube network fon=6was explored by R.A. Daisy singh and R.Murali if [&
this paper, the authors have shown that the graghHHC is Hamiltoniant-laceable
for event with one fault edge. In this paper we show tiat édge fault toleram-
dimensional Hierarchical hypercube graph rfar7 is Hamiltoniani-laceable for even

t such that2 <t < diam(G).

2. Hierarchical hypercube network
An n-dimensional Hierarchical hypercube network canob&ined by replacing each

vertex sayP of sz with Q,,, where each vertex d®,,is uniquely connected to an

adjacent vertex d?.Each vertex of an— HHC network can be identified with a two

tuple (S,P) where S=S _ S e S, is a binary sequence of
length(n — m), telling which Q,, the vertex is located in ald=P,_, P, ,.......... P isa

binary sequence of length, giving the address of the vertex in the loca@gl.
The vertex adjacency ofra- HHC network is defined as followgS, P) is adjacent

to internal edgdS,P®) for all 0<l <m-1 and(S,P) is adjacent to external

edge(S““*P) P) where dec (P)is the decimal value d? . Internal edges are those

which are contained iQ, and external edges are those which connectsQws.

HHC networks have been described by Malluhi and oBay [1] and they are
symmetrical and have the special property thatrem$es of any two adjacent nodes
differ in one bit position. HHCs are able to cornnaclarge number of nodes while

retaining a small diameter and low degree. An HH@hnects2" nodes where
n=2" +mand the diameter i™" and the degree is1+ 1.

3. Results
Theorem 3.1. The 1-edge fault tolerant graph of 7-HHC networkHiamiltoniand -

laceable for eveit such that2 <t < diam(G).

Proof: Let G be a 7-HHC graph and it can be partitioned into tsvoaller HHC
graphG, and G, whereG, is a copy of 6-HHC graph which is bipartite ancpisperly
colored with two different colors an@,is also a 6-HHC graph with one fault edge

which makes it non bipartite. Let the distance leetmthe two vertices which are of same
color (different color) be even (odd) . We haveethcases to discuss.
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Casei: S ELG,
LetSand E be the white vertices i5,. We choose two black vertices and Bin G, .

Construct a path frolSto A and a path fronEto B such that the two paths are disjoint
and covers all the vertices @, . Also by considering two verticep(A) and¢(B)in G,,

we construct the Hamiltonian path froqnﬁA) to ¢(B). Then the path
Pl:{s - A;(A,(p(A));(ﬂ(A) - (p(B);(qo(B), B);B - E} is a Hamiltonian path which

includes all the vertices of5 .

Figure 1

Caseii: S,E UG,
Let S and E be the vertices 0o6,whose distance is even. Sin€g is bipartite, it is
properly colored with two colors. Then there exigtsticesA andB; in G,such that

A ¢¢(A) and B, ¢¢(Bi) where ¢(A)is the black vertex anaﬁ(Bi) is the white
vertex ofG, . Then the path

Figure2:
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The figure below depicts the actual Hamiltoniarhpatthe graph,1-edge fault tolerant 7-
HHC from StoE UG,.

Gl GZ
Figure 2(a):

Case iii: SOG,and E 0IG,.

Let Sbe the vertex of G,and E be the vertex 0G,. Choose a verteyA of G, such
that Sand A are of different colors. Also choogg A) in G, such that¢(A) ZE .
Then the patf,:{S - A; (A, ¢(A));¢(A) - E} forms a Hamiltonian path.

G,

Figure3:

From the above cases we can conclude that thdge fault tolerant graph of 7-HHC
network is Hamiltoniant-- laceable for eveh such that2<t < diam (G).

Note: we construct a new gragB, consisting of two subgraprg{( and g; where g;(
has K —1 copies of 6-HHC ang; has only one copy of 6-HHC with one fault edge
added to it which makes the graf), 1- edge fault tolerant.
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Theorem 3.2. The 1-edge fault tolerant grafl is Hamiltonian t - laceable for eveh
such that2 <t < diam(G).

Proof: Let G, be the graph consisting ¢ copies of 6-HHC of which one copy is
added with one false edge. The grdphis partitionable into two smaller HHC graphs
g, and g, of which g, hasK —1 copies of 6-HHC and, has only one copy of 6-
HHC with one false edge. The gram< is bipartite where as the grapgi is non
bipartite. We consider three different cases.

Casei: Let S,E0 g,

Subcasei: Vertices of same coloB, E belongs to one copy of 6-HHC ig;( .

Since the graptgL is bipartite, it is properly colored with two codo Let S, E be the
two white vertices that belong to one copy of 6-HIﬂ|Cg;<. Also we choose two black

vertices A and Bin the same copy. We construct a path frSito A and a path from
E to B such that the paths are disjoint and covers al vhrtices of the copy.

Considering the vertex seéA,Bi);(¢(A),¢(Bi)) where i =12,...n-1, in the
remaining copies ofy, .Here (A,Bi)are all white vertices an@z(A),(p(B,)) are the

black vertices. Then the paths — ¢(A) and B - ¢(B|) are disjoint, covers the

remaining vertices ofy, . Let ¢(A1) # ¢(Bn) in g, such that there exists a Hamiltonian

path from ¢(A1) - ¢(Bn) in g, , includes all the vertices. Then we join the end

vertices¢(A )& ¢(A1)and ¢(B,)& ¢(Bn) wherei =n-1. The complete Hamiltonian
path is

P:{S - A(AA)A jAE)},¢(A) ~ @A )ielA) - ¢(B,):¢(B,) ~ ¢(B);

de)" B8 BB

Figure4:
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Subcaseii: Vertices of same cololS, E belongs to different copies of 6-HHC g1<
Let S& E be the two vertices which belongs to two differempies of 6-HHC ing,

Here P, :{S - A(AdA);dA - dB));(#B).B);B - S;S - E} is the

Hamiltonian path ofG, .

Figureb5:
Caseii: LetS,E0OQ, .

Since g|'( is properly colored with two colors there existgestex A such that the color

of A andg(A) are different and also there exists a vereguch that the color @& and

¢(B) are different. Then there exists two disjoint gaBito S'and E to E in gk
which includes all the vertices. Then the Hamileonpath ofG, is

P:{s - s(S. Al A - dA);dA) - dB);dB) - B;(B.E').E - E}.

Caseiii: Let SOg, and E g, whose distance is even.

We choose a verteA of g, such that S and A are of different colors and
E¢¢(A)in g,and construct a Hamiltonian path® from S to A and P" from
¢(A)toE in each ofg; and g,: respectively. Then the complete Hamiltonian path i

obtained by joining the paths® and P". ThusP,:{S = A;(A @ A));AA) - E} is
the Hamiltonian path.
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&, .
ErE ),

Figure®6:
From the above cases we can conclude that the §saph Hamiltoniani - laceable.

\glk

Figure7:
Theorem 3.3. The 1-edge fault toleranh -dimensional HHC graph fon>7 is
Hamiltoniand - laceable such tha <t < diam(G).

Proof: The proof is by induction oM , whereM is the number of copies of 6-HHC.
The result is true foM < K. We prove the result is true fdd = K +1, we Construct

the graphG.,Which is partitionable to two HHC graple,; andg,,,. The graphg,,,
hasQ copies of 6-HHC wher€)is a finite integer ancg;+l has only one copy of 6-
HHC with one fault edge added to it. The gragb+l is bipartite and is properly colored
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with two colors where as the granyﬁ+1 is non bipartite. we shall prove that the graph

G,., is Hamiltoniant - laceableHere we consider three cases.

Casei: Let S,EOQ,,, -

Subcasei: Vertices of same colo§, E belongs to one copy of 6-HHC ig;(ﬂ.
Subcaseii: Vertices of same coldB, E belongs different copies of 6-HHC i, .

Caseii: Let S,EOQ,,, -
Caseiii: Let SOg,,, andEOg,,, -

In all the above cases there exists Hamiltoniamgpéetween the verticeS& E of
G,,; (as in theorem 3.2) which includes all the vesiof the graph. Thus by induction
if the theorem is true foM = K , then itis true foM = K +1. Hence the theorem.

4. Conclusion
In this present study the concept of Hamiltontarlaceability of 1-edge fault tolerart-

dimensional HHC network is discussed. In particwer have proved that the 1-edge
fault tolerantn- dimensional HHC network fon=7is Hamiltoniani -laceable for
event such that2<t < diam(G).
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