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Abstract. Many real-life situations can be formulated as a picture fuzzy graph (𝑃𝑓𝐺). 

Therefore, studying 𝑃𝑓𝐺s is very important. In this paper, we introduce the bondage set 

and the non-bondage set in 𝑃𝑓𝐺. We describe the union, intersection, and join of these sets. 

Some properties and theorems are discussed. We propose two algorithms to compute the 

𝑃𝑓 strong edge and 𝑃𝑓 bondage number. Finally, we present an application to the Indian 

railway network using the bondage set in 𝑃𝑓𝐺.  
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Table of Abbreviations: The following symbols have been used throughout the paper.  

𝜁(℘) 𝑃𝑓 domination number of the 𝑃𝑓𝐺 ℘ 

𝛼(℘)  Set of all 𝑃𝑓𝐵𝑆s of the 𝑃𝑓𝐺 ℘ 

𝛽(℘)  Set of all 𝑃𝑓𝑁𝐵𝑆s of the 𝑃𝑓𝐺 ℘ 

𝛾(℘)  Set of all 𝑃𝑓𝑚𝑖𝐵𝑆s of the 𝑃𝑓𝐺 ℘ 

𝜎(℘)  Set of all 𝑃𝑓𝑚𝑥𝑁𝐵𝑆s of the 𝑃𝑓𝐺 ℘ 

𝜚(℘) 𝑃𝑓𝐵𝑁 of the 𝑃𝑓𝐺 ℘ 

𝜍(℘) 𝑃𝑓𝑁𝐵𝑁 of the 𝑃𝑓𝐺 ℘ 

𝐶𝑂℘(𝑣𝑖, 𝑣𝑗)  Strength of connectedness between 𝑃𝑓𝑣s 𝑣𝑖 and 𝑣𝑗. 

 

1. Introduction 

The crisp graph is converted to a fuzzy graph because the vertices and edges are uncertain. 

http://www.researchmathsci.org/
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In a fuzzy graph, every member has a degree of membership. Then the concept of non-

membership of the vertices and edges reduces it to an intuitionistic fuzzy graph (𝐼𝑓𝐺). But 

this expression was not exact. There is one more term, neutrality, which is applicable to 

every member of a graph, and so the concept of 𝑃𝑓𝐺 is very essential. It has a wide range 

of applications in Mathematics, Engineering, Computer Science, etc. The structure of a 

𝑃𝑓𝐺 is ℘=(Γ, Δ) on the underlying crisp graph (𝛾, 𝛿). Here Γ represents a picture fuzzy 

set (𝑃𝑓𝑆) on the crisp vertex set 𝛾, and Δ is a 𝑃𝑓𝑆 on the crisp edge set 𝛿. Almost any real-

life problem can be constructed as a 𝑃𝑓𝐺. But the most challenging task is to keep the 

whole system functional. Bondage set (𝐵𝑆)  indicates the vulnerability of the whole 

network. Link failure is one such example. The topics 𝐵𝑆𝑆 𝑎𝑛𝑑 𝑛𝑜𝑛 − 𝑏𝑜𝑛𝑑𝑎𝑔𝑒 sets 

(𝑁𝐵𝑆𝑠) were introduced in crisp graphs and fuzzy graphs. Now we have been introducing 

these concepts in the Pf environment, as these have a lot of applications in real 

life.  

 

1.1. Literature review 

Euler introduced the crisp graph in 1736. Then, because of the uncertainty of objects, Zadeh 

[1] introduced fuzzy sets in 1965. A non-negative rational number less than or equal to 1 

is attached to each member in a fuzzy set, and the relationship among them is converted 

into a fuzzy graph, proposed by Rosenfeld [2]. Atanassov [3] extended fuzzy sets to 𝐼𝑓𝑆 

by introducing the concept of non-membership of the objects. Cuong et al. [4] extended 

the idea into a 𝑃𝑓𝑆, introducing the neutrality value of membership for each vertex and 

edge. In 1990, Fink et al. [5] introduced the bondage number (𝐵𝑁) in graph theory. In 

1994, Hartnell et al. [6] discussed bounds for 𝐵𝑁. After a few years 𝐵𝑁  and 𝑁𝐵𝑁 

concepts were introduced in fuzzy graphs by Nagoor Gani et al. [7] in 2015. Zehui Shao et 

al. [8] presented the same concept in an 𝐼𝑓𝐺. Cen Zuo et al. [9] gave the definition of 𝑃𝑓𝐺 

in 2019. Recently, Amanathulla et al. used 𝑃𝑓𝐺s [10], balanced 𝑃𝑓𝐺s [11] in a decision-

making problem and introduced 𝑃𝑓𝐺 to select the best way in an airline network [12]. Xiao 

et al. [13] presented an application regarding regular 𝑃𝑓𝐺s. In 2022, Das et al. investigated 

threshold [14], tolerance 𝑃𝑓𝐺s with application in the medical sector [15]. Amanathulla et 

al. discussed some applications of discrete mathematics in [16]. Somasundaram et al. [17] 

introduced the domination concept with an effective edge in fuzzy graphs, and Parvathi et 

al. [18] in 𝐼𝑓𝐺. Sivasankar et al. [19] introduced various types of domination parameters 

in 𝐼𝑓𝐺. In 𝑃𝑓𝐺, Ismayil et al. [20] studied the domination concept in a seminar paper. 

Recently, in 2024, Banerjee et al. [21] introduced split domination in 𝑃𝑓𝐺 to control the 

disaster situation and further developed the domination concept in the papers [22], [23]. 

Adhikari et al. [24] developed some operations in 𝑃𝑓𝐺s. Bera et al. [25] discussed 𝑃𝑓 

regular graphs and analysed social networks using the planar 𝑃𝑓𝐺 concept [26]. Khatun et 

al. [27] studied the decision-making problem in neutrosophic graphs. Mahapatra et al. also 

explored competition graphs under the 𝑚-polar interval-valued fuzzy graph (𝑚𝑝𝐼𝑣𝑓𝐺) [28] 

and discussed planar 𝑚𝑝𝐼𝑣𝑓𝐺 . Also, developed 

an mp fuzzy threshold graph [29] with an application in a power control 
system. Rashmanlou et al. [30] developed a cubic graph and applied it. 

In this paper, the remaining portion is structured as follows: Section 2 presents 

preliminaries. Section 3 discusses 𝑃𝑓𝐵𝑆, 𝑃𝑓𝑁𝐵𝑆, related theorems, and examples. 
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Algorithms for 𝑃𝑓𝐵𝑁 have been proposed. Section 4 presents an application in Indian 

Railways for 𝑃𝑓𝐵𝑆. Section 5 presents a comparative study with existing work. In Section 

6, the conclusion and future work are given.  

 

2. Preliminaries 

To understand the main work of this paper, the following terms and ideas are helpful. 

The form of a 𝑃𝑓𝑆  is 𝐴 = {(𝑏, 𝜃+(𝑏), 𝜃0(𝑏), 𝜃−(𝑏))} satisfying 0 ≤ 𝜃+(𝑏) +

𝜃0(𝑏) + 𝜃−(𝑏) ≤ 1∀𝑏 ∈ 𝑍 , 𝑍  being the universal set. Here, 𝜃+(𝑏) , 𝜃0(𝑏) , 𝜃−(𝑏) 
represent the positive, neutral and negative degrees of membership for the picture fuzzy 

vertex (𝑃𝑓𝑣 ) 𝑏 . The 𝑃𝑓𝐺  is ℘=(Γ, Δ) on the underlying crisp graph (𝛾, 𝛿) . Here Γ 

represents a 𝑃𝑓𝑆  on crisp vertex set 𝛾, and Δ is a 𝑃𝑓𝑆  on crisp edge set 𝛿  with the 

conditions 𝜃+(𝑖, 𝑐) ≤∧ {𝜃+(𝑖) , 𝜃+(𝑐)} , 𝜃0(𝑖, 𝑐) ≤∧ {𝜃0(𝑖) , 𝜃0(𝑐)} , 𝜃−(𝑖, 𝑐) ≥∨
{𝜃−(𝑖), 𝜃−(𝑐)}. A 𝑃𝑓𝑣 𝑖 dominates another 𝑃𝑓𝑣 𝑐 if (𝑖, 𝑐) is 𝑃𝑓𝑆𝐸. The 𝑃𝑓𝑒 (𝑖, 𝑐) is 

called 𝑃𝑓𝑆𝐸 if 𝜃+(𝑖, 𝑐) ≥ 𝜃∞+(𝑖, 𝑐), 𝜃0(𝑖, 𝑐) ≥ 𝜃∞0(𝑖, 𝑐) and 𝜃−(𝑖, 𝑐) ≤ 𝜃∞−(𝑖, 𝑐) . A 

𝑃𝑓𝑆 𝜂 is called 𝑃𝑓𝐷𝑆 if all 𝑃𝑓𝑣 𝑐 ∈ Γ − 𝜂 is dominated by at least one 𝑃𝑓𝑣 𝑖 ∈ 𝜂. If a 

𝑃𝑓𝐷𝑆 has no proper 𝑃𝑓𝐷 subset, then it is called a minimal 𝑃𝑓𝐷𝑆. The domination number 

𝜁(℘) is the cardinality of the minimum 𝑃𝑓𝐷𝑆.  

 

3. Picture fuzzy bondage set 

In this section, we have introduced the notion of 𝑃𝑓𝐵𝑆 , 𝑃𝑓𝐵𝑁 . We define various 

operations on 𝑃𝑓𝐵𝑆s, such as intersection, union, join, etc. We also investigate important 

new results on 𝑃𝑓𝐵𝑆. 

 

Definition 1. A set 𝐷 ⊆ 𝑋  is called a 𝑃𝑓𝐵𝑆  or 𝑃𝑓𝑁𝐵𝑆  in the 𝑃𝑓𝐺 ℘  according as 

𝜁(℘ − 𝐷) > 𝜁(℘) or 𝜁(℘ − 𝐷) = 𝜁(℘).  𝛼(℘) and 𝛽(℘) respectively represents the 

set of all 𝑃𝑓𝐵𝑆s and 𝑃𝑓𝑁𝐵𝑆s in a 𝑃𝑓𝐺 ℘.   

 

Definition 2. A 𝑃𝑓𝐵𝑆  is called 𝑃𝑓𝑚𝑖𝐵𝑆  if no proper subset is again a 𝑃𝑓𝐵𝑆 . The 

collection of all such 𝑃𝑓𝑚𝑖𝐵𝑆 s is denoted by 𝛾(℘) . Also, a 𝑃𝑓𝑁𝐵𝑆 𝐵𝑖  becomes a 

𝑃𝑓𝑚𝑥𝑁𝐵𝑆  when no superset is again a 𝑃𝑓𝑁𝐵𝑆 . The collection of all 𝑃𝑓𝑚𝑥𝑁𝐵𝑆s is 

denoted by 𝜎(℘).    

 

Definition 3. A 𝑃𝑓𝑚𝑚𝐵𝑆  is defined as, 𝐵=∧ {𝜕(𝐴𝑖)= Σ
𝐴𝑖

1+𝜃+(𝑖,𝑐)+𝜃0(𝑖,𝑐)−𝜃−(𝑖,𝑐)

3
: 𝐴𝑖 ∈

𝛾(℘)}. 𝜚(℘)=|𝐵| is called 𝑃𝑓𝐵𝑁. And 𝜍(℘)=|𝐶| denotes 𝑃𝑓𝑁𝐵𝑁. Where 𝐶 is a 𝜎(℘)-

set.    

 

Definition 4. A 𝑃𝑓𝑢𝐵𝑆 is a 𝑃𝑓𝑚𝑖𝐵𝑆 with maximum cardinality. 𝑃𝑓𝑢𝐵𝑁 is calculated by 

𝜚𝑢(℘)=∨ {|𝐴𝑖|: 𝐴𝑖 ∈ 𝛾(℘)}. A 𝑃𝑓𝑠𝐵𝑆 is a 𝑃𝑓𝐵𝑆 with maximum cardinality. 𝑃𝑓𝑠𝐵𝑁 is 

calculated by 𝜚𝑠(℘)=∨ {|𝐴𝑖|: 𝐴𝑖 ∈ 𝛼(℘)}.    

 

Example 1. We have discussed 𝑃𝑓𝐵𝑆s and 𝑃𝑓𝑁𝐵𝑆s of the 𝑃𝑓𝐺  given in Fig. 1. The 

𝑃𝑓𝑣 𝑎 and 𝑏 has the following 𝑃𝑓-paths: 𝑄1 = 𝑥1 with strength (0.30, 0.10, 0.50), 𝑄2 

= 𝑥5 - 𝑥2  with strength (∧ {0.10,0.10},∧ {0.10,0.10},∨ {0.50,0.60}) =
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(0.10,0.10,0.60), 𝑄3  = 𝑥4 - 𝑥3 - 𝑥2  with strength (∧ {0.30,0.10,0.10} , ∧ {0.20 , 0.10, 

0.10 } , ∨ {0.50,0.40,0.60}) = (0.10,0.10,0.60) , 𝐶𝑂℘ (𝑎 ,𝑏)= (∨ {0.30, 0.10, 0.10 } , ∨

{0.10, 0.10, 0.10}, ∧ {0.50, 0.60, 0.60})=(0.30, 0.10, 0.50), 𝐶𝑂℘(𝑎,𝑐)=(0.10, 0.10, 0.50), 

𝐶𝑂℘(𝑎,𝑑)=(0.30, 0.20, 0.50), 𝐶𝑂℘(𝑏,𝑐)=(0.10, 0.10, 0.50), 𝐶𝑂℘(𝑐,𝑑)=(0.10, 0.10, 0.40), 

𝑋={𝑥1, 𝑥3, 𝑥4, 𝑥5}. Collection of all 𝑃𝑓𝑚𝑖𝐷𝑆s are 𝜖(℘)={{𝑎}, {𝑏, 𝑐}, {𝑏, 𝑑}}. Therefore, 

𝜁(℘) =1. Now, 𝜁(℘ − {𝑥4}) = |{𝑎, 𝑐}| =2 > 𝜁(℘) . So, {𝑥4} ∈ 𝛼(℘) . And 𝜁(℘ −
{𝑥1} )= |{𝑐}|=1=𝜁(℘) . So, {𝑥1} ∈ 𝛽(℘) . Thus, 𝛼(℘)= {{𝑥4}, {𝑥5} , {𝑥1, 𝑥3} , {𝑥1, 𝑥5} , 

{𝑥3, 𝑥4} , {𝑥3, 𝑥5} , {𝑥4, 𝑥5} , {𝑥1, 𝑥3, 𝑥4} , {𝑥1, 𝑥3, 𝑥5} , {𝑥1, 𝑥4, 𝑥5} , {𝑥3 , 𝑥4 , 𝑥5} , 

{𝑥1, 𝑥3, 𝑥4, 𝑥5}};  𝛽(℘) = {{𝑥1} , {𝑥3} , {𝑥1, 𝑥4}} , 𝛾(℘) = {{𝑥4} , {𝑥5} , {𝑥1, 𝑥3}} , 

𝜎(℘) = {{𝑥1, 𝑥4}} , 𝜕({𝑥4}) =
1+0.30+0.20−0.50

3
=0.33, 𝜕({𝑥5}) =

1+0.10+0.10−0.50

3
=0.23, 

𝜕({𝑥1, 𝑥3})=
1+0.30+0.10−0.50

3
+
1+0.10+0.10−0.40

3
=0.64, 𝜚(℘)= |{𝑥4}|=1 and 𝜍(℘)= |{𝑥1 , 

𝑥4}|=2. 

 

 
Figure 1: A 𝑷𝒇𝑮 

 

 

Definition 5. The union of two 𝑃𝑓𝐵𝑆s 𝐴1 and 𝐴2 on the underlying crisp graph (𝛾1, 𝛿1) 

and (𝛾2, 𝛿2) in a 𝑃𝑓𝐺 (Γ, Δ) is defined as 

 

 𝐴1 ∪ 𝐴2 =

{
 
 

 
 (𝜃

+, 𝜃0, 𝜃−)(𝑥𝑖) if 𝑥𝑖 ∈ 𝛿1 − 𝛿2
(𝜃+, 𝜃0, 𝜃−)(𝑥𝑗) if 𝑥𝑗 ∈ 𝛿2 − 𝛿1

(𝜃+, 𝜃0, 𝜃−)(𝑥𝑘) if 𝑥𝑘 ∈ 𝛿1 ∩ 𝛿2
 

Definition 6.𝐴1 ∩ 𝐴2 is denoted as the intersection of two 𝑃𝑓𝐵𝑆s, which is defined by 

 

 𝐴1 ∩ 𝐴2 = {
(𝜃+, 𝜃0, 𝜃−)(𝑥) if 𝑥 ∈ 𝛿1 ∩ 𝛿2
𝜙 Otherwise
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Definition 7. Let 𝐵 and 𝐸 be two 𝑃𝑓𝑁𝐵𝑆s in 𝑃𝑓𝐺 ℘ ; then their union is defined as 

 

 𝐵 ∪ 𝐸 =

{
 
 

 
 (𝜃

+, 𝜃0, 𝜃−)(𝑥𝑝) if 𝑥𝑝 ∈ 𝛿1 − 𝛿2

(𝜃+, 𝜃0, 𝜃−)(𝑥𝑞) if 𝑥𝑞 ∈ 𝛿2 − 𝛿1

(𝜃+, 𝜃0, 𝜃−)(𝑥𝑟) if 𝑥𝑟 ∈ 𝛿1 ∩ 𝛿2
 

 Also, the intersection is defined as 

 

 𝐵 ∩ 𝐸 = {
(𝜃+, 𝜃0, 𝜃−)(𝑥) if 𝑥 ∈ 𝛿1 ∩ 𝛿2
𝜙 Otherwise

 

Definition 8. Join of two 𝑃𝑓𝐵𝑆s, 𝐴1 = (Γ1, Δ1) and 𝐴2 = (Γ2, Δ2) on the underlying 

respective crisp graph (𝛾1, 𝛿1) and (𝛾2, 𝛿2) is 𝐴1 + 𝐴2 = (Γ, Δ) where,  

 

 (𝜃Γ
+, 𝜃Γ

0, 𝜃Γ
−)(𝑢) =

{

(𝜃Γ1
+ , 𝜃Γ1

0 , 𝜃Γ1
− )(𝑢𝑖) if 𝑢𝑖 ∈ 𝛾1 − 𝛾2

(𝜃Γ2
+ , 𝜃Γ2

0 , 𝜃Γ2
− )(𝑢𝑖) if 𝑢𝑖 ∈ 𝛾2 − 𝛾1

(𝜃Γ1
+ ∨ 𝜃Γ2

+ , 𝜃Γ1
0 ∨ 𝜃Γ2

0 , 𝜃Γ1
− ∧ 𝜃Γ2

− )(𝑢𝑖) if 𝑢𝑖 ∈ 𝛾1 ∩ 𝛾2

 

 

 (𝜃Δ
+, 𝜃Δ

0, 𝜃Δ
−)(𝑢, 𝑣) =

{
 
 

 
 
(𝜃Δ1

+ , 𝜃Δ1
0 , 𝜃Δ1

− )(𝑢𝑖, 𝑢𝑗) if (𝑢𝑖, 𝑢𝑗) ∈ 𝛿1 − 𝛿2

(𝜃Δ2
+ , 𝜃Δ2

0 , 𝜃Δ2
− )(𝑢𝑖, 𝑢𝑗) if (𝑢𝑖, 𝑢𝑗) ∈ 𝛿2 − 𝛿1

(𝜃Δ1
+ ∨ 𝜃Δ2

+ , 𝜃Δ1
0 ∨ 𝜃Δ2

0 , 𝜃Δ1
− ∧ 𝜃Δ2

− )(𝑢𝑖, 𝑢𝑗) if (𝑢𝑖, 𝑢𝑗) ∈ 𝛿1 ∩ 𝛿2

(𝜃Γ1
+ ∧ 𝜃Γ2

+ , 𝜃Γ1
0 ∧ 𝜃Γ2

0 , 𝜃Γ1
− ∧ 𝜃Γ2

− )(𝑢𝑖, 𝑢𝑗) if (𝑢𝑖, 𝑢𝑗) ∈ 𝛿
′

 

𝛿′ contains all 𝑃𝑓𝑒s joining between 𝑃𝑓𝑣s from Γ1 and Γ2.    

 

Theorem 1. The isolated 𝑃𝑓𝑒 of a 𝑃𝑓𝐺 construct the 𝑃𝑓𝐵𝑆 of the 𝑃𝑓𝐺.   

Proof: ℘ be a 𝑃𝑓𝐺  with isolated 𝑃𝑓𝑒 𝑥=(𝑖, 𝑦). Therefore, 𝑥  is 𝑃𝑓𝑆𝐸, as there is no 

other 𝑃𝑓 -path between the 𝑃𝑓𝑣 𝑖  and 𝑦 . So, 𝑃𝑓𝐷𝑆  of ℘  contains either 𝑃𝑓𝑣 𝑖  or 

𝑃𝑓𝑣 𝑦 but not both. In the 𝑃𝑓-subgraph ℘− 𝑥, both the 𝑃𝑓𝑣 𝑖 and 𝑦 become isolated. 

𝑃𝑓𝐷𝑆 contains both 𝑖 and 𝑦 in the 𝑃𝑓 -subgraph ℘− 𝑥. Thus, 𝜁(℘ − 𝑥) > 𝜁(℘), i.e., 

isolated 𝑃𝑓𝑒 𝑥=(𝑖, 𝑦) construct the 𝑃𝑓𝐵𝑆 of the 𝑃𝑓𝐺.  
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                       Figure 2: 𝑃𝑓𝐺 with isolated 𝑃𝑓𝑒 

 

Example 2. In the 𝑃𝑓𝐺 given in Fig. 2, 

𝐶𝑂℘(𝑎, 𝑏) = (0.10, 0.30, 0.40), 𝐶𝑂℘(𝑎, 𝑐) = (0.20, 0.10, 0.40), 𝐶𝑂℘(𝑏, 𝑐) = (0.10, 0.10, 

0.30), 𝐶𝑂℘(𝑑, 𝑒)  =(0.10, 0.10, 0.40), 𝑋  = {𝑥1, 𝑥2, 𝑥4} , 𝜖(℘)  = {{b, d}, {b, e}} , 𝜁(℘) 

= |{b, d}|  = 2, 𝛼(℘)  = {{𝑥4}, {𝑥1, 𝑥2}, {𝑥1, 𝑥4}, {𝑥2, 𝑥4}, {𝑥1, 𝑥2, 𝑥4}} , 𝛽(℘)  = {{𝑥1}} , 

𝜚(℘) = |{𝑥4}| = 1, 𝜍(℘) = |{𝑥1}| = 1. The isolated 𝑃𝑓𝑒 𝑥4 construct a 𝑃𝑓𝐵𝑆 in Fig. 2.    

 

Theorem 2. If ℘∗ is a 𝑃𝑓-star in a 𝑃𝑓𝐺 ℘ then 𝜍(℘∗) = 0.   

Proof: Considering ℘∗ as a 𝑃𝑓-star in the 𝑃𝑓𝐺 ℘. Its all 𝑃𝑓𝑒 are 𝑃𝑓𝑆𝐸. Therefore, all 

𝑃𝑓-end vertices are dominated by the 𝑃𝑓𝑣 located at center of the 𝑃𝑓-star. So, 𝜁(℘)=1. 

Removing any 𝑃𝑓𝑒 from the 𝑃𝑓𝐺 ℘ increases the 𝑃𝑓𝐷𝑁 of the resultant 𝑃𝑓-subgraph. 

Therefore, each 𝑃𝑓𝑒 forms a 𝑃𝑓𝐵𝑆. There is no 𝑃𝑓𝑁𝐵𝑆. As a result 𝜍(℘)=0.   

 

Theorem 3. Let ℘∗ be a 𝑃𝑓-star in a 𝑃𝑓𝐺 ℘ then 𝜚(℘)=1.   

Proof: In the 𝑃𝑓𝐺 ℘ , ℘∗  be a 𝑃𝑓 -star with {𝑖, 𝑖1, 𝑖2, . . . 𝑖𝑛}  as the 𝑃𝑓𝑣 -set and 

{𝑥1, 𝑥2, . . . 𝑥𝑛} as the 𝑃𝑓𝑒-set. The 𝑃𝑓𝑣 𝑖 be at the center that dominates the remaining 

𝑃𝑓𝑣 s 𝑖𝑚 , 𝑚 = 1,2, . . 𝑛 . Therefore, {𝑖}  is the only 𝑃𝑓𝑚𝑖𝐷𝑆 . Each 𝑃𝑓𝑒  of the 𝑃𝑓 -star 

forms a 𝑃𝑓𝐵𝑆. Therefore, 𝑃𝑓𝑚𝑖𝐵𝑆 contains only one 𝑃𝑓𝑒. Thus 𝜚(℘)=1.  
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Figure 3: 𝑝𝑓-star in a 𝑃𝑓𝐺 

 

Example 3. 𝐶𝑂℘(𝑎, 𝑏) = (0.10, 0.20, 0.40), 𝐶𝑂℘(𝑎, 𝑐) = (0.20, 0.20, 0.50), 𝐶𝑂℘(𝑎, 𝑑) 

= (0.20, 0.30, 0.50), 𝑋 = {𝑥1, 𝑥2, 𝑥3}, 𝜖(℘) = {𝑖1}, 𝜁(℘) = |{𝑖1}| = 1, 𝛼(℘) = {{𝑥1}, 
{𝑥2} , {𝑥3} , {𝑥1, 𝑥2} , {𝑥1, 𝑥3} , {𝑥2, 𝑥3} , {𝑥1, 𝑥2, 𝑥3}} , 𝛽(℘)  = 𝜙 , 𝜚(℘)  = |{𝑥1}|  =1, 

𝜍(℘) = 0. In the 𝑃𝑓-star of a 𝑃𝑓𝐺 given in Fig. 3, 𝜚(℘) is 1.    

 

Theorem 4. A 𝑃𝑓𝐺 ℘ with isolated 𝑃𝑓𝑒 has 𝜚(℘)=1.   

Proof: Consider a 𝑃𝑓𝐺 with at least one isolated 𝑃𝑓𝑒 𝑝 = (𝑝1, 𝑝2). Then by Theorem 1, 

{𝑝} is a 𝑃𝑓𝐵𝑆. This is also 𝑃𝑓𝑚𝑖𝐵𝑆. Thus 𝜚(℘)=1.   

 

Theorem 5. If ℘∗ is a 𝑃𝑓-star in a 𝑃𝑓𝐺 then all {𝑒𝑖} forms 𝑃𝑓𝑚𝑖𝐵𝑆.   

Proof: Let us consider the 𝑃𝑓-star ℘∗ containing 𝑒1, 𝑒2, . . . 𝑒𝑛 𝑃𝑓𝑒. Elimination of each 

𝑃𝑓𝑒 create an isolated 𝑃𝑓𝑣. This increases the 𝑃𝑓𝐷𝑁 of the 𝑃𝑓-subgraph. Therefore, each 

𝑃𝑓𝑒 {𝑒𝑖} forms a 𝑃𝑓𝑚𝑖𝐵𝑆 among which one is 𝜚(℘)-set. So, each singleton set of edges 

{𝑒𝑖} is the 𝑃𝑓𝑚𝑖𝐵𝑆. 

 

Theorem 6. |𝛼(℘∗)|=2𝑟 − 1 , here 𝑟  denotes number of 𝑃𝑓𝑒  in the 𝑃𝑓 -star ℘∗  of 

𝑃𝑓𝐺 ℘.   

Proof: From Theorem 5 each 𝑃𝑓𝑒 forms a 𝑃𝑓𝐵𝑆 in the 𝑃𝑓-star ℘∗. There are 𝑟 number 

of such 𝑃𝑓𝐵𝑆. Now, for two 𝑃𝑓𝑒 𝑥𝑙, 𝑥𝑚, 𝑙 ≠ 𝑚; 𝑙,𝑚 = 1,2, . . . , 𝑟 implies greater 𝑃𝑓𝐷𝑁 

in the 𝑃𝑓-subgraph ℘− {𝑥𝑙 , 𝑥𝑚}. Therefore, number of 𝑃𝑓𝐵𝑆s having two elements are 

(
𝑛
2
). In such a way the number of 𝑃𝑓𝐵𝑆s having 𝑟 elements are (

𝑛
𝑟
). Thus, total number 
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of 𝑃𝑓𝐵𝑆s are 𝑛+(
𝑛
2
)+(

𝑛
3
)+...+(

𝑛
𝑛
)=2𝑛 − 1.   

 

Example 4. In the 𝑃𝑓-star given in Fig. 3 has 3 𝑃𝑓𝑒s. 

Also, it has 7 𝑃𝑓𝐵𝑆s namely {𝑥1}, {𝑥2}, {𝑥3}, {𝑥1, 𝑥2}, {𝑥1, 𝑥3}, {𝑥2, 𝑥3}, {𝑥1, 𝑥2, 𝑥3}. Hence 

the result.    

 

Theorem 7. If 𝑃𝑓𝐺 does not compress any 𝑃𝑓𝐵𝑆 then 𝜍(℘) = |𝑋|.   

Proof: ℘ be a 𝑃𝑓𝐺 containing no 𝑃𝑓𝐵𝑆. Then for any 𝐴 ⊆ 𝑋, 𝜁(℘− 𝐴)≯ 𝜁(℘). For this 

type of 𝑃𝑓𝐺  deleting all 𝑃𝑓𝑆𝐸  gives a 𝑃𝑓 -subgraph with equal 𝑃𝑓𝐷𝑁  with 𝜁(℘) . 

Therefore, 𝑋 forms a 𝑃𝑓𝑁𝐵𝑆 with maximum cardinality. Hence, 𝜍(℘)=|𝑋|.  

 

 
Figure 4: 𝑃𝑓𝐺 with no 𝑃𝑓𝐵𝑆 

 

Example 5. From the 𝑃𝑓𝐺 shown in Fig. 4, we have, 

𝐶𝑂℘(𝑎, 𝑏)=(0.30, 0.10, 0.50), 𝐶𝑂℘(𝑎, 𝑑) = (0.30, 0.30, 0.50), 𝐶𝑂℘(𝑏, 𝑐) = (0.50, 0.10, 

0.40), 𝐶𝑂℘(𝑐, 𝑑) = (0.30, 0.20, 0.50), 𝑋 = {𝑒2, 𝑒3}, 𝜖(℘) = {a, c}, 𝜁(℘) = |{a, c}|=2, 

𝛼(℘) = 𝜙, 𝛽(℘) = {𝑒2}, {𝑒2, 𝑒3}, 𝜍(℘) = |{𝑒2, 𝑒3}|=2, Thus 𝜍(℘) = |𝑋|.    

 

Theorem 8. If ℘ is a 𝑃𝑓𝐺  with 𝑃𝑓𝐵𝑆s and 𝑋 contains all 𝑃𝑓𝑆𝐸s, then 𝑋 is a 𝑃𝑓𝐵𝑆.   

Proof: Let the 𝑃𝑓𝐺 ℘ has at least one 𝑃𝑓𝐵𝑆. Then by Theorem 7, 𝑋 never be a 𝑃𝑓𝑁𝐵𝑆. 

Therefore, deleting all 𝑃𝑓𝑆𝐸s from the 𝑃𝑓𝐺 ℘ gives greater 𝜁(℘). This implies 𝑋 is a 

𝑃𝑓𝐵𝑆.   

 

Theorem 9. If a 𝑃𝑓𝐺 ℘ has a 𝑃𝑓𝐵𝑆 then 𝜚(℘) < 𝜍(℘)+|𝑃|.   

Proof: The 𝑃𝑓𝐺 ℘ contains 𝑃𝑓𝐵𝑆s. By Theorem 8, 𝑋 is a 𝑃𝑓𝐵𝑆. Consider 𝑁 be 𝜍(℘)-

set. So, 𝑁 ⊂ 𝑋 . Assume 𝑃 =𝑋 − 𝑁 , this indicates 𝑁 ∪ 𝑃  is a 𝑃𝑓𝐵𝑆 . 𝜚(℘)  is the 
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cardinality of 𝑃𝑓𝑚𝑚𝐵𝑆. This gives 𝜚(℘) < |𝑁 ∪ 𝑃|=𝜍(℘)+|𝑃|.    

 

Theorem 10.The union of two 𝑃𝑓𝐵𝑆s is not necessarily a 𝑃𝑓𝐵𝑆.   

Proof: Let 𝐴1  and 𝐴2  be two 𝑃𝑓𝐵𝑆 s in the 𝑃𝑓𝐺 ℘ . Then 𝐴1 ⊆ 𝑋  and 𝐴2 ⊆ 𝑋 , 𝑋 

being the set of all 𝑃𝑓𝑆𝐸. Then 𝐴1 ∪ 𝐴2 is either equal to 𝑋 or proper subset of 𝑋. If it is 

𝑋, then by Theorem 8, 𝐴1 ∪ 𝐴2 is a 𝑃𝑓𝐵𝑆. If it is proper subset of 𝑋, then it may be 𝑃𝑓𝐵𝑆 

or 𝑃𝑓𝑁𝐵𝑆. From Example 5, 𝐴1 ∪ 𝐴2={(𝑒1, 0.16, 0.22, 0.50), (𝑒2, 0.16, 0.12, 0.50)} = 

𝑃𝑓𝐵𝑆. But 𝐴8 ∪ 𝐴9 ={(𝑒2, 0.16, 0.12, 0.50), (𝑒3, 0.44, 0.12, 0.44), (𝑒4, 0.36, 0.22, 0.42)} 

=𝑃𝑓𝑁𝐵𝑆. Hence, the result. 

 

Theorem 11. If 𝐶𝑟 , 𝑟 = 1,2, . . . 𝑛  are 𝑃𝑓𝐵𝑆s in a 𝑃𝑓𝐺  then ∪
𝑟=1  𝑡𝑜  𝑛

𝐶𝑟  is a 𝑃𝑓𝐵𝑆 .   

Proof: By Theorem 8, 𝑋 is a 𝑃𝑓𝐵𝑆. All 𝑃𝑓𝐵𝑆s of the 𝑃𝑓𝐺 ℘ are subsets of 𝑋. Thus 

union of all 𝑃𝑓𝐵𝑆s is 𝑋 itself. As a result it is always 𝑃𝑓𝐵𝑆.  

 

Theorem 12. Let 𝐴1 and 𝐴2 be two two 𝑃𝑓𝐵𝑆s then 𝐴1 ∩ 𝐴2 not necessarily a 𝑃𝑓𝐵𝑆.   

Proof: We prove this result by considering an example. 𝐴1, 𝐴2 be two 𝑃𝑓𝐵𝑆s, then 𝐴1 ∩

𝐴2 is 𝜙 or ⊆ 𝑋 or ⊈ 𝑋. From Example 4, 𝑃𝑓𝐵𝑆s are- 𝐴1 = {(𝑒4, 0.30, 0.20, 0.50)}, 𝐴2 

= {(𝑒5, 0.10, 0.10, 0.50)}, 𝐴3 = {(𝑒1, 0.30 ,0.10, 0.50), (𝑒3, 0.10, 0.10, 0.40) }, 𝐴4 = {(𝑒1, 

0.30, 0.10, 0.50), (𝑒5, 0.10, 0.10, 0.50)}, 𝐴5 = {(𝑒3, 0.10, 0.10, 0.40), (𝑒4, 0.30, 0.20, 

0.50)}, 𝐴6 = {(𝑒3, 0.10, 0.10, 0.40), (𝑒5, 0.10, 0.10, 0.50)}, 𝐴7 = {(𝑒4, 0.30, 0.20, 0.50), 

(𝑒5, 0.10, 0.10, 0.50)}, 𝐴8 = {(𝑒1, 0.30, 0.10, 0.50), (𝑒3, 0.10, 0.10, 0.40), (𝑒4, 0.30, 0.20, 

0.50)}, 𝐴9 = {(𝑒1, 0.30, 0.10, 0.50), (𝑒3, 0.10, 0.10, 0.40), (𝑒5, 0.10, 0.10, 0.50)}, 𝐴10 = 

{(𝑒1, 0.30, 0.10, 0.50), (𝑒4, 0.30, 0.20, 0.50), (𝑒5, 0.10, 0.10, 0.50)}, 𝐴11={(𝑒3, 0.10, 0.10, 

0.40), (𝑒4, 0.30, 0.20, 0.50), (𝑒5, 0.10, 0.10, 0.50)}, 𝐴12 = {(𝑒1, 0.30, 0.10, 0.50), (𝑒3, 0.10, 

0.10, 0.40), (𝑒4, 0.30, 0.20, 0.50), (𝑒5, 0.10, 0.10, 0.50)}, Now 𝐴1 ∩ 𝐴2 = 𝜙, 𝐴2 ∩ 𝐴4 = 

𝐴2, a 𝑃𝑓𝐵𝑆. 𝐴5 ∩ 𝐴7 = 𝐴5 ∩ 𝐴10 = 𝐴7 ∩ 𝐴8 = {(𝑒4, 0.30, 0.20, 0.50)} = 𝐴1, a 𝑃𝑓𝐵𝑆. 

𝐴3 ∩ 𝐴4 = 𝐴3 ∩ 𝐴10 = 𝐴4 ∩ 𝐴8 = {(𝑒1, 0.30, 0.10, 0.50)}, a 𝑃𝑓𝑁𝐵𝑆. Hence the Theorem.  

 

Theorem 13. For two 𝑃𝑓𝐵𝑆s 𝑃 and 𝑄, 𝑃 + 𝑄 is not always a 𝑃𝑓𝐵𝑆.    

Proof: We establish this result by considering an example. Let 𝑃 and 𝑄 be two 𝑃𝑓𝐵𝑆s in 

the 𝑃𝑓𝐺℘, then the join of these two 𝑃𝑓𝐵𝑆s 𝑃 + 𝑄 contains 𝑃𝑓𝑒 other than 𝑃𝑓𝑒 in 𝑃 

and 𝑄. So, 𝑃 + 𝑄 may or may not be a 𝑃𝑓𝐵𝑆. From Example 4, we consider the 𝑃𝑓𝐵𝑆s: 

𝐴1 = {(𝑒4, 0.30, 0.20, 0.50)}, 𝐴2 = {(𝑒5, 0.10, 0.10, 0.50)}, 𝐴3 = {(𝑒1, 0.30, 0.10, 0.50), 

(𝑒3, 0.10, 0.10, 0.40)}. Then 𝐴1 + 𝐴2 = {(𝑒3, 0.10, 0.10, 0.40), (𝑒4, 0.30, 0.20, 0.50), (𝑒5, 

0.10, 0.10, 0.50)}. This is a 𝑃𝑓𝐵𝑆, shown in Fig. 5 to 7, but 𝐴1 + 𝐴3 = {(𝑒1, 0.30, 0.10, 

0.50), (𝑒2, 0.10, 0.10, 0.60), (𝑒3, 0.10, 0.10, 0.40), (𝑒4, 0.30, 0.20, 0.50), (𝑒5, 0.10, 0.10, 

0.50), (𝑒6, 0.20, 0.10, 0.60)}. This is not a 𝑃𝑓𝐵𝑆, shown in Fig. 8 to 10.  
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Figure 5: 𝐴1 
 

 

Figure 6: 𝐴2 
 

 

  
Figure 7: 𝐴1 + 𝐴2: Join of two 𝑃𝑓𝐵𝑆s is a 𝑃𝑓𝐵𝑆 

 

  

 
Figure 8: 𝐴1 

 



Picture Fuzzy Bondage Set and its Application in Indian Railways 

135 

 

 
Figure 9: 𝐴3 

 

  

 
Figure 10: 𝐴1 + 𝐴3: Join of two 𝑃𝑓𝐵𝑆s is not a 𝑃𝑓𝐵𝑆 

Theorem 14. The union of two 𝑃𝑓𝑁𝐵𝑆 is not always 𝑃𝑓𝑁𝐵𝑆.    

Proof: We illustrate this theorem by considering an example. In the 𝑃𝑓𝐺 given in Fig. 1,  

we have, 𝛼(℘) = {{(𝑒4, 0.30, 0.20, 0.50)}, {(𝑒5, 0.10, 0.10, 0.50)}, {(𝑒1, 0.30, 0.10, 0.50), 

(𝑒3, 0.10, 0.10, 0.40)}, {(𝑒1, 0.30, 0.10, 0.50), (𝑒5, 0.10, 0.10, 0.50)}, {(𝑒3, 0.10, 0.10, 
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0.40), (𝑒4, 0.30, 0.20, 0.50)}, {(𝑒3, 0.10, 0.10, 0.40), (𝑒5, 0.10, 0.10, 0.50)}, {(𝑒4, 0.30, 

0.20, 0.50), (𝑒5, 0.10, 0.10, 0.50)}, {(𝑒1, 0.30, 0.10, 0.50), (𝑒3, 0.10, 0.10, 0.40), (𝑒4, 0.30, 

0.20, 0.50)}, {(𝑒1, 0.30, 0.10, 0.50), (𝑒3, 0.10, 0.10, 0.40), (𝑒5, 0.10, 0.10, 0.50)}, {(𝑒1, 

0.30, 0.10, 0.50), (𝑒4, 0.30, 0.20, 0.50), (𝑒5, 0.10, 0.10, 0.50)}, {(𝑒3, 0.10, 0.10, 0.40), (𝑒4, 

0.30, 0.20, 0.50), (𝑒5, 0.10, 0.10, 0.50)}, {(𝑒1, 0.30, 0.10, 0.50), (𝑒3, 0.10, 0.10, 0.40), (𝑒4, 

0.30, 0.20, 0.50), (𝑒5, 0.10, 0.10, 0.50)}}. 𝛽(℘) = {{(𝑒1, 0.30, 0.10, 0.50)}, {(𝑒3, 0.10, 

0.10, 0.40)}, {(𝑒1, 0.30, 0.10, 0.50), (𝑒4, 0.30, 0.20, 0.50)}}. Taking 𝑃𝑓𝑁𝐵𝑆s 𝐵1 = {(𝑒1, 

0.30, 0.10, 0.50)}, 𝐵2 = {(𝑒3, 0.10, 0.10, 0.40)} and 𝐵3 = {(𝑒1, 0.30, 0.10, 0.50), Â (𝑒4, 

0.30, 0.20, 0.50)}, then 𝐵1 ∪ 𝐵2 = {(𝑒1, 0.30, 0.10, 0.50), (𝑒3, 0.10, 0.10, 0.40)} is a 𝑃𝑓𝐵𝑆 

and 𝐵1 ∪ 𝐵3 = {(𝑒1, 0.30, 0.10, 0.50), (𝑒4, 0.30, 0.20, 0.50)} is a 𝑃𝑓𝑁𝐵𝑆.  

 

3.1. Algorithm 

In this subsection we have proposed an algorithm to find 𝑃𝑓𝑆𝐸 and another for 𝜚(℘) of a 

𝑃𝑓𝐺 ℘. 

 

 Algorithm 1: Computation of 𝑃𝑓𝑆𝐸 in a 𝑃𝑓𝐺 ℘ 

 Input   A 𝑃𝑓𝑒 in the 𝑃𝑓𝐺 ℘ 

 Output   𝑃𝑓𝑆𝐸 of the 𝑃𝑓𝐺 ℘ 

 Step-1 :   Choose one 𝑃𝑓𝑒 𝑒=(𝑖, 𝑗) from the ℘ 

 Step-2 :   Find all 𝑃𝑓-paths between the 𝑃𝑓𝑣 𝑖 and 𝑗 other than 𝑒 

 Step-3 :   Compute (𝜃𝑃
+, 𝜃𝑃

0, 𝜃𝑃
−)=(∧ {𝜃+(𝑒𝑖)}, ∧ {𝜃

0(𝑒𝑖)}, ∨ {𝜃
−(𝑒𝑖)}), 

 𝑖 = 1,2, . . . , 𝑘 
 Step-4 :   Calculate 𝐶𝑂℘(𝑖, 𝑗)=(𝜃

∞+(𝑖, 𝑗), 𝜃∞0(𝑖, 𝑗), 𝜃∞−(𝑖, 𝑗)) 

 Step-5 :   Check 𝜃+(𝑖, 𝑗) ≥ 𝜃∞+(𝑖, 𝑗), 𝜃0(𝑖, 𝑗) ≥ 𝜃∞0(𝑖, 𝑗), 𝜃−(𝑖, 𝑗) ≤ 𝜃∞−(𝑖, 𝑗).  
 If yes then it is 𝑃𝑓𝑆𝐸. 

 

Illustrations of Algorithm 1 : 

We now illustrate this algorithm using the 𝑃𝑓𝐺 given in Fig. 11. 

Step 1 : Taking a 𝑃𝑓𝑒 𝑒1 = (𝑀, B). 

 

Step 2 : Between the 𝑃𝑓𝑣 𝑀 and B 𝑃𝑓-paths are 𝑃1=𝑒4-𝑒6, 𝑃2=𝑒4-𝑒8-𝑒9, 𝑃3 = 𝑒4-𝑒3-𝑒2, 

𝑃4=𝑒4-𝑒3-𝑒10-𝑒9 , 𝑃5=𝑒4-𝑒8-𝑒10-𝑒2 , 𝑃6=𝑒5-𝑒3-𝑒6 , 𝑃7=𝑒5-𝑒3-𝑒8-𝑒9 , 𝑃8=𝑒5-𝑒10-𝑒8-𝑒6 , 

𝑃9=𝑒5-𝑒10-𝑒9, 𝑃10=𝑒5-𝑒2, 𝑃11=𝑒7-𝑒8-𝑒6, 𝑃12=𝑒7-𝑒8-𝑒3-𝑒2, 𝑃13=𝑒7-𝑒10-𝑒2, 𝑃14=𝑒7-𝑒10-

𝑒3-𝑒6, 𝑃15=𝑒7-𝑒9. 
 

Step 3 : (𝜃𝑃1
+ , 𝜃𝑃1

0 , 𝜃𝑃1
− ) = (∧ {0.21,0.24},∧ {0.26,0.26},∨ {0.38,0.38})=(0.21,0.26,0.38). 

(𝜃𝑃2
+ , 𝜃𝑃2

0 , 𝜃𝑃2
− )=(∧ {0.21,0.24,0.28},∧ {0.26,0.26,0.26},∨ {0.38,0.38,0.34})= 

(0.21,0.26,0.38). (𝜃𝑃3
+ , 𝜃𝑃3

0 , 𝜃𝑃3
− )=(∧ {0.21,0.24,0.42},∧ {0.26,0.26,0.26},∨

{0.38,0.38,0.19})=(0.21,0.26,0.38). (𝜃𝑃4
+ ,𝜃𝑃4

0 ,𝜃𝑃4
− )=(∧ {0.21,0.24,0.28,0.28},∧

{0.26,0.26,0.32,0.26},∨ {0.38,0.38,0.34,0.34})=(0.21,0.26,0.38). (𝜃𝑃5
+ ,𝜃𝑃5

0 ,𝜃𝑃5
− )=(∧

{0.21,0.24,0.28,0.42},∧ {0.26,0.26,0.32,0.26},∨
 {0.38,0.38,0.34,0.19})=(0.21,0.26,0.38). (𝜃𝑃6

+ , 𝜃𝑃6
0 , 𝜃𝑃6

− )=(∧ {0.21,0.24,0.24},∧
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{0.33,0.26,0.26},∨ {0.22,0.38,0.38})=(0.21,0.26,0.38). (𝜃𝑃7
+ ,𝜃𝑃7

0 ,𝜃𝑃7
− )=(∧

{0.21,0.24,0.24,0.28},∧ {0.33,0.26,0.26,0.26},∨
{0.22,0.38,0.38,0.34})=(0.21,0.26,0.38). (𝜃𝑃8

+ ,𝜃𝑃8
0 ,𝜃𝑃8

− )=∧ {0.21,0.28,0.24,0.24},∧

{0.33,0.32,0.26,0.26},∨ {0.22,0.34,0.38,0.38})=(0.21,0.26,0.38). (𝜃𝑃9
+ , 𝜃𝑃9

0 , 𝜃𝑃9
− )=(∧

{0.21,0.28,0.28},∧ {0.33,0.32,0.26},∨ {0.22,0.34,0.34})=(0.21,0.26,0.34). (𝜃𝑃10
+ , 𝜃𝑃10

0 , 

𝜃𝑃10
− )=(∧ {0.21,0.42},∧ {0.33,0.26},∨ {0.22,0.19})=(0.21,0.26,0.22). (𝜃𝑃11

+ , 𝜃𝑃11
0 , 

𝜃𝑃11
− )=(∧ {0.21,0.24,0.24},∧ {0.32,0.26,0.26},∨ {0.34,0.38,0.38})=(0.21,0.26,0.38). 

(𝜃𝑃12
+ ,𝜃𝑃12

0 ,𝜃𝑃12
− )=(∧ {0.21,0.24,0.24,0.42},∧ {0.32,0.26,0.26,0.26},∨

{0.34,0.38,0.38,0.19})=(0.21,0.26,0.38). (𝜃𝑃13
+ , 𝜃𝑃13

0 , 𝜃𝑃13
− )= (∧ {0.21,0.28,0.42}, ∧

{0.32, 0.32,0.26}, ∨ {0.34,0.34,0.19 })=(0.21,0.26,0.34). (𝜃𝑃14
+ , 𝜃𝑃14

0 , 𝜃𝑃14
− )= (∧ 

{0.21,0.28,0.24,0.24}, ∧ {0.32, 0.32,0.26,0.26}, ∨ { 0.34, 0.34, 0.38, 0.38 } ) = 

(0.21,0.26,0.38). (𝜃𝑃15
+ , 𝜃𝑃15

0 , 𝜃𝑃15
− )= (∧ {0.21,0.28}, ∧ {0.32, 0.26}, ∨ 

{0.34,0.34})=(0.21,0.26,0.34). 

 

Step 4 :𝐶𝑂𝐺(𝑀, B) = (𝜃∞+(𝑀, B), 𝜃∞0(𝑀, B), 𝜃∞−(𝑀, B)) 
𝜃∞+(𝑀, B)= ∨ {0.21,0.21,0.21,0.21,0.21,0.21,0.21,0.21,0.21,0.21,0.21,0.21,0.21,0.21, 

0.21,0.21} = 0.21 

𝜃∞0(𝑀, B)= ∨ {0.21,0.21,0.21,0.21,0.21,0.21,0.21,0.21,0.21,0.21,0.21,0.21,0.21,0.21, 

0.21,0.26} = 0.26 

𝜃∞−(𝑀, B)= ∧ { 0.22,0.22,0.22,0.22,0.22,0.22,0.22,0.22,0.22,0.22,0.22,0.22,0.22,0.22, 

0.22,0.34 } = 0.22 

 

Step 5 :(𝜃∞+(𝑀, B), 𝜃∞0(𝑀, B), 𝜃∞−(𝑀, B))=(0.21,0.26,0.22) and (𝜃+(𝑀, B), 
𝜃0(𝑀, B), 𝜃−(𝑀, B))=(0.21,0.26,0.22).  Therefore, 𝜃∞+(𝑀, B)=𝜃+(𝑀, B), 
𝜃∞0(𝑀, B)=𝜃0(𝑀, B) and 𝜃∞−(𝑀, B)=𝜃−(𝑀, B). 
So, (𝑀, B) is a 𝑃𝑓𝑆𝐸. 

 

 Algorithm 2: Computation of 𝑃𝑓𝐵𝑁 

 Input   A 𝑃𝑓𝐺 

 Output   𝜚(℘) of the 𝑃𝑓𝐺 

 Step-1 :   Compute the set of all 𝑃𝑓𝑆𝐸 𝑋 of the 𝑃𝑓𝐺 ℘ 

 Step-2 :   Identify all 𝑃𝑓𝐷𝑆s of ℘ i.e., 𝜖(℘) 

 Step-3 :   Calculate 𝜁(℘) 
 Step-4 :   Check 𝜁(℘ − 𝐴) > 𝜁(℘) for 𝐴 ⊆ 𝑆 
 Step-5 :   Calculate 𝛾(℘) 
 Step 6 :   Compute 𝜕(𝐴𝑖) of each 𝑝𝑓𝑚𝑖𝑏-sets 𝐴𝑖 
 Step 7 :   𝜚(℘)=cardinality of 𝑃𝑓𝑚𝑚𝐵𝑆 

 

 

Illustrations of Algorithm 2 : 

Step 1 : 𝑋 = {𝑒1, 𝑒2, 𝑒4, 𝑒3, 𝑒5, 𝑒6, 𝑒8, 𝑒7, 𝑒9, 𝑒10} in Fig. 11.  

Step 2 : 𝜖(℘)= {{𝑣1}, {𝑣2}, {𝑣3}, {𝑣4}, {𝑣5}}  

Step 3 : 𝜁(℘)=|𝑣4|=1  
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Step 4 : 𝜁(℘ − {𝑒3}) > 𝜁(𝐺), so, Â {𝑒3} is a 𝑃𝑓𝐵𝑆. 

Step 5 : 𝛾(℘)={{𝑒3}, {𝑒4}, {𝑒6}, {𝑒8}} 

Step 6 : 𝜕({𝑒3}) = 
1+0.24+0.26−0.38

3
 = 0.373, 𝜕({𝑒4}) = 

1+0.21+0.26−0.38

3
 = 0.363 

𝜕({𝑒6}) = = 
1+0.24+0.26−0.38

3
 = 0.373, 𝜕({𝑒8}) = 

1+0.24+0.26−0.38

3
 = 0.373 

Step 7 : 𝜚(𝐺)=|{𝑒4}| = 1 

 

4. An application 

Indian Railway is a very essential medium for communication across India. Large 

number of people use this transport on their daily life work. Therefore, maintaining a 

good service facility is a very essential part of this system. Here, we consider 5 railway 

divisions 𝑀, 𝑆, 𝐵, 𝑁, 𝑃. Our main aim is to find the route between two divisions in 

which administration should focus to improve and maintain good services. 

We have constructed a 𝑃𝑓𝐺 model given in Fig. 11 by taking divisions as 𝑃𝑓𝑣 and 

𝑃𝑓𝑒  as railway connections between the divisions. Membership values of the 𝑃𝑓𝑣 

represent the average amount of travelers who have entered into the division. This indicates 

positive membership of the 𝑃𝑓𝑣 . People who wait represent neutral membership and 

people who leave the place represent negative membership of the division. For example let 

during 8 a.m. to 9 a.m. 𝑥1 number of people enters into Division 𝑀 from outside the 

division for going to another station, 𝑥2 is the number of people, coming by train from 

other stations. 𝑥3 denotes people waiting before 8 a.m. and 𝑥4 represents people leaving 

the division by transferring to another train, 𝑥5 is the number of people exiting the station 

and 𝑥6 people wait during this hour. Let, 𝑥 = 𝑥1 + 𝑥2 + 𝑥3 + 𝑥4 + 𝑥5. Here, 𝑥4 + 𝑥5 ≤

𝑥1 + 𝑥2 + 𝑥3  and 𝑥6 = (𝑥1 + 𝑥2 + 𝑥3) − (𝑥4 + 𝑥5). Therefore, 𝜃+(𝐴) =
𝑥1+𝑥2

𝑥
, 

𝜃0(𝐴) =
𝑥6

𝑥
 and 𝜃−(𝐴) =

𝑥4+𝑥5

𝑥
. Let 28% passengers enter, 32% wait and 34% leave 

from 𝑃 division per mean hour. Therefore, (0.28, 0.32, 0.34) is the membership value of 

𝑃𝑓𝑣 𝑃. Also, degrees for 𝑃𝑓𝑒 (𝑖, 𝑗) represent the average number of trains which appear 

late in division 𝑖 and reach to 𝑗 in the right time, run in scheduled time and arrive at time 

but reach late to the next division. For example, in 𝑀 and 𝑆 divisions we assume 42%, 

26% and 19% represent respectively trains that appear late in 𝑀 and reach right time in 

𝑆, maintains scheduled time and arrive late in 𝑆 while depart in right time at 𝑀. Thus 

(0.42, 0.26, 0.19) is the pf-membership value of the 𝑃𝑓𝑒 between 𝑀 and 𝑆. Here, 𝑝𝑓𝐷𝑆 

represents divisions which connects the remaining divisions with strong rail routes. 𝑝𝑓𝐵𝑆 

computes the robustness of the rail network. 

      In this 𝑃𝑓𝐺, 𝑝𝑓𝑆𝐸 between two railway divisions indicates that this route is best 

among other possible routes i.e., time duration is minimum between the divisions. In our 

model it is a complete 𝑃𝑓𝐺 . So, all routes are 𝑝𝑓𝑆𝐸 . 𝑃𝑓𝐷𝑆s indicates the important 

divisions from which passengers can go to all the remaining destinations. In this model 

each division is represented as a 𝑃𝑓𝐷𝑆 . Now the value 𝜕(𝐴𝑖)  of each divisions 𝐴𝑖 

indicates crowd density. Number of 𝑃𝑓𝑣 in the 𝑃𝑓𝑚𝑚𝐷𝑆 denotes 𝑃𝑓𝐷𝑁. In our model 

𝑃𝑓𝐷𝑁 is 1. It has been seen that if route damage or not functional or problem in railway 

track, signal system or any type of accident occurs then number of 𝑃𝑓𝑣 in the 𝑃𝑓𝐷𝑆 as a 

result 𝑃𝑓𝐷𝑁 increases. Therefore, pressure on 𝑃𝑓𝑚𝑖𝐷𝑆 increases and passengers suffer 

from their basic needs. These types of railway routes represent 𝑝𝑓𝐵𝑆. There are so many 
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𝑝𝑓𝐵𝑆s in the system. In this 𝑃𝑓𝐺, 𝑃𝑓𝑚𝑚𝐵𝑆 contains only one 𝑝𝑓𝑒 with a score 0.33. We 

have ranked them in Table 1. Route 𝐵𝑁 leads from the list. Thus among all routes first 

focus on the route 𝐵𝑁. 

 

 Rank   Division   Score   

1  BN  0.33 
2  SN  0.37 
3 MN  0.37 
4  NP  0.37 

 

Table 1: Ranking of railway divisions 

 

  
Figure 11: Graphical representation of railway divisions 
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4.1. Numerical calculations 

We consider two 𝑃𝑓𝑣 𝐵 and 𝑀 from Fig. 11. All 𝑃𝑓-paths with their strength between 

𝐵 and 𝑀 are 𝑃1=𝑒4-𝑒6 (0.21, 0.26, 0.38), 𝑃2=𝑒4-𝑒8-𝑒9 (0.21, 0.26, 0.38), 𝑃3=𝑒4-𝑒3-𝑒2 

(0.21, 0.26, 0.38), 𝑃4=𝑒4-𝑒3-𝑒10-𝑒9 (0.21, 0.26, 0.38), 𝑃5=𝑒4-𝑒8-𝑒10-𝑒2 (0.21, 0.26, 

0.38), 𝑃6=𝑒5-𝑒3-𝑒6 (0.21, 0.26, 0.38), 𝑃7=𝑒5-𝑒3-𝑒8-𝑒9 (0.21, 0.26, 0.38), 𝑃8=𝑒5-𝑒10-𝑒8-

𝑒6 (0.21, 0.26, 0.38), 𝑃9=𝑒5-𝑒10-𝑒9 (0.21, 0.26, 0.34), 𝑃10=𝑒5-𝑒2 (0.21, 0.26, 0.22), 

𝑃11=𝑒7-𝑒8-𝑒6 (0.21, 0.26, 0.38), 𝑃12=𝑒7-𝑒8-𝑒3-𝑒2 (0.21, 0.26, 0.38), 𝑃13=𝑒7-𝑒10-𝑒2 

(0.21, 0.26, 0.34), 𝑃14=𝑒7-𝑒10-𝑒3-𝑒6 (0.21, 0.26, 0.38), 𝑃15=𝑒7-𝑒9 (0.21, 0.26, 0.34). 

Here, 𝜃+(𝑀, 𝐵) ≥ 𝜃∞+(𝑀, 𝐵), 𝜃0(𝑀, 𝐵) ≥ 𝜃∞0(𝑀, 𝐵) and 𝜃−(𝑀, 𝐵) ≤ 𝜃∞−(𝑀, 𝐵). 
So, 𝑒1=(𝑀, 𝐵) is a 𝑃𝑓𝑆𝐸. Here, 𝑋 ={ 𝑀𝐵, 𝐵𝑁, 𝐵𝑃,  𝑆𝐵, 𝑀𝑁, 𝑀𝑃, 𝑀𝑆,  

𝑁𝑃, 𝑆𝑁, 𝑆𝑃}. 𝜖(℘)={{𝑀}, {𝑆}, {𝐵}, {𝑁}, {𝑃}}. 
 

𝜕(𝑀)=
1+0.51+0.26−0.19

3
=0.53, 𝜕(𝑆)=

1+0.42+0.33−0.16

3
=0.53, 𝜕(𝐵)=

1+0.21+0.45−0.22

3
=0.48, 

𝜕(𝑁)=
1+0.24+0.26−0.38

3
=0.37, 𝜕(𝑃)=

1+0.28+0.32−0.34

3
=0.42 

 

So, 𝜁(𝐺)=|𝑁|=1. From the 𝑃𝑓-subgraph ℘− 𝑒4, 𝜁(℘ − 𝑒4)=2> 𝜁(℘). Therefore, 

{𝑒4} ∈ 𝛼(℘). Thus 𝛾(℘)={{𝑒3}, {𝑒4}, {𝑒6}, {𝑒8}}. Here, 𝜕(𝑆𝑁)=
1+0.24+0.26−0.38

3
=0.37 

𝜕(𝐵𝑁)=
1+0.21+0.26−0.38

3
=0.33, 𝜕(𝑀𝑁)=

1+0.24+0.26−0.38

3
=0.37, 

𝜕(𝑁𝑃)=
1+0.24+0.26−0.38

3
=0.37. 𝜕(𝐵𝑁) is minimum. So, 𝜚(℘)=1.  

Table 1 indicates the ranking of the 𝑝𝑓𝑏-edges. Therefore, 𝑃𝑓𝑒 𝐵𝑁 is our outcome. 

This route needs special attention to ensure smooth rail network operation.  

 

4.2. Advantages and limitations of the application 

The application proposed in Section 4 has the following advantages and limitations.  

Advantages 

• Identification of the most important links of the network. 

• More accurate analysis for 𝑃𝐹𝐺 model. 

Limitations 

• Collecting data with limited time. 

 

5. Comparative study 

All papers regarding 𝐵𝑆s, 𝑁𝐵𝑆s on fuzzy graphs and 𝐼𝑓𝐺s contain data in the form of 

fuzzy and 𝐼𝑓 type. They fail to describe data in 𝑃𝑓 type. Therefore, to upgrade the data, it 

is important to study 𝐵𝑆S and 𝑁𝐵𝑆S in 𝑃𝑓𝐺. Somasundram et al. and Nagoorgani et al. 

discussed various domination and bondage parameters in fuzzy graphs. Parvathi et al. 
and Zehui et al. used the 𝐼𝑓𝐺 model, in which vertices and edges have two degrees: 

membership and non-membership. But this model is not appropriate for picture fuzzy 

information. In this paper, the neutrality degree constructs the problems in a more accurate 

way. Thus, this activity is the extent of the work on 𝐵𝑆, 𝑁𝐵𝑆 in fuzzy graphs and 𝐼𝑓𝐺. 

Table 2 presents the comparison.  
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 Include membership 

value 
Include non-

membership value 
Include neutral   
membership value  

Bondage in fuzzy 

graph  
√ × × 

Bondage in 𝐼𝑓𝐺 √ √ × 

Bondage in 𝑃𝑓𝐺 √ √ √ 

 

Table 2: Comparison in fuzzy graph, 𝐼𝑓𝐺, 𝑃𝑓𝐺 

 

6. Conclusion and future work 

To understand and analyse the behaviour of everyday problems, 𝑃𝑓𝐺 is an important tool. 

Therefore, it is an important topic to study. We analysed two important characteristics, 

PfBS and PfNBS. Computation of 𝑃𝑓𝐵𝑁 and 𝑃𝑓𝑁𝐵𝑁 for various 𝑃𝑓𝐺s is presented here. 

In addition, we investigated an application to find a vulnerable edge in a railway network. 

This work will collaborate with researchers to develop 𝑃𝑓𝐺s. Our future work will focus 

on finding bounds for 𝜚(℘) and ς(℘), and exploring the proposed characteristics on the Pf-

tree, Pf soft graph, IvPfG, tolerance PfG, threshold PfG, and mpIvPfG.  
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