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distributive lattice is discussed. It is proved that the set of all of0-ideals in a normal lattice
forms a sub lattice of all of its ideals but not in general. The set of all of0-ideals in a 0-
distributive lattice forms a distributivelattice under thespecially defined operations on it.
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1. Introduction

Cornish [1] introduced the concept of 0-ideal in a distributive lattice and studied their
properties with the help of congruence relations. In [3], Sambsadaiva Rao studied prime
0-ideals in distributive lattices. As a generalization of the concept of distributive lattices,
0- distributive lattices are introduced by Varlet [6] and Almost distributive lattices are
introduced by Swamy and Rao [5]. Recently, a study of 0-ideals and 0- homomorphisms
of an Almost distributive lattice is carried out in [4], In this paper our aim is to study
some properties of0-ideals in a 0- distributive lattice and the set of all0-ideals in a 0-
distributive lattice.In section 2, we list some basic information on 0- distributive lattices
which is needed for the development of this topic. In section 3, we study properties of 0-
ideals in O-distributive lattices.Here we give necessary and sufficient condition for a
proper 0O-ideal of a O- distributive lattice to be prime and show that every(-ideal of a
bounded O-distributive lattice is the intersection of all minimal prime ideals containing it.
In section 4, we discuss various situations in which image of a 0-ideal is a 0-ideal under
lattice homomorphism of O-ditributive lattices. In section 5, wetalk about the relation
between the lattice of all ideals and the lattice of all 0-ideals of a 0- distributive lattice.
Some properties of 0-ideals inaquasi complemented lattice are furnished insection 6.

2. Preliminaries

In this article we collect some basic concepts needed in the sequel for other non-explicitly
stated elementary notions please refer to [6].Throughout L will denote a lattice with 0
unless otherwise specified. A lattice L with 0 is 0- distributive, if forx,y,z €L, x A
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y=0and x Az =0 imply x A (yVz)= 0. For any filter F of L define 0(F)={x €
LlxAy =0, for somey € F}.An ideal [ in L is called 0-ideal if I = O(F) for some
filter F in L.For any prime ideal P of L, define 0(P) = {x € L| x Ay = 0,forsome y &
P}. Note that for a minimal prime ideal P in L, O(P) = P. For any non empty subset A of
L, the set A* ={x € L| x Ay = 0,forall y € A} is called an annihilator of A in L. An
ideal I in L is called an annihilator ideal if [ = [**.An ideal I in L is called dense in L if
I" = {0}.An element x € L is said to be dense in L if, (x]* = {x}* = {0}.An ideal ] of L
is called an a- ideal if (x]*™* € I for each x € I.Let] (L) denote the set of all ideals of
a bounded lattice L. Then (I (L),AV ) is a lattice where IAJ =1 Njand] V | = <
I UJ >for any two ideals I and ] of L. An ideal I of L is called a direct factor of L, if
there exists an ideal / of L such that I V] = Land I nJ = {0}. A 0- distributive lattice
L is said to be normal if fAg=0 = (fAg]"=(]"Vv(g] for f,geL.A O-
distributive lattice L is said to be quasi-complemented if for any x € L,there exists y€ L
such that (x]* = (y]**. Note that a 0- distributive lattice L is quasi complemented, if for
any x € L, there exists yEL such thatx Ay = 0and x Vy € D where D denotes the set
of all dense elements in L.

3. 0-Ideals
We begin with the following lemma.

Lemma 3.1. In any lattice L with 0, we have

(a) For any filter F of L, O(F) is a semi ideal in L and F N 0(F)#0=F = L = O(F).

(b) If L contains a dense element, then 0(F) =L & F =L, for any filter F of L.
(c) For a filter F of L,0(F) = {0} if and only if L has a dense element.

(d) For any prime ideal P of L, 0(P)is a semi ideal in L and O( P) = O(L\ P).

(e) For a proper filter Fof L,0( F) is contained in some minimal prime ideal of L.

(f) If M is a minimal prime ideal of L containing O(F), then M N F = @ for any filter
FofL.

Proof: (a) Obviously, for any filterF of L, 0(F) is a semi ideal in L. Let F be a filter of
L such that FNO(F) #@. Select x e FNO(F).x€0(F) = x A y= 0, for some
yEF. Asx€Fand ye F,0=x Ay € F= F = L and henceO(F) = L.

(b) F =L = 0(F) = L,obviously. Let 0(F) =L andd be a dense element inL. d €
OF)y=dAf=0, forsome f €F. As f €{d} ={0}, we get f =0. ThusO € F
and hence F = L.

(c) Assume that there exists a filter F in L such that {0} = 0 ( F). But then (f ]* = {0}
for some f € F. This shows that L has a dense element. Conversely, assume that L has a
dense element. Then the set D of all dense elements in L is a filter with 0 (D) = {0}.
Hence the result.

(d) Let P be a prime ideal of L. Then L\ P is a filter of L. We have
XxX€EOP)=xAy=0 for some y € P=SxAy=0 for some y€ L\P & x €
O(L\P).Therefore O(P) = O(L\ P).

(e)Let F be a proper filter of L. Then F must be contained in some maximal filter say M
in L.Then L\M is a minimal prime ideal containing 0( F).
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(f) Let M be a minimal prime ideal of L containing O(F). Assume that M N F # @.
Select x € M N F. M being a minimal prime ideal, there exists y& M such that x Ay =
0.As x Ay =0 and x € F we gety € M; a contradiction. Hence M N F = @.00

Remarks. (1) In L, for any proper filter F, F N 0(F) = @.
(2) InL, a proper semi ideal O(F) contains no
dense element .
(3) If L is a 0- distributive lattice, then for any
filterF of L, O(F) is an 1ideal in L andforany prime
ideal P of L,0(P) is an ideal in L.
Consider the bounded O-distributive lattice L =
¢ {0,a,b,c,1} as shown by the HasseDiagram of
Fig.1.The ideal [a) is not a 0- ideal of L. Hence the
set (1 of all 0- ideals of L is a subset of the set of all
a ideals ofL. The ideal [0) is a 0- ideal of L which is
notprime. The ideals [b) and [c) are prime O- ideals
0 of L.

Figure 1:

In general about the 0-ideals of a bounded O-distributive lattice we have

Theorem 3.2. For any bounded 0 —distributive lattice L, the following statements hold.
(a) A proper 0ideal contains no dense elements.

(b) Every prime 0-ideal in L isminimal prime

(c) Every minimal prime ideal in L is an 0"ideal.

(d) Every non dense prime ideal in L is an 0-ideal.

(e) Every 0-ideal in L is an a- ideal.

(f) If L is a quasi- complemented lattice, then every prime ideal P not containing any
dense element is a 0- ideal.

Proof. (a) Let a proper 0O-ideal I contain a dense element say d in L. As [ is a 0-
ideal, I = 0 (F), for some proper filter F in L. But then,d € 0(F) = d A f = 0 for
some f EF. Asf €{d} ={0}, we getf =0. As 0 € F,F =L and hence 0(F) =L
(by Lemma 3.1 (b)). This contradicts the fact that/ is proper and the result follows.

(b) Let P be a prime 0-ideal in L. Then P = O(F) for some proper filter F in L. Select

x € P=0(F).Hencex A f = 0, forsome f € F.If f € P,then F N 0(F).Hence F N
0(F) # @.Then by Lemma3.1 (a),P = 0(F) = F = L;which is not true. Hence f & P.
Therefore P is minimal prime.

(¢) Let P be aminimal prime ideal in L. Then L\ P is a filter of L Since P is a minimal
prime ideal in L, we get P = 0(P). Hence P =0 (L\P)( by Lemma 3.1( c )).
(d) Let P be a non dense prime ideal of L. As P* # {0}, there exists 0 # x € P*.
Hence P € P*™ C (x]*.Now lety € (x]*. Thenx Ay=0€ Pandx € P imply y € P.
Thus (x]* € P. From both the inclusions we get P = (x]*. As (x]* = 0([ x)), we get
P = 0(] x)). Therefore P is a 0-ideal of L.

(e) Let! be a 0-ideal in L. Hence there exists a filter F in L such that ] = 0(F).
Let x € 0 (F). Then x € (f]"for somef € F.Hence(x]™ S (f ]* € 0 (F). This shows
that the 0-ideal [ in L is an a- ideal.
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(f) Let Lbe a quasi-complemented lattice, P be a prime ideal of Lwith P N D =
@. Letx € P. Since L is a quasi- complemented lattice, there exists y € L such that x A
y=0andxVy€eD. But then y € Pas PND =@. Thus x € 0(L\ P) shows that
P € 0(L\ P). As O(L\ P) < P always, we get P = O(L\ P) and the result follows.o

Converse of Theorem 3.2( b ) need not be true i.e. every 0-ideal need not be a
minimal prime ideal in L. For this consider the O-distributive lattice represented in
Fig.1.{0} is a 0-ideal, but not a prime ideal in L and hence not a minimal prime ideal in
L. Necessary and sufficient condition for a proper 0-ideal of a 0- distributive lattice to be
prime is proved in the following theorem.

Theorem 3.3. Let [ be a proper 0-ideal of a 0- distributive lattice L. Then [ is a prime |
ideal if and only if it contains a prime ideal.
Proof: If I is a prime ideal, then obviously it contains a minimal prime ideal.Now
assume that I contains a prime ideal P but I is not prime. Selecta € I, b € [ such that
aAbel. AsPC ] and P is prime, we have a € P,b € P with a A b € P. Thus
(a ANb]* S P < ILAsI isa0-ideal of L, there exists a filter F in L such that I = 0(F).
Now aAb€el=0F)=aAbAy = O0for some yEF. Hencey € (aAb]* S I =
OF)=y€e€eFnNnO(F)=FnO(F)+ @.ByLemma3.1(a),F = 0(F) = L. Hence I =
L; which is absurd. Hence I is prime. I being a prime 0-ideal of L,it is minimal prime,
by Theorem 3.2(b).Hence the result. o

It is well known that everyideal of a bounded O0-distributive lattice can not be
expressed as the intersection of all prime ideals containing it but for 0-ideals of a
bounded 0-distributive lattice we have

Theorem 3.4. Every0-ideal of a bounded O0-distributive lattice is the intersection of all
minimal prime ideals containing it.

Proof: Let] be a O0-ideal of L. Hence there exists a filter F in L such that I = 0(F).
Define J=(1{ M /M is a minimal prime ideal containing I }.Clearly, I € J. Supposel =
J. Select x € ] such that x € I = 0(F). Hence x Ay # 0 for each y € F. Fix up any
yEF.xNy# 0= xAy€QG, for some maximalfilter G of L. As L\ G is a minimal

prime ideal, y ¢ L \ G = (y]* € L\ G. Again we know that 0(F) = U{(f]* | €

F}.Hence I = 0(F) € L\ G.This in turn shows that x € L \ G; which is absurd. Hence
I = ] and the result follows.o

Theorem 3.5. Every proper 0-ideal of a bounded O-distributive lattice is contained in
aminimal prime ideal.

Proof: Let I be a prime 0-ideal in L. Then I = O(F) for some proper filter F in L.Clearly,
INF=0F)NF=0.Let Y= {G|G isafilterof Lsuchthat F S GandING =
@}.Clearly, F € W and W satisfies the Zorn’s lemma. Let M be a maximal element of .
We claim that M is a maximal filter in L. Suppose K is a proper filter of L such that
M c K. By maximality of M and F €M C K we get INK+#@. Select x €IN
K .Asx€1 =0(F),x Ay =0 for somey € F.But thenx Ay = 0 € K; a contradiction.
Hence M is a maximal filter of L. L being a O-distributive lattice, M is a prime filter.
Therefore M is a minimal prime ideal of L such that/ € L \M. o

Immediately, by Theorem 3.5, we have
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Corollary 3.6. A proper filter Fof a bounded O-distributive lattice is maximal if and
only if L\Fis a 0-ideal.

Proof: Let F be amaximal filterof L. Then L\F is aminimal prime idealof L and hence a
0-ideal.Conversely, let L\F be a 0-ideal. Then L\F being a proper O0-ideal, it must be
contained in some minimal prime ideal say M of L( byTheorem 3.5). Thus L\M <€ F.o
We have the following simple property of 0- ideals.

Theorem 3.7. Intersection of any two 0-ideals in a 0- distributive lattice L is a 0-ideal
of L.

Proof: It is enough to prove that for any two filtersF and G of L, 0(F) N 0(G) =
0(F N G). Obviously, 0(F N G) € 0(F) N 0(G). Let x € 0(F) N 0 (G). But then x A
f =0 for some f € Fand x A g =0 for some g € G. As L is 0- distributive,x A (f V
g =0. As fVvgeFNG, we get x € 0(FNG). Thus 0(F) n0(G) S O(FNQG).
Combining both the inclusions we get 0(F) N 0(G) = O0(F N G).o

Corollary 3.8. Intersection of any family of 0-ideals in a 0- distributive lattice L is a 0-
ideal of L.

4. Epimorphism and 0-ideals
We begin this section by the following remark.
If f is aring epimorphism, then it is an isomorphism
1 if and only if kernel of fis{ 0 }.But it is not true in the
1 case of distributive lattices and hence for O-
distributive lattices also. It may be seen from the
following example.
Consider the bounded distributive lattices L= {0,a,1}
and L,= {0, 1’} as shown by the Hasse Diagram of
Fig.2. Define f: L; = L, as shown in the figure.
Clearly, fisonto and K(f)={x€ L, /f(x)={0},

0o_____._..—-—----"""'O 0’ but f is not one —one.Now we state a result that we

need frequently in this article.

1

Figure 2:

Result 4.1. Let L; and L, be boundedlattices and let A: L; —» L, be a lattice
epimorphism such that A(0) = 0 and A( 1) = 1.Then we have the following:

(1) Forany filter F of L, ,A"'( F)isa filter of L;.

(2) Forany filter G of L, A(G)is a filter of L,.

Notation. Let , <L; A, V>and < L,, A, V> denote bounded O-distributive
lattices. Let A: L; = L, be a lattice epimorphism such that A(0) = 0 and A(1) =
1.Throughout this article we assume that K(4) = { 0 }, where K(1) = {x € L,/ A (x) =0}.

Theorem 4.2. For any filter F of Ly, A [0(F)] = O[A(F)].
Proof: Let x € A[0(F) ]. Then x = A(a) for some a € O(F) . Now, a € 0(F)
implies a As =0 for some s € F. Therefore x AA(s) =A(a) A A(s) =A(aAs) =

10
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A(0) = 0. As A(s) € A(F, we get x € O[ A(F)]. This shows that, A [0(F)] € O[ A(F)].
Now letx€ O[A(F) ]. As x € Lyand A is surjective there exists y € L;such that
x =A(y).Now A(y) € O[A(F)] = A(y) A A(s) = 0 for some s €EF = A(yAs) =
0 = yAseKWA) ={0} > YAs)=0=y €0(F)=x=Ay) € 1[0(F) ].
This shows that,0[ A (F)] € A [ 0( F). Combining both the inclusionswe get A [ 0(F)] =
0[A (F)]. ©

From the proof of Theorem 4.2, it follows that
Corollary 4.3. Forany filter Fof a bounded lattice L, A [O(F)] S O[A(F)].

Corollary 4.4. For any 0- ideal T of L, A(T) is an 0- ideal ofL,_

Proof: Let T be a 0- ideal of L;. Hence there exists a filter G in L; such that T =
0(G). Then by Result 4.1, A( G) is a filter in L,.Hence A(T) =A[0(G)]=0][A(G)]
by Theorem 4.2.This shows that A( T) is an 0- ideal inL,.0

Remark. The condition that K (1) = {0} is indispensible in Theorem 4.2.
T _
“™e1°  The condition that K(4) = {0} is indispensible in Theorem
4.2.For this consider the bounded 0- distributive lattices

L;={0,a,1} and L, = {0’,1'} as shown by the Hasse

o, Diagram of Fig.3. Define f : L; > L, as shown in the
\“*\\ figure. Clea.rly, f is onto and K(f) # {0}.For the filter
“\\\ F = {a,1}in L;, we have A[O(F)] =21 { 0}= {0’} and
____*:.3_ O[A(F)]=0 { 0,1’} ={ 0°,1’}. Hence A[O(F)]#
-:m--""'--_- 0[ A (F) ]
Figure 3

Theorem 4.5. For any filters F and G of Li, 0(F) = 0(G) if and only if 0|A(F)] =
0[A(®)].

Proof: Let F and G beany filters of L, such that O(F) =0(G) . Then
obviously, A[0(F)] = A[0(G)]. By Theorem 4.2,we get O[A(F)] =0[1(G) ]
Conversely,let O[A(F)] =0[A(G)]. Now, t € 0(F) = A(t) € A[0(F)] = A(t) €
0[A (F)]=A(t) €e0[A(G)] = M t) A Ms)= 0 for some s € G = A(tAs) =0=
tAseK(A) ={0}=tAs=0=t € 0(G). Therefore 0(F) € 0( G). Similarly we
can show that 0(G) € 0( F). Therefore 0(F) = 0( G). O

Theorem 4.6. Forany 0-ideal ] of L, A"'(J) is an 0-ideal ofL;.
Proof: Let J be a 0- ideal of L,. Then there exists a filter G in L, such that | = 0( G).
Then by Result 4.1, A'( G) is a filter in L;. Claim that A'[0(G) ] =0 [A'(G) ]. Letx €
0 [ (G)].Then xAs = 0 for some s € A" (G).Now xAs=0= A(xAs) =0=
AMx)A A(s)=0and A(s) €EG = M x) €EO(G)= x € 1 [0( G) ]. This shows that
0[A(6) 1S A [0(6)]

Conversely, let x € A'[0(G)]. Then A(x) € [ 0(G) ]=A(x) AA(s) =0 and A(s) €
G = A(xAs) =0 =x A s € K(1)={0} =xAs =0ands € 1''( G) =x €0 [1"(G)].This

11
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shows thatA'[0(G)] € 0 [17(G)]. Combining both the inclusions we get 2™ (J) = 17 [0(G)]
=0[A"(6)]. Hence 1" ())is a 0-ideal of L;.0

5. The set Q of all 0-ideals
Let L be a 0-distributive lattice and let () denote the poset (£, € ) of all 0-ideals ofL.In
this article we prove that the poset (Q, € ) need not be a sub lattice of the lattice(L),A,V)
of all ideals of Lin general.But under the condition of normality of L the poset(£), € ) will
be a sub lattice of the lattice(1(L),A,V).
Consider the bounded 0-distributive lattice L={0,a,b,c,d,1}
as shown by the Hasse Diagram of Fig.4. For the filters
F=[b) and G =[c),0(F)Vv0(G) ={0,a,b,c,d}isnot a
0-ideal of L. As join of two 0- ideals of a O-distributive
lattice L 1s not a 0-ideal of L, the set Q of all 0-ideals of L
is not a sub lattice ofthe lattice (I (L),A,V).

In the following theorems we prove some properties
of 0- ideals in a normal lattice.

Figure 4:

Theorem 5.1. The poset (L, <) is a sub lattice of the lattice /(L) provided L is a normal
lattice.

Proof: For any two filtersF and Gof L,0(F) A0(G) = 0(F) N 0(G) =0(FNG) (see
Theorem 3.7). Hence 0(F) N 0(G) € Q .Now we prove that 0(F) Vv 0(G) = 0(F V G).
Obviously, 0(F) VO(G) S 0(FV G). Let x € 0(F VG). Then x At =0 for some t €
FVG. Hencet = fAg for some f EFand g€ G. Hence xAfAg =0=xE€
(fAgl =x e(f]*vV(g] (since L is normal) = x € 0(F) v 0 (G) (since (f]" S
0(F) and(g]* € 0(G).Thus O(F VG S 0(F) v 0(G). Combining both the inclusions we
get 0(F) vV 0(G) = 0(F vV G).Hence (Q, A,V) is a sub lattice of the lattice(I(L),A,V ).O

Theorem 5.2. Let L be a normal lattice. Then for any ideal [ which contains a 0- ideal K,
there exists thelargest 0-ideal containing K and contained in I.
Proof: Define = { J| Jis an 0-idal such that K € J € [ }.Clearly K € B. Let {J;/1i
€A} be a chain in B. Then U {J; /i € A}is a 0-idal and K < UJ,CS I.So by Zorn’s
lemma [ contains a maximal element, say M. We now prove that M is unique. Suppose
there exists a maximal element M;# M in B. Then we have K S M\VM S I. As Lis a
normal lattice, MV M € [ (see Theorem 5.1). But then M;= M,V M = M; and hence the
uniqueness. Thus in a normal lattice L for any ideal I which contains a 0- ideal K, there
exists a largest 0-ideal containing K and contained in /. O

We know that {0} is a 0O-ideal in a lattice L with 0O, if it contains a dense
element. Hence by Theorem 5.2, it follows that
Corollary 5.3. In a normal lattice L, containing dense elements, there exists the largest
0-ideal in L.

Corollary 5.4. In a bounded normal lattice L, there exists the largest 0-ideal in L.

12
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Theorem 5.5. Let L be a normal lattice .If {I a / a € A} is a family of 0-ideals in L,
then vV I a is a 0-ideal of L.

Proof. Asl aisa 0 —idealof L let Ia = 0 (Fa) for some filter F& of L, for each
a€A 0(Fe) € O0(VFa) foreach a e A=V 0 (Fa) €0 (V Fa) . Conversely let
x € 0(V Fa). Then x A t = 0forsomet€ (V Fa).Butthen t = f1A oA f3A A
fn forsome fi€ Fi (1<i<n,nfinite). Hence,x A (iAo AfsA..A fn) =
0= Af)AN(XAfLOANX AN A(XAfR)=0. As L is a normal
lattice  ((x AfD]F V(G AR)] w V(A )] =L xel =x € ((xA
FOTV(EAR] V(A M =x < aVay..ay, where a; €

(x A )] @<i<n).
Thusx AfiAa;i =0, (1 <i <n). Hence x A (AL, fi)Aa;=0. As L is 0-
distributive , x A (Ajz; fi) A(Vie; a ;)= 0. But then x A (AL, fi )= 0 (as
x SVisai)=x€e (AL fi)]I"=xe(f1)I"V(f2)]"..v( fn)]"(since L
is a normal lattice) =>x€0(F1)V 0(F2) V.. 0(Fn) as (fi 1]<S0(Fi)
(1<i <n). This shows that (V Fa) €SV 0 (Fa). Combining both the inclusions
wegetV la =V 0(Fa) = 0(V Fa) ; and the result follows.o

Though the poset (€, S ) need not be a sub lattice of I (L), interestingly we prove
that the poset (1, S ) forms a distributive lattice under the special operations M and LI
defined on it.

Theorem 5.6. Let L be a 0-distributive lattice.The poset (€2, € ) forms a distributive lattice
on its own.

Proof. Let F and G be any filters in L.

Claim I: The poset (2, € )is a lattice.

(1)O(F N G) is an infimum of O(F)and 0(G)in Q . Let 0(K) € O(F) and 0(K) <
0(G) for some filter K in L. Hence 0 (K) is in Q. Let x € 0(K). Then x € 0(F) and
x€0(G)implyx Ay=0 forsomey € Fandx A z=0 forsomez€ G. AsLisa0 -
distributive lattice, x A(yVz) =0. But then x E0(FNG) as yVz € FNG. Hence
0(K) S 0(FN G). So0(F NG)is an infimum of 0(F) and 0(G) in QIf we denote the
infimum of O(F) and 0(G)in Q by 0(F) N O0(G),then we have O(F) N O0(G)=
O(Fn G).

(2)O(F v G) is the supermum of 0(F)and 0(G)in Q. Let O(F) € 0(K) and 0(G) S
0(K) for some filter K inL.Letx € 0(FV G). Thenx A f Ag =0 for some f €F and
JgEG. AsxNfe0(G)S0(K), we get xAfAk=0, for some k € K. But then
XNk €0(F) €0(K). Hence x AkAs =0 for somes€K. Ask A se K , we get
x € 0(K). Therefore O(F VG ) is the supermom of (F)and 0(G)in Q . If we denote
the supremumof O0(F)and 0(G)in Q by 0 (F) U 0(G), then we have 0(F) U 0(G) =
0(F Vv G).

From (1) and (2) we get that the poset ( Q,S)is a lattice under the binary operations

M and U defined on it.

Claim II: The lattice (€, N,U )isa distributive lattice.

Now x€ 0(F) (0(K)UO0(G)) =x€0(F)NOKVG)=xAf=0,x Nk=0 and

xNg=0forsomef €EF,k€EK andgeG .=xA(fVvk)=0andxA(fvg)=0

(as L is 0- distributive ) = x € (0(F) N 0(K)) and x € (0(F) N (0(G)) (as fVk €

(0O(F)NO(K)) andfvge (0(F)no(G)) = xe (O(F)N(O(K)) U (0O(F) n (0(G)
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(as xA(fVkvg =0 )=0F)N0OK)ULO(G))<S (O(F)no(K) ) u(o(F) n
0(G)).

As (O(F)NOK) U (O(F) n0o(G) ) <O(F)nNn(O(K)uO0O(G) ) always, we get
O(F)N(0O(K)uo0(G) =OF)N(0(K) yu(O(F)n (0(G)). Hence ( Q,M,U) is a
distributive lattice.n

Corollary 5.7. If a 0-distributive lattice L contains dense elements, then the lattice
(Q,n,u ) is a bounded, complete distributive lattice .

Proof: The lattice ( 2,M,1) is distributive lattice (by Theorem 5.6). Clearly, {0} and L
are the bounds of the poset (Q, ) Let { Fi | i € A} be any family of filters of L. Then
0(N Fi) =N O( Fi) (see Corollary 3.8). Hence the poset (€, <) is a complete lattice.
Thus it follows that thelattice (€2,M,11) is a bounded ,complete, distributive lattice. O

Corollary 5.8. For abounded 0O-distributive lattice L, the lattice (€2,1,1) is a bounded,
complete distributive lattice.
Any two distinct O-ideals 7 and J of a lattice L are said to be Ll co-maximal if [ UJ = L.

Lemma 5.9. Let L be a 0- distributive lattice. x A y = 0= (x]* U (y]*=L forx,y €L
i.e. (x]"and (y]* are U co- maximal.

Proof: As (x]"=0([x)) and (¥]* =0 ( [y) ), we get (x]*, (¥]* € Q. Now (x]" U
OI"=0([x))u0(y))=0([x)VIy))=0(x Ay) =(x Ay]"= (0]" = L.o

In the following theorem we show that any two distinct prime 0-ideals of a 0-distributive
lattice L are LI co- maximal.

Theorem 5.10. Any two distinct prime 0-ideals P and Q ofa 0- distributive lattice L are
LI co-maximal.

Proof. P and Q are distinct prime O-ideals of L = P and Q are distinct minimal prime
ideals of L.Select a € P\Q and b € Q\ P. Asa € P and P is minimal there
exists x ¢ P such thatx A a = 0. Similarly for b € Q, there exists y ¢ Qsuch that yAb =
0. Now P being a prime ideal,x¢ P and bgP = x A b¢ P. Similarly a¢Q andy ¢
Q = yAa ¢ Q.But then (x A b]* CP and (yA a]* €Q.Again (x A b) A (yAa) = (x A
aA)A(yADb)=0= (x A b]* U (yAa]* = L, by Lemma 3.12. As L= (xA b]* U
(yna]* € PUQ,wegetPLUQ= L.O

Corollary 5.11. Any two distinct minimal prime ideals of a O-distributive lattice L are
LI co- maximal.

6. Quasi-complemented lattices
In this article we derive necessary and sufficient conditions for every 0- ideal to be an
annihilator ideal in a quasi-complemented lattice.

Theorem 6.1. Let L be a quasi-complemented, bounded lattice. Then for the following
statements, (a) = (b) = (¢) = (d) = ( e) and all these statements are equivalent
in L provided I vV [* =L forany 0 -ideal I of L.

(a) Every 0- ideal is an annihilator ideal.

(b) Every minimal prime ideal is an annihilator ideal.

14



Y. S. Pawar

(c) Every prime 0- ideal is of the form (x]** for some x € L

(d) Every 0- ideal is of the form (x]** for some x € L.

(e) Every minimal prime ideal is non dense.

Proof.

(a) = ( b). Since everyminimal prime ideal isan0O- ideal, the implication follows.
(b) =(c).Let P be a prime 0- ideal of L. Then by Theorem 3.3(b),P is a minimal prime
ideal of L. Hence by assumption, P is an annihilator ideal. Thus P being non dense, P =
(a]* for some a € D. As L is quasi-complemented, there exists b € L such
that (a |** = (b ]** and the implication follows.

(¢) = (d). Suppose the condition (d) does not hold. Hence there exists an 0- ideal I
which cannot be expressed in the form of(x]** for some x € L. Define K= {J| ] isa
0- ideal which cannot be expressed in the form of (x |** for some x € L}.Then clearly K
#0.Let {Ji / i€A} bea chain of 0-ideals in K .Then UJiis a O0- ideal of L.
Suppose if possible UJ; =(x]" for somex € L. Nowx € (x]""=UJi=x €
J i for some i € A. Hence(x|*™ S ] isince every O-ideal in L is an a- ideal. Further as
JicUJi=(x]",weget asJ; =(x]™, a contradiction . Hence U J; # (x]** for any
x € L. ThusUJi € K. Hence by Zorn’s lemma K contains a maximal element say M.
Claim that M is prime. Let a,b € L such that a € M and b€ M. As L is quasi-
complemented, there exists,t € L such that (a]*™ = (s]* and (b]™ = (t]*. But then
we have M V (a] € M V (a]"" =MV (s]* € M U (s]*. Similarly we get M c M U
(t]*. By maximality of M,M U (s]*= (x]* and M (t]* = (y]** for somex,y € L.
Now, M U(aAb]™ = M U[(a]*A(b]™] = MU[(a]"Nn(b]™]= MU
[(sI'ACE]T = [Mu(sIInIM Ut 1= @ nG17= (x]"A(y]"=
(x Ay]™.

If aAnb e M,then M =(x Ay]™ will contradicts the fact that M € K.
Hence a A b € M. This shows that M is a prime ideal. But then M is a prime 0- ideal
which cannot be expressed in the form of (x]* for any x € L; which is absurd to our
assumption .Hence the implication follows.

(d) = (e).Let P be aminimal prime ideal in L.We know that every minimal

prime ideal in L is a 0- ideal. Hence by condition (d) P =(x]* for some x €
L. Thus P* =(x |"*=(x]*. If P*is dense, then x must be a dense element contained in
proper 0- ideal P, which is absurd. Hence P is non dense. Thus we have proved that
@= (b)= ()= (d)= (e).
Now we prove that (e ) = (a) provided I V I* = L forany O - ideal I of L.Let I be a
0-ideal of L. Then by assumption! VI*=L. As 1 €L,,1 =a Vb for somea € [ and
b €I". Hence (a]"Nn(b]* =(aVvb ] = (1] = (0] . Thus (b]* € (a]™. Select
c€ I"™. Then as bel* weget cANb=0.Also ae ]l = 0(F)=a Af = 0for
some f € F.

Now,ce€ (b]* S (a]™ € (fI" <0(F) =1 shows that I'*S . As [ € [*
always, we get [ = [** and hence the 0- ideal I is an annihilator ideal.

Corollary 6.2. LetL be a 0 - distributive lattice containing dense elements.Then (e ) =(
a) also holds provided I Vv I* contains a dense element for any 0 - ideal I of L.

Proof: By assumption (IVI*)ND #@. Selectd € (IVI*)ND.d € D= {d}*=
{0} .de(Ivi*)y=d<aVvb for somea€l and b € [*. Hence anb =0. Also
a€l= 0F)= aAnf = 0forsome f € F.Select c € [**. Thenasb € I* we get
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cAb =0.Nowe(b]* S (al]*™*.€(f]* €0(F) =1I shows that [** C [. As
I © I** always, we get [ = [** and hence the 0- ideal I is an annihilator ideal. O

Remarks 6.3. (1) The condition I V I* = L need not hold for all 0-ideals I of a
boundedO - distributive lattice L. Consider the bounded 0 - distributive lattices as shown
by the Hasse Diagrams of Fig.5. and Fig.6.

(i) In a bounded O-distributive lattice L represented in Fig 5, for each 0-ideal [ of
L,I v I" =L holds.

(ii) In a bounded O-distributive lattice L represented in Fig 6, for an 0-ideal I ={0.,a},
I v I #L.

b
a
0 (o]
Figure 5: Figure 6:

(2) Recall that an ideal I of L is adirect factor of L if there exists an ideal J in L such that
Iv]=Land I nJ={0}LIf I v I*= L holds for 0- ideal I of L, then I is a direct
factor of L.
(3) If every 0O-ideal I of a boundedO - distributive lattice L is a direct factor of L, then
I vI* = L holds for all 0-ideals ofL.
(4) If I v I" =L holds for all 0- ideals I of a bounded 0-distributive lattice L, then
(x]* vV (x]**=L holds for all x € L.
(5) If I v I" = L holds for all 0- ideals I of a bounded O-distributive lattice L, then L is a
normal lattice.
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