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Abstract. A new subclass of analytic functions, containinglihear operator, obtained as
a linear combination of Ruscheweyh derivative ancheav generalized multiplier

transformation, is introduced. Characterization ailer properties of this class are
studied. Coefficient estimates, distortion theoreinfinctions with negative coefficients
belonging to this class are also determined.
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1. Introduction
Denote by U the open unit disc of the complex pIarid,:{ZDC:|z| <1}. Let

H (U) be the space of holomorphic functiondJinLet Adenote the family of functions
in H(U) of the form

f(z):z+i:akzk. (1.1)
k=2

The author in [14], has recently introduced a neenegalized multiplier
differential operator as follows.

Definition 1.1. Let mON, = N {0}, 8= 0,a a real number such that+ 8> 0.
Then forf [ A, a new generalized multiplier operatb,'fﬂ was defined by

1 af ‘ m m-1
12,62 =1(2),1},1(2)= (Z);f;f @ i t@=1,,0m ().
Remark 1.2. Observe that forf (z) given by (1.1), we have
I £ =2+ A (a, 5 m)a, 2%, (1.2)
k=2
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where

_(a+kB\"
Ak(a,ﬁ,m)—(wﬁJ : (1.3)

We note that: i)l,", ;o f(2) =Dj f(2), 820 (See Al-Oboudi [1]), ii)
s 0 f (2D =1"1(2), |>-1 [B=0 (See A. Catas [4]) and iii)
I 7.f(2) =1, f(2) (See Cho and Srivastava [5]) and Cho and Kim [6])

Remark 1.3. D;" f (z) was introduced by Salagean [9] and was considenednf> Oin

[3].

Definition 1.4. ([8]) FormON,, f O A, the operatorR™is defined byR™: A - A,

Rf(2)=1(2,Rf (=24 (2),....,(m+)R™ f(2) = 2(R™ f (2)) +mR™f(2),
zOU.

Remark 15 If f(2)=z+) az*0A, therR"f(z)=z+> " B, (ma,z",
zU , where

B, (m) = % : (1.4)

The author in [15] has introduced the followingeoator:

Definition 1.6. Let f DA mMON, =NUI{0},0=20,820,a a real number such that
a+pB>0. Denote by RI],, , the operator given byRI], ;: A - A

R™ f(2=@-9R"f(+d ", f(2),z0U.

The operatong"ﬂndwas studied in [11], [12] and [13] also.

ClearlyRI /',  =R™andRI 7, =17 ,.

Remark 1.7.0) If f(2) =z+) " a,z" OA, then we have

Ry, (2=2+) " {(1-9)B (m)+ A (a,B,m)}a,z", zOU,
where A, (a, £, m) andB, (m) are as defined in (1.3) and (1.4), respectively.

By making use of the generalized operabj’ﬁ’(,, we define the following new
class.
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Definition 1.8. Let f DA MON, =NIO{0}, u=200<A<1A< 4,020, p0[0)),
[ =0,a areal number such that+ 8> 0.Then f (2)is in the class] 2"233‘ (p)if and
only if

R Z(RI crrn,,B,a' f (Z)) + ,UZZ(RI crrn,ﬁ,a'f (Z))
@-MRI7, 5T (2) + (R ;"[,’Jf(z))'

J>p,ZDU. (1.5)

Taking A =0 in Definition 1.8 we have
Definition 1.9. Let f DA mUON, =NO{0}, #=20,0=20,p0[01),8=20,a a real

number such tha + 8 > 0. Then f (2)is in the clas€2 ", ;(0)if and only if

a

Z(Ri cryn,,g,a f(2) Z(RI ;n,ﬁ,a f(2)
Re{ R™ 1 ](1+,u R, 2) J >p,z0U . (1.6)

In view of the above definition, we deem it wortfile to note the relevance of
the class D%jg‘ (0) with some known classes. Indeed we havye i

O05e(0) =S755(0), i) D755 2(0) =Ky (p), i) DF55(0)=Cgls5(0),
iv) O555%(0) =07 55(0) V) 0795 (0) =00 55(0), vi) O35 57 (0) = L7 5.5(0),
viy  072%5(0)=S55(p) and  vii) O () =CFs(0). The new
classesS;'; 5(0), K7 s 5(0)andC,; ;(0) are defined in [12], while the
classes1y ; 5(0), 07 ;5(0)and( , 5(0) are introduced in [11].Where as two
classesS; ;(p) andCj ;(0) are investigated in [2].

In section 2 we study the characterization propsrfor the functionf [J Ato

belong to the claﬁ%jg’ () by obtaining the coefficient bounds. Distortiondhem of

functions belonging to this class is obtained ictisa 3. Analytic functions with negative
coefficients belonging to the above class are cmed in section 4.

2. Genelral properties
In this section we study the characterization prige following the paper of M. Darus

and R. lbrahim [7].Unless otherwise mentioned weallshssume thatA, (a, £, m) and
B, (m) are as defined in (1.3) and (1.4), respectivelpubhout this paper.

Theorem2.1. Let f DA MON, =NUO{0}, u200<A<1,A< 020, 0p0[00),
L =0,a areal number such that+ 8 > 0.If

Y {(k=p)+ (k-1)(ku~ POK(1-O)B, (m) + & (@, f.mla | <1-p, 2.1
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thenf (2) DO 754 (0) .The results (2.1) is sharp.
Proof. It suffices to show that the values of
Z(RI Zﬁ,a f (Z)) + ,UZZ(Rl 21,/3,5 f (Z))
L-ADRI 23’5 f(2) + Az(RI 23’5 f(2)
We have

Z(RI ;n,ﬁ,a f(2) +uz*(RI 21,[;,5 f(2) Al
@-DRM @+ AR F(2) |

]Iie in a circle centred at 1 with radilis o .

[Z(RI 755 T(2) +12°(RI 755 T(2) 1-[A- DRI, 5 F (2 +Az(RI [ 5 f (Z))']|
Q-DRD, (D + AR, F(2) |

|Er A =D0-2+ HOH(1- 9B, (m) + &1, (@, B m}a, 7|
| 2+ Y7 @+ (k-DAN(L-0)B, (M) + A, (@, B m)}a, 2" |

_ S (k=D k- DH(1-9)B, (m) + A (@, B, a4
1-3, @+ (k=DA}(1-&)B, (m) + A, (@, B m)fa,| 2

§ Do l(K =D+ k= HH(1-3)B, (M) + A (a, B, m)}a]
1=, @+ (k=DA}(1-0)B, (M) + A (a, B, m)}a,|
The last expression is bounded abovd byp if

YAk =D+ tk = HH(1-0)B (M) + A (a, 5, m)}|a | <
(- p)@- 2 AHK=DAN(1-)B, (M) + A (a, B, M)}, |)

which is equivalent to (2.1). Hence
(2RIT,T(2) +2* (R, 1(2)
(A-MRID, F(D+ARI T, 51 (2)
assertion (2.1) is sharp and extremal functiornvisrgby

J‘ <1- pand the theorem is proved. The

oo

f(z)=z+) 1=p Z*,z0OU.
ez {(k = p) +(k=D)(k = pA){(1-0)B, (m) + A (a, B, m)}

Theorem 2.2. Let the hypothesis of the Theorem 2.1 be satisfiben

e 1-p k=2
{(k=p)+(k=1)(k = PHK(1- )B, () + A, (a, B, m)}
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The following inclusion results can be proved gsiiheorem 2.1
Theorem 2.3. LetO< p, < p, <1.Thend 734 (0,) D O35 (0,) -

Taking A =0 in Theorem 2.1 we obtain
Corollary 24. Letf OAmMON, =NDO{0}, 20,020, p0[0)),8=20,a0 a real
number such that + 5> 0. If
Y {(k-p)+(k-DkiH{(1-0)B () + A (@, B, m)}a,|<1-p,  (22)
k=2

thenf (2) 1Q7% 5(0) .-The result (2.2) is sharp.

a

3. Distortion theorems
Theorem 3.1. Let f DA MON, =NI{0}, u200<A<1A< 4,020 p0[0),
L =0,a areal number such that+ 5> 0. If

i{( k=p)+ (k=D (ky~ pP)H(1-)B, (m) + A (a, B, M}a | <1-p,

then

_ 1-p 2 m 1-p 2
2 ooy SRenst @l o0 oyl
zUOU .

Proof. Note that[(2— p) + (24— p/1)]i{(1—5)|3k (m) + A (a, B, m)}fa,| <

i{( k=p) +(k=D(ke = pH(1-9)B, () + A (@, B, m)}|a, | <1- p,
by Theor_em 2.1. Thus

g{(l_d)Bk (M) + A (a, B,m}a,| < (2—,0)1+_(Z1—p)|) .Hence we obtain

RIZas 1 (2] <[4+ Y {a-0)B, (m) + &, (@, 5 mfa, |2

<[4+[2" 3 {1~ 3B, (m) + &, (@, B, m}a,|

1-p 2
et
Similarly
RIT,,1(2)]2]4- D {a-0)B, (m) + A (a. 8, m)}a,|4"

k=2
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>[4-[4°3{0-2)B, (m) + &7, (@, 5 m}a,
1- 2
2|4~ 2 7"

(2-p)+2u-pA)
This completes the proof of theorem.

Taking A =0 in Theorem 3.1 we get

Corollary 3.2. Letf DA mON, =NUO{0}, u=20,0=20, p0[0), 520,a areal
number such that + 5 > 0.If

> {l(k=p)+ (k-DkuH{( 1~ 3)B, (M) + 3, (@, B, m)}a, | <1-p,

k=2
then

— 1_10 2 m 1_,0 2
A A Rt @A+ 2l 200

Theorem 33. Let f DA MON,=NO{0}, u200<A<1A< 4,020 p0[0),
L =0, a areal number such that+ 8> 0. If
D {(k=p) +(k=1(ku— pA){(1-9)B, (M) + A (a, B M}a,| <1-p,
k=2
then

1@ 2[4~ AP 142,200
((2-0)+ @u- POH( M+D(A-3) + 3, (@, A m)}

and

f(2)|=|4+ =P 4° zOu
{(2-p)+ (2u=- pPAH( M+1)(1-9) + A, (a, B, m)}

Proof. In virtue of Theorem 2.1, we have

{(2-p) + u- PA)H(M+D(1-9) + A, (a, B, m)}i|ak| <

i{( k=p)+(k=2)(ku = pPHH(1-0)B, (m) + A (a, B, M}a | <1-p.

Thus 32, | < 1=p .
=7 {(2- )+ @u- PO M+ 1)(A-0) + @y (a, 5, 9))

So we get
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f@I=[4+[2° Zlakl

<|4+ =P 7",
{(2-p)+2u-pA){( M+1)@A-9)+ A, (a, B, m)}

On the other hand

f(2]2[4-[4"2 fa

2|2~ =P 7"
{(2-p)+ 2u-pA)H( M+DA-9)+ A, (a, B, m)}

Taking A =0 in Theorem 3.3 we get
Corollary 34. Letf DA mON, =NUO{0}, 420,020, p0[01), 520,a areal
number such that + 5> 0.

113" [(k=£) + (k= DkH{(1- 8)B, (m) + &, (@, B m}fa, | < 1- p then

t(2)|<|7+ -0 4,200,
(2 p+2Uf(m+1)(1-0) + A, (@, £, m)}

and

(2] 2|2- 1-p 127,200 .
(2~ p+2U{(M+1)(1-3) + &, (a, B, m)}

4. Functions with negative coefficients
Let Tdenote the subclass of Aconsisting of functions of the

form f (2) = z- ) a,z",a, =0.We denote by 735 (0) andTQ % () , the classes
k=2
of functionsf (z) OT satisfying (1.5) and (1.6), respectively. We studg coefficient

estimates, distortion theorems and other propediethe clasnggg(p), following

the paper of H. Silverman [10].For functionsTinthe converse of Theorem 2.1 is also
true.

Theorem 4.1. Let
mUON, =NO{0}, u=200<A<1,A< 4,020 p0[01),8=20a a real number

such thata + B > 0.A function f(2) OTisin TO [;';,;g’ (p) if and only if

Z{(k p)+ (k=1 (ku~ pA)H(1-)B, (m) + A, (a, B, m)}fa,| <1-p. (4.1)

The result (4.1) is sharp.
Proof. In view of Theorem 2.1, it suffices to prove theyoifipart. Assume that
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R Z(RI ;n,ﬁ,a f(2) +1z*(R ,T,ﬁ,a f(2)
@=-MRI; 5T (2) +Az(RI 7 5 (2))

. {2—2‘:2 L+ ((k-D)(1-)B, () + A, (@, B, m)} ka, 2

2=, W+ A(K-D){(1-9)B, (m) + A (a, B, m)}a, 2"

clearing the denominator in (4.2) and letting- 1™ through real values, we obtain

1= @+ p(k=DH(1-0)B, (m)+ &, (@, 5. mHea, >

} >p (4.2

p(l—i @+ A(k=D}(1-9)B, (m) + A (a, B, m)}akj'

Hence we obtain (4.1), and the proof is completeally, we note that assertion (4.1) of
Theorem 4.1 is sharp, extremal functions being

f(2)=2z- 1=p z¥, k=2 z0OU.
{(2-p) + (2u-Ap)H(1-0)B, (M) + A (a, B, m)}

Taking A =0 in Theorem 4.1 we obtain
Corollary 42. Let mON, =NUO{0}, 20,020, 00[01), 5=20,a a real number
such thata + 8> 0.A function f(2) 0T is in TQ'; ;(0) if and only if

a

i[(k—p)+(k—1)ku]{(1—5)8k(m)+5Ak<a,ﬁ,m)}|ak|s1—p. (4.3)
The resu_lt (4.3) is sharp.

Our coefficient bounds enable us to prove the ¥alhg.
Theorem 4.3. Let

mUON, =NUO{0}, u=200<A<1,A< 4,020, p0[01),820,a areal number
such thaty + B> 0. If f OTOJ2% (), then

()2[4- = 7,200
{(2-p) + 2u-pA{(Mm+1)(1-93) + A, (a, B, m}
and
f(2)|=|4+ =P 4°,z0U
{(2-p)+ Cu- pPA)H( m+D(1-0) + A, (a, B, m)}
with  f(2)=z- 1=p 2%, (|4=r),
{(2-p)+ 2u-Ap)H(1-9)B, (m) + A (a, B, m)}
for equality.

Putting A =0 in Theorem 4.3 we have
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Corollary 4.4. Let mON, =N {0}, u=20,0=20,00[01), 5=20,a a real number
such thata + 8> 0.If f OTQ2% 5(0), then

f(2)2[- =P 4,200
2-p+2u{(m+1)(1-0)+ A, (a, B, m}
and
(@) <[4+ =P 14,200,
2-p+2p{(m+D(A-9) + A, (a, B, m)}
with equality forf (z) = z- 1=p z?,(|14=r).

@2-p+2u){(m+)1-0)+ A, (a, B, m)}

We conclude by mentioning some interesting congerpseof our results.
i) Allowing A = i = 0, our results are comparable with those resultseftithor
in [12].
i) TakingA = =1/ 2, we see that our results agree with correspondisigteeof
the author in [12].
i) PuttingAd = i =1, we get results matching with those of the authdt2].

iv) Letting A =0andu =1/2, our results conform to results of the authorlih]|
v) SettingA = 0andu =1, we obtain corresponding results of the authdt 1.
vi) ForA =1/2andu =1, we have corresponding results of the author 1. [1
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