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Abstract. Let G = (V,E) be a graph. A dominating set S ofisGcalled a strong
complementary acyclic dominating set if S is amsgralominating set and the induced
subgraph(V - S> is acyclic. The minimum cardinality of a strongrgalementary acyclic
dominating set of G is called the strong complemgnacyclic domination number of G
and is denoted by _ (G) . In this paper, we introduce and discuss the quingestrong

complementary acyclic domination number of G.Weedaine this number for some
standard graphs and obtain some bounds for gegexphs. Its relationship with other
graph theoretical parameters are also investigated.
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1. Introduction

By a graph we mean a finite, simple, and undicegiph G(V,E) where V denotes its
vertex set and E its edge set. Unless otherwigedstthe graph G has n vertices and e
edges. Degree of a vertex v is denoted by d(v),ntagimum degree of a graph G is
denoted byA(G) . We denote a cycle on n vertices by &path on n vertices by,Rand

a complete graph on n vertices by K graph G is connected if any two vertices ofr& a
connected by a path. A maximal connected sub goaplgraph G is called a component
of G. The number of components of G is denoteddfs) . The complemer® of G is
the graph with vertex set V in which two vertices adjacent if and only if they are not
adjacent in G. A graph G is said to be acyclid ihas no cycles. A tree is a connected
acyclic graph. A bipartite graph is a graph whesgex set can be partitioned into two
disjoint sets Y and \% such that every edge has one end inanvd another end in,VA
Complete bipartite graph is a bipartite graph wherery vertex of VY is adjacent to

every vertex in Y. The Complete bipartite graph with partitionsmﬂer|V1| =m and

|V2| =n, denoted byK . A star denoted byK, , is a tree with one root vertex and
n-1 pendant vertices. A bistar, denoted by D(shé graph obtained by joining the root
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vertices of the star&, and K, . A wheel graph denoted B is a graph with n
vertices formed by joining a single vertex to\aitices ofC__ . A helm graph, denoted
by H, is a graph obtained from the whe®/, by attaching a pendant vertex to each
vertex in the outer cycle o¥W, .Corona of two graphs,@nd G, denoted byG, - G, is
the graph obtained by taking one copy of a(Ed|V(Gl)| copies of Gin which ith
vertex of G is joined to every vertex in the ith copy of GIf S is a subset of V, then
<S> denotes the vertex induced sub graph of G indbgesl. The open neighborhood of
a set S of vertices of graph G , denoted by N(®)asset of all vertices adjacent to some

vertex in S, andN(S) O S is called the closed neighbourhood of S, dendbgd\[S].

The diameter of a connected graph is the maximwtawce between two vertices in G
and is denoted by diam(G). A cut-vertex of a gr@phs a vertex whose removal
increases the number of components. A vertex dud @onnected graph G is a set of
vertices whose removal results in a disconnecteghtgr The connectivity or vertex
connectivity of a graph G, denoted by k(G)(wherés@ot complete) is the size of a
smallest vertex cut. A connected sub graph H armected graph G is called a H-cut if
(G -H) =2 . The chromotic number of a graph G, denotedyf) is the minimum
number of colors needed to color all the verticegraph G in which adjacent vertices
receive distinct colors. For any real numhgﬂ denotes the largest integer less than or

equal to x. A Nordhaus-Gaddum type result is aeloar upper bound on the sum or
product of a parameter of a graph and its compléniemms not defined here are used in
the sense of [2].

A subset of Vis called a dominating a6 if every vertex in V-S is adjacent to
at least one vertex in S. The domination numpEs) of G is the minimum cardinality
taken over all dominating sets in G.A dominatingS$ef G is called a strong dominating
set of G if for everw[1V —S there exist a verted ]S such thatuv 0 E(G) and

d(u) 2d(v). The minimum cardinality taken over all strong doating sets is the
strong domination number and is denoted/QyG) .

A dominating set S of G is called a ptamentary acyclic dominating set of G if
(V-S} is acyclic.The minimum cardinality taken over a@bmplementary acyclic
dominating sets is the complementary acyclic dotionanumber and is denoted by
yc—a (G) b

Many authors have introduced differéypies of domination parameters by
imposing conditions on the dominating set [2]. Thaeept of strong domination has been
introduced by Sampathkumar and Pushpalatha [5] .

In this paper, we use this idea to develop theephof strong complementary
acyclic domination number of a graph..

2. Strong complementary acyclic domination
Definition 2.1. A dominating set S of G is called a strong comgetary acyclic

dominating set if S is a strong dominating set &émel induced subgrap{N-S} is
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acyclic. The minimum cardinality of a strong compéntary acyclic dominating set of G
is called the strong complementary acyclic domoratiumber of G and is denoted by

Vea(G).

Example 2.2. A Strong complementary acyclic dominating set afraph G is given
below:

V2

V1 Ve
V7

V3

Vg Vs

Figure2.1l: G;
{v3,vs} is a strong complementary acyclic dominatingcfe®.
For any graph G, V(G) is a strong complementaggkedominating set.

Remark 2.3. Throughout this paper we consider only graphs ‘drich strong
complementary acyclic dominating set exists. Themmlement of the strong
complementary acyclic dominating set need not bstrang complementary acyclic
dominating set.

Example 2.4.
V1
Ve Va2 Va
Vs Ve V7 Vs Vg V1o V11 Vi2
Figure2.2: G,

{v1,v2,V3,v4} is a strong complementary acyclic dominating 8ett its complement is not
a strong complementary acyclic dominating set.

Definition 2.5. A Strong Complementary acyclic dominating set $dé minimal if no
proper subset of S is a Strong Complementary mcgominating set of G.

Remark 2.6. Any superset of strong complementary acyclic dotimgaset of G is also a
strong complementary acyclic dominating set of Bc&if S is a strong complementary
acyclic dominating set of G andlV - S, thenSD{u} is a strong complementary
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acyclic dominating set of G. Therefore strong caanmpéntary acyclic domination is super
hereditary.

Remark 2.7. A strong complementary acyclic dominating set as@iinimal iff it is 1-
minimal.

Theorem 2.8. A strong complementary acyclic dominating set ofi&minimal if and
only if for each vertexu 0 Sone of the following conditions holds:
1. u has a strong private neighboMn- S.

2. (v - 9) O{u}) contains a cycle.

Proof: Let S be a strong complementary acyclic domigatiet of G. Suppose S is
minimal. LetuOS. ThenS—{u} is not a strong complementary acyclic dominatieg s
of G. Therefore((v -5 0 {u}> contains a cycle or u has a strong private neighlvoV-

S with respect to S. Conversely, suppose for ewényS, one of the conditions holds.
If (1) hods, thers -{u} is not a strong dominating set.

If (2) holds, then S—{u} is not a complementary acyclic. Therefore, S isiaimal
strong complementary acyclic dominating set of G.

Remark 2.9. Every strong complementary acyclic dominating se& idominating set.
But every dominating set need not be a strongptemmentary acyclic dominating set.

Example 2.10.

Vi V2

Vg V3

Figure2.3: Gs

Here {w,v,} is a strong complementary acyclic dominating @ed also a dominating
set. Also {\} is a dominating set but it is not a strong commpdmtary acyclic dominating
set.

Theorem 2.11. For any graph Gy(G) < y,, (G) < y2,(G) and the bounds are sharp.

Let S be a minimum strong complementary acyclic idatng set of G.
Let vOOV - S. Then there exista 0 S such that u and v are adjacent and

degl) =degg) .
Therefore S is a strong dominating set of G amtde is a dominating set of G.

Thereforey(G) < y, (G) < y2 .(G).
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Example 2.12.
V1 Vo V3 Vg
Vg Vg V7 Vg
Figure2.4: G,

Here J(G) = 14 (G) = ¥, (G) = 4.

Theorem 2.13.

1 yd (K,)=n-1.

1 y2 (K))=n-2n=3,
2. ycSt-a(Kln) =1

3. ¥%a(D, ) =2.

4. ye.W,) =2.

5. Ve a(Kpnn) =min{m,n} .

Theorem 2.14. For any pathP,,

y2 (P)=nif m=3nn0ON

=n+1lif m=3n+lor3n+2,nON
Proof:
Case(i) Let G=P,,,nON . Let w,V,,V3,...V3, be the vertices of V) .
{Vv2,VsVs...V3,.4} is the unique strong dominating set @f.Rt is also the strong

complementary acyclic dominating set @f. hereforey? , (P,,) = n, for all n’IN.

Case (ii) Let G=P,, +1,n0ON . Let{vq,V2,V3,...Van,Vanea}.

Si={V2,V5Vs...Van.,Vane} @nd  S={V1,V3,Ve Vo...Vajare two strong complementary
acyclic dominating sets of G.

Now [S] = [V, Vs, Vg, Vana )| + [Vanaa| = N+1. Also

1S,| = Vo] +[{Va, Ve, Vg, | = N +1.

Therefore,y . (R,,) < n+1.

Also y, (P,,,,) =n+1 and by Theorem 2.10, we havg(G) < y2 . (G).
Hencey:, (R,,,,) =n+1.

n+1

n+1
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Case (iii) Let G = P,,,,nON . Let{V1,V,,Vs,...V3n,Vans1,Vans -
S={V,V5Vs...Van.1,Van41 } IS @ Strong complementary acyclic dominating sf<s.
Now |S =V, Ve, Vg, - Vg o ]| +[Vana| = N +1.

Thereforey  (Py..,) <n+1

Also y, (P,,,,) <n+1 and by Theorem 2.1 (G) < y2 . (G) .
Hence ), (Py,,,) =N+1.

Theorem 2.15.
y2 (C.)=nif m=3nn0ON

=n+1if m=3n+lor3n+2nON
Proof: The proof follows from Theorem 2.11.

Observation 2.16. If a spanning sub graph H of a graph G has a sttongplementary
acyclic dominating set then G has a strong comph¢ang acyclic dominating set.

Observation 2.17. Let G be a connected graph and H be a spanningraph of G. If
H has a strong complementary acyclic dominatingteet )5 (G) < 2. (H) and the
bounds are sharp.

Theorem 2.18. For any connected graph G, with> 3 vertices1< y2_(G)<n-2
and the bounds are sharp.
Proof: The lower and upper bounds follows from definitidfor K, _, the lower bound

is attained and foK ,, the upper bound is attained.
Observation 2.19. For any connected graph G with 3 verticgs, (G) =n -2 if and
onlyif GOPR,,C,.

The Nordhaus-Gaddum type result is given below.

Theorem 2.20. Let G be a graph such th& andG no isolates of orden>3 . Then
VE.(G)+y2,(G)<2n-4 andyZ,(G) 2,(G) < (n-2)%.

Proof: The bound directly follows from Theorem 2.15.

Relationship with other graph theoretical parameters.
Theorem 2.21. For any connected graph with> 3 verticesys . (G) +k(G) < 2n-3

and the bound is sharp if and onlyGf LK, .
Proof: Let G be a connected graph with n vertices.We kttmwk(G) < n—1 and by

theorem 2.18/% _(G) < n-2. Henceys (G) +k(G) <2n-3 . Suppose G is
isomorphic K. Then clearly y2_(G)+k(G) =2n-3 . Conversely, let
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y2.(G) +k(G) = 2n-3. This is possible only if/ . (G) =n-2 andk(G) =n-1.
But k(G) =n-1 and soG 0K, for which y2_(G) =n-2 .Hence G OK,,.

Theorem 2.22. For any connected graph G with> 3 vertices,

y2.(G) + x(G) < 2n -2 and the bound is sharp if and onlyGf K .

Proof: Let G be a connected graph with n vertices. Wenkiiat ¥ (G) < n and by
Theorem 2.18/%_(G)<n-2.Hencey:, (G)+ x(G) < 2n-2. Suppose G is
isomorphic to k. Then clearlyy?  (G) + x(G) = 2n—-2. Conversely, let

y2 (G)+ x(G) =2n-2. This is possible only ifS_ (G) =n-2 and y(G) = n.
Since x(G) = n, G is isomorphic toK , for which y2_(G) =n-2.

HenceG UK, .

Theorem 2.23. For any connected graph G with= 3 vertices,

¥ (G) +A(G) < 2n -3 and the bound is sharp.

Proof: Let G be a connected graph with n vertic&6G) < n—1 and by Theorem 2.18,
y2.(G)<n-2.Hence 2, (G)+A(G) < 2n-3.For K the bound is sharp.

3. Conclusion

We found strong complementary acyclic dominationmher for some standard graphs
and obtained some bounds for general graphs.elstionship with other graph
theoretical parameters are also investigated.
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