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Abstract. Let G = (V,E) be a graph. Thglue graphof G is the graph denoted I8, is a
graph  with vertex sef(Gy) = V(G) and(u,v) is an edge if and only #s(u) = es(V),
wheree(G)is the eccentricity of a grapB. In this paper we have studied miscellaneous
properties of glue graph.
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1. Introduction

Graph theory is a very important topics due to wW&le applications in science,
engineering and technology, medical science evesoaial sciences. Different special
types of graphs along with general graphs are etudr specific application, for example
interval graph [6,8], permutation graph [7], trapezl graph [9], circular-arc graph [10]
and many others. Glue graph is also another impiostzbclass of general geraph. In this
paper, we consider glue graph and investigated sxfiite properties.

The graphs considered in this paper are finite,ireattd without loops or
multiple edges. LaB be such a graph witth = V(G) as its vertex seE= E(G) its edge
set and let its vertices whose number is n, bdédd®yv,, Vo, vz - - - - - - \,. Thedistance
which is the length of a shortest path betweervéngcesy, andy, of G is denoted byl(v
v, /G).The distance of a graph was first introduced byikger, Jackson and Snyder [4].
Eccentricityof a vertexue V(G) is defined ase(u)=max{d(u,v): € V(G)},whered(u,v)
is the distance betweanandv in G. The minimum and maximum eccentricity is the
radius randdiameter dof G respectivelyWhen d(G) = r(G)G is called aself-centered
graph with diameterd or r. A vertexu is said to be areccentric pointof v when
d(u,v)=e(v) An investigation to compute diameter and cenfearointerval graph has
been done in [11].

In general) is called areccentric pointif it is an eccentric point of some vertex,
otherwise noneccentric. For any graphthe equi-eccentric point set grapk a graph
with vertex set/(G) and two vertices are adjacent if and only if tiseyrespond to two
vertices ofG with equal eccentricities [5]. The vertexs acentral vertexf e(v)=r(G)
and is denoted b Let {&} be the set of vertices having minimum eccentriekygraph
is self centered if every vertex is in the center.
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The minimum degree &f is the minimum degree among the vertices of Giand
denoted by(G); the maximum degree & denoted byl(G).The girth of a graph with a
cycle is the length of its shortest cycle. A grapth no cycle has infinite girth [3].

A vertex and an edge are said to ceaeh other if they are incident. A set of
vertices which covers all the edges of a grégh called avertex cover for Gwhile a set
of edges which covers all the verticesiisedge cover.

The smallest number of vertices in apytex cover forG is called itsvertex
covering numbeand is denoted by, Similarly, o, is the smallest number of edges in
any edge cover o6 and is called it®dge covering numbeA set of vertices irG is
independent if no two of theawre adjacent. The largest number of vertices ih suget is
called thepoint independent numbef G and is denoted bf,. An independent set of
edges ofG has no two of its edges adjacent and the maximandirality of such a set is
theedge independence numlige(3].

The minimum cardinality of minimal dorating set is calledomination number
and is denoted by(G).The smallest number of colors in any coloring afraphG is
called thechromatic number of Gnd is denoted by(G)[1].The definitions and details
not furnished here may be found in Buckley and kHgr#d].

Definition 1.1. Let G= (V,E) be a graph an@y is the glue graph d&. Theglue graphG,
is a graph with/(Gy ) =V(G) andu,v € V(G) are adjacent iv(Gy ) if and only ifeg(u) =
es(V).

2. Results
The following will be useful in the proof of ourslts

Observation 2.1. For any nontrivial connected graph 183) > r(G,) andd(G)=d(Gy).

Observation 2.2. For any graph G, there exist atleast two verticasiy same
eccentricity.

Proposition 2.1. For any tre€T, T, contains cycle if and only 1fV(T) | > 3.

Proof: Let G4contains a cycle add’(T)| < 2.ThenT is eitherK; or K,. SinceK; and

K, are isomorphic to their glue graphs respective$y,ai contradiction. Therefore
lv(n)| = 3.

Conversely, Ie|tV(T)| > 3, then we know that there exists at least two ndjacent
vertices sayl andv having same eccentricity because distance matsyrnmetrical and
also distance is a metric. Therefore there exisast two vertices of same eccentricity
which will form a cycle. Therefora andv will form a cycle of length at least three. This
implies Ty contains cycle if and only i|fV(T)| > 3.

Theorem 2.A. Supposé& be a graph ande{&}. Then for itsGg,
o) = {r—l, if CoPp n>1
) =

T, otherwise.

Theorem 2.B. Let G be a graph with(G) and4(G) being minimum andnaximum
degree among the vertices in a graph G respegtivein
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(IP(G) =4(G) = 4(Gy)
(i) 4 (G) +8(G) <4 (Gg)+ 9 (Gy).

Proposition 2.2. In a graphG, if d = r+1 thenG; is self centered.

Proof: Suppose d= r+1 ar, is not selfcentered.That is there exist at leas o
vertexv; €G such that er) # k in G;.

Claim: d# r+1.

Letv; v; €G such that e(/G)=r ande(v;/G) = r+1. By Theorem 2.Ag(V/Gy)=r. v; are
adjacent inGg,since eg;/G) = r+1, e(;/G,)=r+1-1 =r. This implies e{/G,) = e @;/G,)
=r. HenceG, is self centered, a contradiction.

Proposition 2.3. If G =Kip-1 thenngKp.

Proof: Let vy v, v3..ccvnn....e. v; € K1p—q. Let v. €{&). Then d (v;1) = 1 and
d(v;,vj) =2 ,for all v;,v; € G andi, j#r. This impliesy;, v; are adjacent in glue graph
of Kip,-1. This impliese(v;)= e(v,) =1. HenceG,=K,,.

Theorem 2.C. For any grapl®, glue graplt, is complete ifG is self centered.

Proof: Let G be a self-centered graph. Then; ¢) = k , for all v; € G. Therefore
in Gg, there exist an edge u;,v;), foralli,j € G. This implies ef;) =e(v;) =
1,henceG, is selfcentered. Converse is not true. By pritjpos2.3, star graph is not
self centered but its glue graph is complete.

Theorem 2.D. For any graphG, g(G,)=3 if and only if G satisfies the following
conditions

(1) G containg; as a sub graph, or

(2) There exist any two vertices &,¢ such thatl(u,v)=2and e(u)=e(v).

Proof: Supposés satisfies either of the above conditions, thér,)=3.

Conversely, let gf;) = 3 and if G does not satisfies any of the above conditions

In particular, ifG does not satisfy condition (i) theh is either a tree of order at least
three or connected graph containing a cycle oftleiag) least four which is impossible.
ThereforeG must be a tree. By observation there exist at lwasvertices u,\ve V(G)
such thae(u)=e(v).By our assumptiou(u,v)>3.Thereforeu andv will form a cycle of
length at least four which is a contradiction.

Proposition 2.4. The glue grapl@y is self centered if and only i(G)<2.

Proof: Let G be a graph and,@ its glue graph. Let5}, {&1{Ewa)im - - -{&}  be the
set of vertices with eccentricityr+1, r+2 - - - - d respectively. Suppose(G)<2. If
r=1, then G is either Kor K, ,.; by proposition 2.3.

Suppose r=2, we consider the following two cases.

Case 1: r=2 and uni-central.

In G the eccentric vertex far is vi.2, for vi,1 the vertex belongs tg which is  farthest
and forVy is the farthest vertex belongsug This is because is adjacent to all.; but
V41 is not adjacent to all., or Vy. But it is adjacent to at least one vertexpoin G
equi eccentric vertices are adjacent.
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In Gy, €(W+1)= d(Vr+1,Urs1)+ d(Ursq, Va)=2

Similarly, e(\w)=2.This implies Gis self centered with=2.

Case 2: r=2 and bi-central.

By applying the above method, it is evident thgisGself centered with=2.

IN G e(V+1)= d(Vr+, i)+ d(Vi,Vis1)+ d(Ureq Vg)=3.Similarly e(u.1)=3.

INn Gg, €(V+1)= d(Vrs1, U1 )+ d(Ure1 Ve)=2 ande(w)=d(Vg, Vi+1)+ d(Vie1, vi)=2.This implies
e(v)= 2, for allv; in Gy,

This impliesG, is self centered with=2 if r(G)< 2.

Now suppos&s, is self centered amG)> 2.

In G, e(y¥)= pathv,—> Vi;1— Voo - - - > Vg =r

In Gy, e(W)= pathV,— Viy1— Vigp—> - - - — Vg = -=----- Q)

In G, e(V:1)= pathVis1 = Viea= Vi == Upp=— Vo> - - - =, 2 Vg =r+1

In Gy, e(V+1)= pathvis1= U= Visp -— = - - - -, = Vg =r+1-1=r- - - (2)

In G, e(Vs2)= pathVi.o— Vi1 = V= U == Up— - - - — Vg =r+2

In Gg,e(¥+2)= pathvy,— - - - = vy =r+2-3=r-1 - --(3)

From (2) and (3) we observe thefy.;) ande(v.,)= r-1, is contradiction to our
assumption.

Hence the proof.

3. Resultson glue graph of a path
Theorem 3.A. Supposé = P, then

n+2

L P = 1;1] .
p ,otnerwise.

, if nis even

- [nT_l] , if niseven
i dll(P)a] = * %23 hermi
——otherwise.

iii. d(Py) < r{(P) g
v. 1[(Pr) ] <1 (Py) < d[(P) ] <d(Pr)
V. r(Pn) = d(Pn) -

Theorem 3.B. Suppose Pis a path angde P, i=1,2,3------ n. Let yu.€ {ér} Then
e(w) = e(w) = d(Py)q.
Proof: For B, if nis even it is bi-central and if n is oddstuni-central. We have

n

i)
)

if niseven

otherwise

In Py, e(v)=e(u)=r. e(v,)= pathv;= Vi1 = Vio—- - - = vy In P, (visadjtoat the
most onev.,;) and(u is adj to at the most ong,,).If nis even therfv; is adjto ) and
(at the most ong.,) and similarly foru.. In (P,); adjacency of, u remains same but
(Vis1 = W), (2 = Unig)-=mmmmmmmoes (Vo= Wy).

In ( Pn)g: e(V): Vi Vi1 Vi - - - =\ (1)
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This implies P, and(P,)q the path taken by; andu, is sameThis implies e(v)=e(u)=r
in (Py)g- Now we have to show tha(vy)=e(u)=r = d(P,), The eccentric vertex of.,
will be vy in P,
In F?1 ’ d (V+l, Vd): patth+1—’ Vi™ V1™ V2 & ==V (2)
\

Thatis d@y4:,v4 ) in (B)g< d(vrer,va) in py
his |mp|lese(vr+1 ) |n(pn)(g)<e(vr+1) N py
Now let us prove tha@,)=d(p,)g.
That is, prove that U, 1), €Urs2)veeevneenne. <ef)in (p)g.
In (pn)g e(Ur+1 ): d(vr+1,vd )
Comparing (1) and (2)e havee(,.,, )<e, ).
Similarly we can prove for other verticegy, )= (p,)g.-

Theorem 3.E. In (p,)g, 1< 6(G) < 2 and K A(G) < 3.

Remark: For P, P;and B, ,6(G) = A(G)
or
6(G) = A(G), for (pr)g Wwhere Z n <4.

_(2,if niseven
Theorem 3.F. Suppose G, then y(P,)= { 3, otherwise
Proof: Let G be a pathPNow we consider the following cases. Consideath graph
Pn
Casel:
Let n be even Let vi,w,v5,----Vo, be the vertices ofP,. P, is bi-central We can
partition the vertices based on their respectiveeeticities as below. Centrakrtices
Vi,,WE e, vertices at distance r+l:v,;u,4q €e,4q, Vertices at distance
M42: V42 Uryp, € €r4 Vertices at distanceé v, uy € eq4

But in(p,)g the vertices belongs to the seise,,1,€r42-----.... ey areadjacent to
their respective set elemeritsis implies v, v3,vs......... Vpueranns v4_, Can be assigned
with a single color andv, v,, vg......... Vprrnnns vz With another colar
Hence(p,)g is two colorable
Case 2:

Let nbe oddv, v,,v3....... vy, be the vertices of R, _If P, is unicentral then

proceeding as above in casel, , we get odd cycle.
ince x(Czn+1)= 3 .Therefore(P,)=3.

4. Conclusions

The glue graphs are basically the transformaticaplgs. It has many applications in
computer network and distance related problems.d@ntribution in this paper helps to
minimize the time complexity to solve the distaneklated problems in glue graphs.
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