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Abstract. Many real-life situations can be formulated as a picture fuzzy graph (P¢G).
Therefore, studying P;Gs is very important. In this paper, we introduce the bondage set
and the non-bondage set in P;G. We describe the union, intersection, and join of these sets.
Some properties and theorems are discussed. We propose two algorithms to compute the
P strong edge and Py bondage number. Finally, we present an application to the Indian
railway network using the bondage set in P:G.
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Table of Abbreviations: The following symbols have been used throughout the paper.

(9 P domination number of the PG g
a(p) Setof all PrBSsof the PrG g
B (%) Setof all PFNBSs of the PrG g
y($) Set of all Prm;BSs of the PrG ¢
o) Set of all Prm,NBSs of the PrG g
o($) PsBN ofthe PrG g
c() PsNBN of the PrG g
COy(v;, vj) Strength of connectedness between Prvs v; and v;.

1. Introduction

The crisp graph is converted to a fuzzy graph because the vertices and edges are uncertain.
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In a fuzzy graph, every member has a degree of membership. Then the concept of non-
membership of the vertices and edges reduces it to an intuitionistic fuzzy graph (I:G). But
this expression was not exact. There is one more term, neutrality, which is applicable to
every member of a graph, and so the concept of P¢G is very essential. It has a wide range
of applications in Mathematics, Engineering, Computer Science, etc. The structure of a
P¢G is g=(T,A) on the underlying crisp graph (y,§). Here T' represents a picture fuzzy
set (PS) on the crisp vertex set y, and A is a PfS on the crisp edge set §. Almost any real-
life problem can be constructed as a P¢G. But the most challenging task is to keep the
whole system functional. Bondage set (BS) indicates the vulnerability of the whole
network. Link failure is one such example. The topics BSS and non — bondage sets
(NBSs) were introduced in crisp graphs and fuzzy graphs. Now we have been introducing
these concepts in the Pf environment,as these have a lot of applications in real
life.

1.1. Literature review
Euler introduced the crisp graph in 1736. Then, because of the uncertainty of objects, Zadeh
[1] introduced fuzzy sets in 1965. A non-negative rational number less than or equal to 1
is attached to each member in a fuzzy set, and the relationship among them is converted
into a fuzzy graph, proposed by Rosenfeld [2]. Atanassov [3] extended fuzzy sets to IfS
by introducing the concept of non-membership of the objects. Cuong et al. [4] extended
the idea into a P;S, introducing the neutrality value of membership for each vertex and
edge. In 1990, Fink et al. [5] introduced the bondage number (BN) in graph theory. In
1994, Hartnell et al. [6] discussed bounds for BN. After a few years BN and NBN
concepts were introduced in fuzzy graphs by Nagoor Gani et al. [7] in 2015. Zehui Shao et
al. [8] presented the same concept in an I:G. Cen Zuo et al. [9] gave the definition of P:G
in 2019. Recently, Amanathulla et al. used PfGs [10], balanced PfGs [11] in a decision-
making problem and introduced PfG to select the best way in an airline network [12]. Xiao
etal. [13] presented an application regarding regular PrGs. In 2022, Das et al. investigated
threshold [14], tolerance PrGs with application in the medical sector [15]. Amanathulla et
al. discussed some applications of discrete mathematics in [16]. Somasundaram et al. [17]
introduced the domination concept with an effective edge in fuzzy graphs, and Parvathi et
al. [18] in I¢G. Sivasankar et al. [19] introduced various types of domination parameters
in IrG. In PsG, Ismayil et al. [20] studied the domination concept in a seminar paper.
Recently, in 2024, Banerjee et al. [21] introduced split domination in PfG to control the
disaster situation and further developed the domination concept in the papers [22], [23].
Adhikari et al. [24] developed some operations in P:Gs. Bera et al. [25] discussed Pr
regular graphs and analysed social networks using the planar PrG concept [26]. Khatun et
al. [27] studied the decision-making problem in neutrosophic graphs. Mahapatra et al. also
explored competition graphs under the m-polar interval-valued fuzzy graph (mplL, s G) [28]
and discussed planar mpl,G . Also, developed
an mp fuzzy threshold graph [29] with an application in a power control
system. Rashmanlou et al. [30] developed a cubic graph and applied it.

In this paper, the remaining portion is structured as follows: Section 2 presents
preliminaries. Section 3 discusses PfBS, PfNBS, related theorems, and examples.
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Algorithms for P-BN have been proposed. Section 4 presents an application in Indian

Railways for PfBS. Section 5 presents a comparative study with existing work. In Section
6, the conclusion and future work are given.

2. Preliminaries
To understand the main work of this paper, the following terms and ideas are helpful.

The form of a PrS is A = {(b,0%(b),0°(b),0 (b))} satisfying 0 < 6*(b) +
6°(b) + 6~ (b) < 1Vbh € Z, Z being the universal set. Here, 8% (b), 8°(b), 6~ (b)
represent the positive, neutral and negative degrees of membership for the picture fuzzy
vertex (Prv) b. The P:G is g=(I,A) on the underlying crisp graph (y,8). Here T
represents a P¢S on crisp vertex set y, and A is a PrS on crisp edge set § with the
conditions 8% (i,c) SA{OT (), O1(c)}, 6°(i,c) <A{B°(), B°()}, 67 (i,c) =V
{67 (), 67(c)}. A Prv i dominates another Prv ¢ if (i,c) is PrSE. The Pre (i,c) is
called PrSE if 6% (i,c) = 6%*(i,c), 6°(i,c) = 6°°(i,c) and 6~ (i,c) <0 (i,c) . A
P:S n iscalled PsDS ifall Prv ¢ € T —n is dominated by at least one Prv i € 7. Ifa
P¢DS hasno proper P¢D subset, then itis called a minimal P¢DS. The domination number
{() is the cardinality of the minimum P;DS.

3. Picture fuzzy bondage set

In this section, we have introduced the notion of P;BS, PBN. We define various
operations on PfBSs, such as intersection, union, join, etc. We also investigate important
new results on PyBS.

Definition 1. A set D € X is called a PsBS or PsNBS in the PsG g according as

{(o—D)>{(p) or {(o—D) ={(p). a(p) and L(g) respectively represents the
setof all PrBSsand PrNBSsina PrG .

Definition 2. A P¢BS is called Prm;BS if no proper subset is again a PfBS. The
collection of all such Prm;BSs is denoted by y(g¢). Also, a PrNBS B; becomes a
Prm,NBS when no superset is again a PNBS. The collection of all Prm,NBSs is
denoted by o().

0
Definition 3. A Pym,,BS is defined as, B=A{(4;)= ZHQ (L’C)+93("C) 009, 4 €

Y($)}. o(#)=|B| iscalled PBN.And ¢($)=|C]| denotes PfNBN Where C isa o()-
set.

Definition 4. A P;uBS isa Prm;BS with maximum cardinality. P-uBN is calculated by
o“(©)=V {|A;|: A; € y()}. A PrsBS is a PBS with maximum cardinality. P;sBN is
calculated by o°(9)=V {|4;|: A; € a(p)}.

Example 1. We have discussed P;BSs and PsNBSs of the PG given in Fig. 1. The
va a and b has the following Ps-paths: Q; = x; with strength (0.30, 0.10, 0.50), Q,
= x5 - xp with strength (A{0.10,0.10},A {0.10,0.10},v {0.50,0.60}) =
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(0.10,0.10,0.60), Q3 = x,-x3-x, with strength (A {0.30,0.10,0.10}, A{0.20, 0.10,
0.10}, v {0.50,0.40,0.60}) = (0.10,0.10,0.60), CO,(a,b)=(v{0.30, 0.10, 0.10}, Vv
{0.10, 0.10, 0.10}, A {0.50, 0.60, 0.60})=(0.30, 0.10, 0.50), CO(a,c)=(0.10, 0.10, 0.50),
C0y(a,d)=(0.30, 0.20, 0.50), CO(b,c)=(0.10, 0.10, 0.50), CO(c,d)=(0.10, 0.10, 0.40),
X={x1,x3,x4,xs5}. Collection of all Prm;DSs are e($¢)={{a}, {b,c}, {b,d}}. Therefore,
{($) =1. Now, {(f —{x4}) = [{a,c}| =2 > () . So, {x4} € a(p). And {(p —
{x1})={c}|=1=4() . So, {x1} € B($). Thus, a(@)={{xa}{xs}, {x1,x3}, {x1, %5},
{x3, %4}, {x3,x5}, (x4, x5}, {x1,%3,%4}, {x1, %3, %5}, {x1, %4, %5}, {x3, x4, x5},

{1, x3, %4, x5} B(#) = {{x1}, {x3}, {x1,x}}, v(®) = {xs}, {xs}, {x1,x3}},

O'(@) — {{Xl,X4}} 1 6({x4}) - 1+0.30+2.20—0.50 :0.33’ a({XS}) — 1+0.10+2.10—0.50 :0.23,
1+0.30+0.10-0.50 1+0.10+0.10—-0.40
0({xy, x3}) =2 s =0.64, 0(©)=1{x,}|1=1 and ¢(9)={x1,
X4 }=2.
(0.30,0.20,0.50) (0.30,0.40,0.10)

C\ 24(0.30,0.20, 0.50)
a

(0g°0‘01°0 ‘0£°0) T2

) ©,
23(0.10,0.10, 0.40)

22(0.10,0.10, 0.60)
()
(0.40,0.10,0.50) (0.10,0.20,0.30)
Figure 1: A PsG

Definition 5. The union of two P;BSs A; and A, on the underlying crisp graph (y,6;)
and (y2,6;) ina PsG (T, A) is defined as

((9+,90,9‘)(xl-) if x;, €68, —6,

+ 0 - . 1 . —
A1UA2=<(9 ,60%,07)(x) if x; €6, -6
(6%,6%607)(x,) if x, €6,N6,
Definition 6.4; N A, is denoted as the intersection of two P¢BSs, which is defined by

0%,0°07)(x) if x€8 N6,

Aundz = {¢ Otherwise
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Definition 7. Let B and E be two PrNBSsin P;G ¢ ;then their union is defined as

((6,6°07)(x,) if x, €68 — 6,
_](0%,0%067)(xy) if xq€8, -6,
l(@“‘,@",@‘)(xr) if x,. €6,N6,

BUE

Also, the intersection is defined as

+ po0 - :
BnE={(0 ,6°%,07)(x) if x66.1r162
Otherwise
Definition 8. Join of two P;BSs, A; = (I}, A1) and A, = (I3, A;) on the underlying
respective crisp graph (y4, 6;) and (y3, 6,) is A; + A, = (', A) where,

(61, 6F,6r)(u) =
(Qlirl' 9191' Or,) (W) if u; €y, -7,
(912' 9192' Or,) () if wy€y,—1n
(67, V 67,08, v 62,67, A6 () if w € y1 Ny,

(6%,63,63)(w,v) =
((64,62,,0x) () if (u,u;) €6;—6,
(64,,62,,0x,) (s, 1)) if (u,u;) €6, —6;
(05, VOX .68 VOR 08 AOx I(uyuy) if (u,u) €6, N6,
(Of AOF, 00 AOL, 00 AOF ) (us,uy)  if (uyuy) €67

8" contains all Pres joining between Pevs from Ty and T.

Theorem 1. The isolated Pre of a P;G construct the PrBS of the P¢G.

Proof: & be a P:G with isolated Pre x=(i,y). Therefore, x is P;SE, as there is no
other Pr-path between the Prv i and y. So, PsDS of g contains either Prv i or
Prv y but not both. In the Pg-subgraph g — x, both the Prv i and y become isolated.
P¢DS contains both i and y in the P-subgraph & — x. Thus, {($¢ —x) > {($#), i.e.,
isolated Pre x=(i,y) construct the P;BS of the PrG.
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(0.20,0.30,0.40) (0.30,0.20,0.10)

©

24(0.10, 0.10, 0.40)

(@

(0.10,0.50,0.30) (0.50,0.10,0.30)  (0.10,0.20,0.30)

Figure 2: PG with isolated Pre

Example 2. Inthe P¢G given in Fig. 2,
COy,(a,b) =(0.10, 0.30, 0.40), CO,(a,c) =(0.20, 0.10, 0.40), CO, (b, c) =(0.10, 0.10,
0.30), CO,(d,e) =(0.10, 0.10, 0.40), X = {xq1,x5,x4}, €(9) = {{b,d},{b,e}}, {(%)

=l{b,d}| = 2, a(@) = {{xa},{x1, 22}, {x1, x4}, {x2, x4}, {x1, %2, %43}, B(9) = {{x1}},
0(9) = {xs}| =1, ¢(%) = [{x1}| =1 Theisolated Pre x, constructa P;BS in Fig. 2.

Theorem 2. If " isa Pe-starina PG  then ¢(%*) =0.

Proof: Considering o™ as a Py-star in the PrG . Its all Pre are PrSE. Therefore, all
Pe-end vertices are dominated by the Prv located at center of the Py-star. So, {(#)=1.
Removing any Pre from the PG ¢ increases the PDN of the resultant P¢-subgraph.
Therefore, each Pre formsa P¢BS. There isno PrNBS. As a result ¢(g)=0.

Theorem 3. Let o* bea Py-starina PrG & then o(#)=1.

Proof: In the PG g, %" be a Pr-star with {i,iy,i5,...i,} as the Prv-set and
{x1,%2,...x,} as the Pre-set. The Prv i be at the center that dominates the remaining
Prus i, m =1,2,..n. Therefore, {i} is the only Prm;DS. Each Pre of the Pg-star
forms a P;BS. Therefore, Prm;BS contains only one Pre. Thus o()=1.
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(0.30,0.40,0.30)

(0.20,0.30,0.40)

£2(0.20,0.20, 0.50) O
C
(0.50,0.20,0.30)

(0.40,0.40,0.20)

Figure 3: pf-starina PG

Example 3. CO,,(a,b) = (0.10, 0.20, 0.40), CO,(a,c) = (0.20, 0.20, 0.50), CO,,(a, d)

=(0.20, 0.30, 0.50), X = {x1,x2,x3}, €($) = {i1}, ((®) = [{i1}] = 1, a(®) = {{x1},
{2}, {x3}, {xn, %2}, {xq,x3}, {x2, %3}, {x1,%2,%3}}, B(#) = ¢, o(@) = {x4}| =1,
¢(#) =0.Inthe Ps-star of a PrG givenin Fig. 3, o(€) is 1.

Theorem 4. A PG g with isolated Pre has o(#)=1.
Proof: Consider a PsG with at least one isolated Pre p = (py,p,). Then by Theorem 1,
{r} isa P¢BS. Thisisalso Pym;BS. Thus o()=1.

Theorem 5. If " isa Py-starina P¢G thenall {e;} forms Prm;BS.

Proof: Let us consider the P-star ™ containing e, e,,...e, Pre. Elimination of each
Pre create an isolated Pyv. This increases the PrDN of the P-subgraph. Therefore, each
Pre {e;} formsa Prm;BS among which one is o()-set. So, each singleton set of edges
{ei} is the melBS

Theorem 6. |a($*)|=2" —1, here r denotes number of Pre in the Ps-star g* of
PG .

Proof: From Theorem 5 each Pre forms a P¢BS inthe Ps-star . There are r number
of such P¢BS. Now, for two Pre xp, X, L #m; [Lm=12,...,r implies greater P:DN
in the Pr-subgraph & — {x;, x,,,}. Therefore, number of P;BSs having two elements are

(;) In such a way the number of P;BSs having r elements are (Z) Thus, total number
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ny,(n N\_,n
of P¢BSs are n+(2)+(3)+...+(n)—2 1.
Example 4. In the Py-star given in Fig. 3 has 3 Pres.
Also, ithas 7 PBSs namely {xi}, {x;}, {xs}, {x1, %2}, {x1, x3}, {x2, x3}, {x1, x2, x3}. Hence
the result.

Theorem 7. If P:G does not compress any P;BS then ¢() = |X|.

Proof: & bea P;G containingno P;BS.Thenforany A € X, {(g — A)* {(&). For this
type of P:G deleting all PrSE gives a Pr-subgraph with equal PrDN with {(g).
Therefore, X forms a P:NBS with maximum cardinality. Hence, ¢($)=|X]|.

(0.2,0.3,0.5) (0.4,0.5,0.1)

€4(0.2,0.3,0.5)

€2(0.5,0.1,0.4)
(0.5,0.1,0.4) (0.6,0.2,0.2)

Figure 4: PG withno P;BS

Example 5. From the PrG shown in Fig. 4, we have,

C0y(a, b)=(0.30, 0.10, 0.50), CO(a,d) = (0.30, 0.30, 0.50), CO,(b,c) = (0.50, 0.10,
0.40), CO,(c,d) = (0.30, 0.20, 0.50), X = {ey, e3}, €(9) = {a,c}, {(#) = |{a, c}|=2,
a(9) = ¢, B() = {ez}. {ez 3}, c() = I{ez,€3}|=2, Thus ¢(g) = |X]|.

Theorem 8. If @ is a PrG with PBSs and X contains all P¢SESs, then X is a P¢BS.
Proof: Letthe PG  has at least one P¢BS. Then by Theorem 7, X never be a PfNBS.
Therefore, deleting all PrSEs from the PG ¢ gives greater (). This implies X is a
P:BS.

f

Theorem 9. If a PrG % hasa P¢BS then o(#) < ¢()+|P].

Proof: The P:G  contains P;BSs. By Theorem 8, X isa P¢BS. Consider N be ¢()-
set. So, N c X. Assume P=X — N, this indicates NUP is a PsBS. o(g) is the
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cardinality of Prm,,BS. This gives o(#€) < [N U P|=¢()+|P|.

Theorem 10.The union of two P¢BSs is not necessarily a P¢BS.

Proof: Let A; and A, be two P;BSs in the PsG . Then A; € X and A, € X, X
being the set of all PrSE. Then A; U A, is either equal to X or proper subset of X. If it is
X, then by Theorem 8, A; U A, isa P;BS. Ifitis proper subset of X, then it may be P;BS
or PsNBS. From Example 5, A; U A;={(e;, 0.16, 0.22, 0.50), (e, 0.16, 0.12, 0.50)} =
P¢BS. But Ag U Ag ={(e, 0.16, 0.12, 0.50), (e3, 0.44, 0.12, 0.44), (e4, 0.36, 0.22, 0.42)}
=P;NBS. Hence, the result.

Theorem 11. If C,., r =1,2,...n are P¢BSs in a PG then U C,is a P¢BS.
to n

r=1

Proof: By Theorem 8, X is a P;BS. All PsBSs of the PrG ¢ are subsets of X. Thus
union of all P;BSsis X itself. As aresult it is always P;BS.

Theorem 12. Let A; and A, be two two P;BSs then A; N A, not necessarily a P¢BS.
Proof: We prove this result by considering an example. A;, A, be two P;BSs, then A; N
Ay is ¢ or € X or € X. From Example 4, P;BSs are- A; = {(e4, 0.30, 0.20, 0.50)}, 4,
={(es, 0.10, 0.10, 0.50)}, 453 ={(e;,0.30,0.10, 0.50), (e3, 0.10, 0.10,0.40) }, 4, ={(eq,
0.30, 0.10, 0.50), (es, 0.10, 0.10, 0.50)}, A5 = {(e3, 0.10, 0.10, 0.40), (e,, 0.30, 0.20,
0.50)}, 4¢ ={(es, 0.10, 0.10, 0.40), (es, 0.10, 0.10, 0.50)}, A, = {(e4, 0.30, 0.20, 0.50),
(es, 0.10, 0.10, 0.50)}, Ag ={(e;, 0.30, 0.10, 0.50), (e3, 0.10, 0.10, 0.40), (e,4, 0.30, 0.20,
0.50)}, 49 ={(e;, 0.30, 0.10, 0.50), (e3, 0.10, 0.10, 0.40), (es, 0.10, 0.10, 0.50)}, Ay =
{(e;, 0.30, 0.10, 0.50), (e4, 0.30, 0.20, 0.50), (es, 0.10, 0.10, 0.50)}, A;,={(e3, 0.10, 0.10,
0.40), (e4, 0.30, 0.20, 0.50), (es, 0.10, 0.10, 0.50)}, A1, ={(e;,0.30,0.10, 0.50), (e5, 0.10,
0.10, 0.40), (e4, 0.30, 0.20, 0.50), (es, 0.10, 0.10, 0.50)}, Now A; N A, = ¢, A, NA, =
Az, a PsBS. AsNA; = AN Ay = A; N Ag = {(e,, 0.30, 0.20, 0.50)} = A, a P;BS.
A3 NAy = A3 N Ay = Ay N Ag ={(e4,0.30,0.10,0.50)}, a PrNBS. Hence the Theorem.

Theorem 13. For two P¢BSs P and Q, P + Q is not always a P¢BS.

Proof: We establish this result by considering an example. Let P and Q@ be two P;BSs in
the PrGg, then the join of these two PBSs P + Q contains Pre other than Pre in P
and Q. So, P + Q@ may or may not be a PrBS. From Example 4, we consider the P;BSs:
A; ={(e4, 0.30, 0.20, 0.50)}, 4, ={(es, 0.10, 0.10, 0.50)}, A5 ={(e;, 0.30, 0.10, 0.50),
(e, 0.10,0.10, 0.40)}. Then A; + A, ={(e3, 0.10, 0.10, 0.40), (e4, 0.30, 0.20, 0.50), (es,
0.10, 0.10, 0.50)}. This is a P¢BS, shown in Fig. 5to 7, but A; + Az = {(e;, 0.30, 0.10,
0.50), (e,, 0.10, 0.10, 0.60), (e5, 0.10, 0.10, 0.40), (e4, 0.30, 0.20, 0.50), (es, 0.10, 0.10,
0.50), (eq, 0.20, 0.10, 0.60)}. Thisis not a P¢BS, shown in Fig. 8 to 10.
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Figure 5: 4,

a 65

Figure 6: A,

Figure 7: A; + A,: Join of two PsBSsisa P¢BS

@

Figure 8: 4,
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@ @

=)
€3

®) @

Figure 9: 4;

Figure 10: A, + A3: Join of two P¢BSsisnota P¢BS
Theorem 14. The union of two P:NBS is not always P;NBS.
Proof: We illustrate this theorem by considering an example. In the PG given in Fig. 1,

we have, a(p) ={{(e,, 0.30, 0.20, 0.50)}, {(es, 0.10, 0.10, 0.50)}, {(e,, 0.30, 0.10, 0.50),
(es, 0.10, 0.10, 0.40)}, {(e;, 0.30, 0.10, 0.50), (es, 0.10, 0.10, 0.50)}, {(es, 0.10, 0.10,
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0.40), (e,, 0.30, 0.20, 0.50)}, {(es, 0.10, 0.10, 0.40), (es, 0.10, 0.10, 0.50)}, {(e,, 0.30,
0.20, 0.50), (es, 0.10, 0.10, 0.50)}, {(e;, 0.30, 0.10, 0.50), (e, 0.10, 0.10, 0.40), (e,, 0.30,
0.20, 0.50)}, {(e;, 0.30, 0.10, 0.50), (es, 0.10, 0.10, 0.40), (es, 0.10, 0.10, 0.50)}, {(e;,
0.30, 0.10, 0.50), (e, 0.30, 0.20, 0.50), (e, 0.10, 0.10, 0.50)}, {(es, 0.10, 0.10, 0.40), (e,,
0.30, 0.20, 0.50), (es, 0.10, 0.10, 0.50)}, {(e,, 0.30, 0.10, 0.50), (e, 0.10, 0.10, 0.40), (e,,
0.30, 0.20, 0.50), (es, 0.10, 0.10, 0.50)}}. B(%) = {{(e;, 0.30, 0.10, 0.50)}, {(es, 0.10,
0.10, 0.40)}, {(ey, 0.30, 0.10, 0.50), (e4, 0.30, 0.20, 0.50)}}. Taking P;NBSs B, = {(e,,
0.30, 0.10, 0.50)}, B, = {(es, 0.10, 0.10, 0.40)} and B = {(e;, 0.30, 0.10, 0.50), A (e,,
0.30,0.20,0.50)}, then B; U B, ={(e;, 0.30, 0.10, 0.50), (es, 0.10, 0.10, 0.40)} isa PBS
and By U By = {(ey, 0.30, 0.10, 0.50), (e4, 0.30, 0.20, 0.50)} is @ P;NBS.

3.1. Algorithm
In this subsection we have proposed an algorithm to find P¢SE and another for o(g) of a

PG .

Algorithm 1: Computation of P¢SE ina P;G
Input A Pre inthe PrG g
Output | PrSE ofthe PG
Step-1: | Choose one Pre e=(i,j) fromthe g
Step-2: | Find all Ps-paths between the Prv i and j other than e
Step-3: | Compute (67, 68, 67)=(A {6% (e}, A{8°(e)}, V{07 (e)),
i=12,...,k
Step-4: | Calculate CO, (i, )=(0°*(i,/), 6°°(, /), 6~ (i,)))
Step-5: | Check 8% (i,j) = 0°%(i,)), 6°(i,j) = 0°°(,j), 0~ (i,j) < 0°(i,)).
If yes then it is PrSE.

Ilustrations of Algorithm 1 :
We now illustrate this algorithm using the P:G given in Fig. 11.
Step 1: Takinga Pre e; = (M, B).

Step 2 : Betweenthe Prv M and B Py-pathsare Pi=e,-eq, Py=ey-eg-ey, P3 = e4-e3-ey,
Py=e,-e3-e19-e9, Ps=e4-eg-ejp-€;, Ps=es-e3-e5, Pr=es-e3-eg-e9, Pg=es-e19-eg-eg,
Py=es-ej9-€9, Prg=es-e;, P11=e7-eg-€s, P1p=e7-eg-e3-e;, Pi3=ej-ejp-€z, P14=ez-eo-
e3-€g, Pis=e;-eq.

Step 3: (65,68,,65,) = (A{0.21,0.24},A {0.26,0.26},v {0.38,0.38})=(0.21,0.26,0.38).
(67, 63, 65,)=(A {0.21,0.24,0.28},A {0.26,0.26,0.26},V {0.38,0.38,0.34})=
(0.21,0.26,0.38). (65, 68, 67,)=(A {0.21,0.24,0.42},A {0.26,0.26,0.26},V
{0.38,0.38,0.19})=(0.21,0.26,0.38). (67,,63,.67,)=(A {0.21,0.24,0.28,0.28},A
{0.26,0.26,0.32,0.26},v {0.38,0.38,0.34,0.34})=(0.21,0.26,0.38). (67,.65,.85,)=(A
{0.21,0.24,0.28,0.42},A {0.26,0.26,0.32,0.26},V
{0.38,0.38,0.34,0.19})=(0.21,0.26,0.38). (67, 63, 65,)=(A {0.21,0.24,0.24},A
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{0.33,0.26,0.26},v {0.22,0.38,0.38})=(0.21,0.26,0.38). (63,68 .67,)=(A
{0.21,0.24,0.24,0.28},A {0.33,0.26,0.26,0.26},V
{0.22,0.38,0.38,0.34})=(0.21,0.26,0.38). (67,63 ,65,)=A {0.21,0.28,0.24,0.24},A
{0.33,0.32,0.26,0.26},v {0.22,0.34,0.38,0.38})=(0.21,0.26,0.38). (67, 63,, 85,)=(A
{0.21,0.28,0.28},A {0.33,0.32,0.26},v {0.22,0.34,0.34})=(0.21,0.26,0.34). (67, 63...
65.,)=(A {0.21,0.42},A {0.33,0.26},v {0.22,0.19)=(0.21,0.26,0.22). (67, 63, ,
65.,)=(A {0.21,0.24,0.24},A {0.32,0.26,0.26},v {0.34,0.38,0.38})=(0.21,0.26,0.38).
(67.,.68.,.65,,)=(A {0.21,0.24,0.24,0.42},A {0.32,0.26,0.26,0.26},v
{0.34,0.38,0.38,0.19})=(0.21,0.26,0.38). (87, 68.., 65.,)= (A {0.21,0.28,0.42}, A
{0.32,0.32,0.26}, v {0.34,0.34,0.19 })=(0.21,0.26,0.34). (6,,68.,. 65,,)= (A
{0.21,0.28,0.24,0.24}, A{0.32,0.32,0.26,0.26}, v { 0.34,0.34,0.38,0.38 } ) =
(0.21,0.26,0.38). (6%, 68, ., 65..)= (A {0.21,0.28}, A {0.32,0.26}, v
{0.34,0.34})=(0.21,0.26,0.34).

Step 4 :C0;(M,B) = (6*°*(M,B), 6°°(M,B), 6°~ (M, B))

6**(M,B)= v {0.21,0.21,0.21,0.21,0.21,0.21,0.21,0.21,0.21,0.21,0.21,0.21,0.21,0.21,
0.21,0.21} = 0.21

6°°(M,B)= v {0.21,0.21,0.21,0.21,0.21,0.21,0.21,0.21,0.21,0.21,0.21,0.21,0.21,0.21,
0.21,0.26} = 0.26

6~ (M,B)= A { 0.22,0.22,0.22,0.22,0.22,0.22,0.22,0.22,0.22,0.22,0.22,0.22,0.22,0.22,
0.22,0.34 } = 0.22

Step 5 :(6°* (M, B), 8*°(M,B), 6°~ (M, B))=(0.21,0.26,0.22) and (8+(M, B),
6°(M,B), 6~(M,B))=(0.21,0.26,0.22). Therefore, 6**(M,B)=6"(M, B),
6*%(M,B)=0°(M,B) and 8~ (M,B)=0"(M, B).

So, (M,B) isa PfSE.

Algorithm 2: Computation of PBN
Input A PG
Output o(g) ofthe PrG
Step-1: Compute the set of all PSE X ofthe PG
Step-2 : Identify all PrDSsof o i.e., e($)
Step-3 : Calculate {(g)
Step-4 : Check {(go —A) > {(go) for AC S
Step-5: Calculate y ()
Step 6 : Compute d(4;) of each pfm;b-sets A;
Step 7: o(g)=cardinality of Prm,,BS

Ilustrations of Algorithm 2 :

Stepl: X ={eq, ey, €4, €3, €5, €, €5, €7, €9, €10} iN Fig. 11.
Step 2: €(9)= {{v1}, {v2} {vs} {va}. {vs}}

Step 3: {(#)=|vs|=1
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Step4: {( — {es}) > {(G), s0, A {e3} isa PBS.
Step 5 : y()={{es}, {es}, {ec}, {es}}

LHO2430267038 373, ({ey}) = U220 - 363

Step 6: d({es)) =
a({eG}) —— 1+0.24~+2.26—0.38 — 0373, a({€8}) — 1+0.24—+2.26—0.38 — 0373

Step 7: 0(G)=l{es}| = 1

1+0.21+0.26—0.38

4. An application
Indian Railway is a very essential medium for communication across India. Large
number of people use this transport on their daily life work. Therefore, maintaining a
good service facility is a very essential part of this system. Here, we consider 5 railway
divisions M, S, B, N, P. Our main aim is to find the route between two divisions in
which administration should focus to improve and maintain good services.

We have constructed a PrG model given in Fig. 11 by taking divisions as Pyv and
Pre as railway connections between the divisions. Membership values of the Prv
represent the average amount of travelers who have entered into the division. This indicates
positive membership of the Prv. People who wait represent neutral membership and
people who leave the place represent negative membership of the division. For example let
during 8 a.m. to 9 a.m. x; number of people enters into Division M from outside the
division for going to another station, x, is the number of people, coming by train from
other stations. x5 denotes people waiting before 8 a.m. and x, represents people leaving
the division by transferring to another train, x5 is the number of people exiting the station
and x, people wait during this hour. Let, x = x; + x5 + x5 + x4 + x5. Here, x, + x5 <

x1+x;+x3 and  xg = (xg +x; +x3) — (x4 + x5). Therefore, 67(4) = xl:XZ '

6°(4) = % and 67(4) = % Let 28% passengers enter, 32% wait and 34% leave
from P division per mean hour. Therefore, (0.28, 0.32, 0.34) is the membership value of
Prv P. Also, degrees for Pre (i,j) represent the average number of trains which appear
late in division i and reach to j in the right time, run in scheduled time and arrive at time
but reach late to the next division. For example, in M and S divisions we assume 42%,
26% and 19% represent respectively trains that appear late in M and reach right time in
S, maintains scheduled time and arrive late in S while depart in right time at M. Thus
(0.42, 0.26, 0.19) is the pf-membership value of the Pre between M and S. Here, pfDS
represents divisions which connects the remaining divisions with strong rail routes. pfBS
computes the robustness of the rail network.

In this P¢G, pfSE between two railway divisions indicates that this route is best
among other possible routes i.e., time duration is minimum between the divisions. In our
model it is a complete PrG. So, all routes are pfSE. P¢DSs indicates the important
divisions from which passengers can go to all the remaining destinations. In this model
each division is represented as a P:DS. Now the value d(A4;) of each divisions A;
indicates crowd density. Number of P;v in the Prm,,DS denotes P;DN. In our model
PsDN is 1. It has been seen that if route damage or not functional or problem in railway
track, signal system or any type of accident occurs then number of Prv inthe P:DS as a
result PrDN increases. Therefore, pressure on Prm;DS increases and passengers suffer
from their basic needs. These types of railway routes represent pfBS. There are so many
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pfBSs in the system. In this P¢G, Prm,, BS contains only one pfe with a score 0.33. We
have ranked them in Table 1. Route BN leads from the list. Thus among all routes first
focus on the route BN.

Rank Division Score
1 BN 0.33
2 SN 0.37
3 MN 0.37
4 NP 0.37

Table 1: Ranking of railway divisions

(0.28, 0.32, 0.34)

(0.21, 0.45,

(0.42, 0.26, 0.19)
(0.51, 0.26, 0.19) (0.42, 0.33, 0.16)

Figure 11: Graphical representation of railway divisions
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4.1. Numerical calculations

We consider two P;v B and M from Fig. 11. All P¢-paths with their strength between
B and M are Py=e4-eq (0.21, 0.26, 0.38), P,=e4-eg-eq (0.21, 0.26, 0.38), P3=e4-e3-e,
(0.21, 0.26, 0.38), P,=e,-e3-e19-€9 (0.21, 0.26, 0.38), Ps=e4-eg-e,9-e, (0.21, 0.26,
0.38), Ps=es-e3-e¢ (0.21, 0.26, 0.38), P;=e5-e3-eg-eq (0.21, 0.26, 0.38), Pg=es-e1¢-eg-
e (0.21, 0.26, 0.38), Py=e5-e19-€9 (0.21, 0.26, 0.34), P;p=es-e, (0.21, 0.26, 0.22),
Pi1=e;-eg-e¢ (0.21, 0.26, 0.38), P;,=e;-eg-e3-e, (0.21, 0.26, 0.38), P;3=e;-e19-€>
(0.21, 0.26, 0.34), P;,=e;-e1p-e3-€¢ (0.21, 0.26, 0.38), P;s=e,-eq (0.21, 0.26, 0.34).
Here, 67 (M,B) = 6°*(M,B), 6°(M,B) = 6°°(M,B) and 6~ (M,B) < 0° (M, B).
So, e;=(M,B) isa P;SE. Here, X ={ MB, BN, BP, SB, MN, MP, MS,

NP, SN, SP}. e(9)={{M},{S},{B},{N},{P}}.

1+0.51+0.26—-0.19 1+0.42+0.33-0.16 1+0.21+0.45-0.22

d(M)= =053, 9(8)=—2020=0.53, 3(B)= =0.48,
a(IV):1+0.24+0.26—0.38:0.37’ a(P)=1+0.28+§.32—0.34-=0.42

So, {(G)=|N|=1. From the Pr-subgraph & — e,, {($¢ — e4)=2> {(§). Therefore,
1+0.24+0.26—0.38

{es} € a (). Thus y(0)={{e3}, {es}, {ec}, {es}}. Here, O(SN)=—————=0.37

3
a(BN):1+0.21+0.26—0.38:0.33’ a(MN):1+0.24+;).26—O.38:0'37’
_1+0.24+0.26-0.38

a(NP)—fzo.BY. d(BN) is minimum. So, o($)=1.

Table 1 indicates the ranking of the pfb-edges. Therefore, Pre BN is our outcome.
This route needs special attention to ensure smooth rail network operation.

4.2. Advantages and limitations of the application
The application proposed in Section 4 has the following advantages and limitations.
Advantages
« ldentification of the most important links of the network.
» More accurate analysis for PFG model.
Limitations
« Collecting data with limited time.

5. Comparative study

All papers regarding BSs, NBSs on fuzzy graphs and I¢Gs contain data in the form of
fuzzy and Ir type. They fail to describe data in Py type. Therefore, to upgrade the data, it
is important to study BSS and NBSS in P¢G. Somasundram et al. and Nagoorgani et al.
discussed various domination and bondage parameters in fuzzy graphs. Parvathi et al.
and Zehui et al. used the IfG model, in which vertices and edges have two degrees:
membership and non-membership. But this model is not appropriate for picture fuzzy
information. In this paper, the neutrality degree constructs the problems in a more accurate
way. Thus, this activity is the extent of the work on BS, NBS in fuzzy graphs and I¢G.
Table 2 presents the comparison.
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Include membership |Include non- Include neutral
value membership value  |membership value
Bondage in fuzzy v X X
graph
Bondage in I;G v v X
Bondage in PrG v Vv Vv

Table 2: Comparison in fuzzy graph, I:G, PrG

6. Conclusion and future work

To understand and analyse the behaviour of everyday problems, PfG is an important tool.
Therefore, it is an important topic to study. We analysed two important characteristics,
PfBS and PfNBS. Computation of P.BN and PNBN for various P;Gs is presented here.
In addition, we investigated an application to find a vulnerable edge in a railway network.
This work will collaborate with researchers to develop P¢Gs. Our future work will focus
on finding bounds for () and g(), and exploring the proposed characteristics on the Pf-
tree, Pf soft graph, IVPfG, tolerance PfG, threshold PfG, and mpIvPfG.
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