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1. Introduction

In order to differentiate sections of a vector Herd] or vector fields on a manifold we
need to introduce a structure called the connedaiio@ vector bundle. For example, an
affine connection is a structure attached to aedéfitiable manifold so that we can
differentiate its tensor fields. We first introduttee general theorem of connections on
vector bundles. Then we study the different kindafinections an affine connection and
the Levi-Civita connection with some theorem. Welgpghe connection to prove the
theorem of the Bianchi identity and Christoffel $yots which are very important for
tensor analysis [2].

2. Connection on vector bundles

A connection on éiber bundle [3is a device that defines a notion pairallel
transporton the bundle; that is, a way to “connect” or iifgrfibers over nearby points.
If the fiber bundle is &ector bundlethen the notion of parallel transport mustibear.
Such a connection is equivalently specified bgowariant derivative which is an
operator that can differentiasectionsof that bundle alontangent directions the base
manifold [4].

Definition 1. A connection on a vector bunc(E, M, ) as the maV: X(M) x '(M) —
['(M) written (X, Y) +— V4Y satisfying the following properties

Cl. VyYislinear ovelC* (M) in X :
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VfX1+gX2Y=fVX1Y+gVX2Y fOff,g € COO(M)

C2.V4Y is linear oveR inY:

Vy(aY; + bY,) = aVyY; + bV Y, fora,b € R
C3.V satisfy the following product rule:

Vx(fY) = fVxY + (Xf)Y for f € C*(M)
Theorem 1 [5].A connection always exists on vector bundles.

Lemma 1.1f Vis a connection in bundX € X(M), Y € I'(M) andp € M, thenVyY]|,
depends only on the values XifandY in anarbitrarily small neighborhood gf. More
precisely ifX = X andY = ¥ on a neighborhood ¢f, ther VY|, = Vg¥|,,.

Proof: first consider Y. Replacing Y by Y it is clearlyffices to show thaVyY|, = 0 if
Y vanishes on a neighborhood U of p.

Choose a bump functiop € C*°(M) with support inU such thep(p) =1. The
hypothesis that Y vanishes on U implies tlpY = 0 on all of M, siVyx(¢pY) =
Vx(0.9Y) = 0Vyx(@Y) = 0. Thus for an X € X(M), the product rule gives

0 =Vx(pY) = pVxY + (Xp)Y 1)

Now Y = 0 on the support ofp, so the first term on the right is identically aer
Evaluating (1) ap shows thaVyY|,. The argument foX is similar but easier m

3. Affine connection

In the branch of mathematics called differentiabmetry7], an affine connection[8] is a
geometric object on a smooth manifold which conmeetarby tangent spaces, and so
permits tangent vector fields to be differentiadsdf they were functions on the manifold
with values in a fixed vector space. The notioranfaffine connection has its roots in
19"-century geometry and tensor calculus, but wasfulgt developed until the early
1920s, by Elie Cartan (as part of his general theofrconnections) and Hermann
Weyl (who used the notion as a part of his fourmeti for general relativity). The
terminology is due to Cartan and has its originshia identification of tangent spaces
in Euclidean spacR™ by translation: the idea is that a choice of afftoanection makes
a manifold look infinitesimally like Euclidean sgaaot just smoothly, but as an affine
space.

Definition 2. An affine connection on a manifold is a magV: X(M) x ¥(M) — X(M)
written (X, Y) +— VY satisfying the following properties:

Cl. VyYislinear ovelC* (M) in X :
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VfX1+gX2Y:fVX1Y+gVX2Y fOl'f,g € COO(M)

C2.V4Y is linear oveR inY:

Vy(aY, + bY,) = aVyY; + bVyY, fora,b € R
C3.V satisfy the following product rule:

Vx(fY) = fVyY + (Xf)Y for f € C®(M)

The definition of an affine connection resembles ¢haracterization c(i)-tensor field

given by the characterization lemma[6], an affioartection is not a tensor field because
it is not linear oveC*” (M) inY, but satisfies the product rule.

Next we examine how affine connection appears immments. Lef{E;} be a local

frameE; = 9, , but it is useful to start by doing the composeor more general frames.
For any choices of the indiciancj, we expand

Vg, Ej = TSE) (1)
This definem3 functionsl‘i’j- onU, called the Christoffel symbols V with respect to this
frame. The following lemma shows that the action tlié connectionV on U is
completely determine by its Christoffel symbols.

Lemma 2.Let V be a affine connection, and X,Y € X(M) be expressed in terms of a
local frame byX = X'E;, Y = Y/E;. Then
VyY = (XY* + X'YIT/)E, 2)
Proof: Just use the defining rules for affine connectiod compute
VxY = Vx(Y/E))

= (XY/)Ej + Y/ Vyig E

= (XY))E; + X'YIV,E;

= XYJE; + X'YITSE,
Renaming the dummy index in the first term yielas proof. m

Lemma 3. Suppose M is a manifold covered by a single coatdichart. There is a one-
to-one correspondence between affine connectioM and choices of n* functionsl‘i’j
onM, by the rule
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VyY = (X'0;,Y* + X'YIT) 0y (3)

Proof: Observe that (3) is equivalent to (2) wtE; = 9; is a coordinate frame, so for
every connection of th§rs} defined by (1) satisfies (3). On the other hagigen

{Fi’j ,it is easy to see by inspection that (3) is smdfoth andY are linear oveR in Y

and linear oveC* (M) in X, so only the product rule requires checking; thia straight
forward computation of the readerm

Proposition 1.Every manifold admits an affine connection.
Proof. Cover M with coordinate charts {U,} the preceding lemma guarantees the
existence of a connectidifon eachJ,. Choosing a partition of unity{¢,} subordinate
to {U,} we d like to patch th&*s together by the formula

VxY = Za Do V% (4)
Again, it is obvious by inspection that this exmies is smooth, linear ov&R in Y, and
linear ovelC*” (M) in X. We have to be a bit careful with the product rtheugh, since a
linear combination of connections is not necesgaritonnection. By direct computation,

(V) = ) 0a VEU)

= 9 (XY + FU5Y)

= (XY +£ ) 0o VY

4. The Levi-Civita Connection

The Levi-Civita connection is named affullio Levi-Civita, although originally
"discovered" byElwin Bruno Christoffel Levi-Civita, along withGregorio Ricci-

Curbastro used Christoffel's symbols to define the notiohparallel transporand

explore the relationship of parallel transport wiftecurvaturgd], thus developing the
modern notion oholonomy

Definition 3. Let (M,g) be a Riemannian manifold [6]. TheVbe an affine
connection[8] on a vector bunc(E, M, ) is said to be compatible with the Riemannian
metricg if

X(g(v,2)) = g(VxY,Z) + g(Y,VxZ) VX,Y,Z€eXM)

which can be also written as
X<Y)Z> = (VXY)Z> + <Y)VXZ>
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Definition 4. An affine connectiolV on aM manifold is called torsion free if
VyY —VyX = [X, Y] forall X,Y € X(M).

Theorem 2. Let (M, g) be a Riemannian manifold. Then there exists aumigrsion
free affine connection on compatible with Riemanniaetricg. This connection is
characterized by the identity

(VyY,Z) = %{X(Y,Z) +Y(Z,X)—-Z(X,Y) = (X, [V, Z])
Y, [Z,X])+(Z,[X,Y])} VXY, ZeX(M) (5)

Proof: AssumeV exists with the desired properties. Using complitijbof V with g we
get

(VxY,Z) = X(Y,Z) —(Y,VxZ)
SinceV is symmetric we havVyZ + V,X = [Z,X] So replacing this in the expression
above gives

(VxV,Z)y = X(Y,Z) —(Y,[Z,X] =V, X) = X(Y,Z) — (Y, [Z,X]) + (Y, VyZ) (6)
Cycling X,Y, Z gives two similar formulae:

(VZ,X) =Y(Z,X) —(Z,[X,Y]) + (Z,VxY) (7

(VzX,Y) = Z(X,Y) — (X, [Y, Z]) + (X, VyZ) ®

By computing(6) + (7) — (8) we obtain
(VxY,Z) +(VyZ, X) — (V,X,Y)
=X, Z)—(Y,[Z,X]) +(Y,VxZ)+ Y{Z,X) —{Z,[X,Y]) +
(Z,VxY) = Z(X,Y) HX, [V, Z]) — (X, VyZ)
Now using symmetry of metric, we complete the proof [

Definition 5. Let (M,g) be a Riemannian manifold. The unique torsion-fadféne
connection orM which preserves the Riemannian metric is knowthasLevi-Civita
connection o M.

Proposition 2.Let (M, g) be a Riemannian manifold. Then the Levi-Civitamection is

a connection on the tangent bundle.

Proof: By definition

9(Vx(A Y1+ p.Y2),Z) = 1. g(VxY1, Z) + . g(VxY2, Z)
and 9V, X.2) = g(Vy, X, Z) + g(Vy,X,Z)  VX,Y,Z € X(M) and 4, peR
Furthermore we have for ¢f € C*(M)
2-9xfY, ) =X(f- 9@, D) +f - Y(9(X,2) - Z(f - g(X, 7)) +
f-9UzX1,Y) +g(Zf -Y.X)+g9ZI[X.f YD}
=X 9.2+ f-X(gO.2)+f-Y(9(X,2))

—Z(f) - gX.Y)—f-Z(gX,Y) + f-9(Z X]Y)
+g(Z() Y+ f-1ZYD,X)+gZX(F)-Y + f-[X, Y]}
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=2-{X(f)-g¥,2) + f - g(VxY,2)}
=2:-gX(f)-Y+[-VxY,2)
and
2-9(VxY,Z2) ={f - X(g(. D)) + Y(f - 9(X,2)) - Z(f - g(X, 1)) +
gz, f- XLV +f-9UZ, YL X)) +g9(Z [f - X, Y]}
={f - X(g0.2)+Y() - 9X,2) + f-Y(9(X,2)) -
Z(H-gX ) - f-Z(gX, M)+ gZ() - X, V) +
f-9UZYL,X)+f-9Z X, YD) —gZY(f) X}
=2-f-9(VxY,Z)
This proves thaV is a connection on tangent bundie.

Definition 6. Let (M, g) be a Riemannian manifold with Levi-Civita conneatV. Then
the curvatur¢R is called Riemann curvature tensor if
R(X,Y)Z =VyVyZ -V, VyZ — VixyZ VXY Z€eXM)

5. Main results

Theorem 3.Let (M, g) be a Riemannian manifold with Levi-Civita connecV. Then
the curvatureR satisfies
RX,Y)Z+R(Y,2)X+R(ZX)Y =0
this is known as Bianchi identity.
Proof. This property is a direct consequence of the Jaittmtity of vector fields.
Indeed,
RX,Y)Z+R(Y,2)X + R(Z,X)Y = VyVyZ — VyVyZ — Vixy|Z +
VyVZX - V2VyX - V[Y,Z]X
+V,VxY — VgVY — VizxY
= VX(VyZ - V2Y) + Vy(VZX - VXZ)
+V,(VxY = VyX) = Viy X
_V[Z,X]Y - V[X’y]Z
and so, since the connection is symmetric, we have
RX,Y)Z 4+ R(Y,Z)X + R(Z,X)Y = Vx[Y,Z] + Vy[Z,X] + V,[X, Y]
—Vy 21X = Vizxi¥ = VixnZ
=[x, [v.Z1| + [V, [z X]] + [z, [x,Y]] = 0
This proves the Bianchi identitym

Theorem 4.Let (M, g) be a Riemannian manifold with Levi-Civita connentV. Then
prove the christoffel’s symbols

1
g = 59”(31'91'1 + 0;9u — 019ij)

Proof. Let (U, (x")) be any local coordinate chart. Applying (5) to twerdinate vector
fields, whose Lie —brackets are zero, we obtain
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< Vp,0;,0, > = %(ai <0;,0,>+40; <0,0; > —0, < 9;,0; >) 9)
From the definition of metric coefficients and W@bristoffel symbols
gij =< ai,aj >, Vaiaj = Flrjnam
Inserting these into (9) yields

1
[ gm = E(aigjl +0;9u — 019ij)
Finally multiplying both sides by the inverse metgi** and noting thatg,,, g = 8%,
we get

k 1 kl
ij=59 (0igj1 + 99 — 019i5)
which complete the theorem.m
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