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Abstract. In this paper, the concepts of hesitant intuitionistic fuzzy submodule of R-module
M and hesitant intuitionistic fuzzy prime submodule of R-module M are introduced. And
it was concluded that the intersection and the union of any two hesitant intuitionistic fuzzy
prime submodules is itself a hesitant intuitionistic fuzzy prime submodule, and present
some related results.
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1. Introduction
Zadeh [12] in (1965) introduced the concept of fuzzy set (FS) in a set X. The intuitionistic
fuzzy set (in short, IFS) on X was introduced by Atanassov [1] in1986, and prove some
properties. Torra [11] in (2010) introduced the concept of hesitant fuzzy set (HFS) and he
defined the complement, union and intersection of HFSs. Isaac and John in 2011 introduced
the concept on Intuitionistic fuzzy submodules of a module [5]. Poonam and Gagandeep
in 2018 studied some of the properties of intuitionistic fuzzy prime submodules with the
help of residual quotient in [10]. Azizi in (2006) introduced the concept of weakly prime
submodule and prime submodule [2]. Khashan, in (2012) introduced the concept of almost
prime submodule [6]. Fadhil, Mohammed and Hadi [3] in (2021) introduced on hesitant
fuzzy prime modules.

In this work we write the definition of a hesitant intuitionistic fuzzy prime
submodule of R-module M and prove some results about them.

2. Preliminaries
In this section, we list some definitions, and results needed in the later sections.

Definition 2.1. [ 13] Let X be a non — empty set and let | be the closed interval of real
numbers I =[0,1] . A fuzzy set p in X is a function p: X — 1. u(x) is the degree of
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membership of the element x to the set X. The family of all fuzzy sets in X is denoted
by I*.

Definition 2.2. [1] Let X be a non-empty set an intuitionistic fuzzy set (in short, IFS) A is
an object have the form :

A={<a, py(a),vy(a) > : ae X} where the functions p: X = [0,1]iand v,: X = [0,1]
denoted the degree of membership and non-membership for each element a € X to the
set A (respectively) and 0 <py(a) +v,(a) <1 forall ae X . The family of all
intuitionistic fuzzy sets denoted by IF(X). Furthermore, we call:

ma(@) =1 — py(a) — vy(a),va € X the intuitionistic index or hesitancy degree of A . It
is obvious that, 0 <m, < 1, forall a € X.

Definition 2.3. [12] Let X be a reference set. A hesitant fuzzy set on X is defined in term
of a function h that when applied to X return a subset of [0,1], that is, h: X — P([0,1]),
where A= {< x, h,(x) >:x € X} and h,(x) is a set of some values in [0,1] , denoting the
possible membership degree of the element x €X to the set A.

Definition 2.4. [9] Let X be a non-empty set. Suppose 1 and v are functions from X to the
collection of subsets of [0, 1]. A hesitant intuitionistic fuzzy set (HIFS) on X is a set A=
{ <X up,(X), v, (X) >/ x €X}, where values pp, ,(X) and vy, , (x) denote the possible
membership and non-membership values of the element x &€ X to the set A respectively,
which satisfy w,,~(x) + vy, F(x)<1 and ;T (x) + vy, () <1.

Definition 2.5. [7] Let A and B are two be HIFSs of the forms
A= {< x,1p, (X),vp,(x) >/x €X}, B={<x, 1y, (x),vp,(x) >/x€X }onX,then:
1) Ac Bifandonlyif pp, (x) S pp,(x) and vy, (x) 2 vy, (x) for all x €X.
2) A=B ifandonlyif A< Band B 2 A.
3) A€ = {< X, Vp, (%), Uy, (X) >:X € X}
4)AUB = {< x, 1, () U py, (), vp, (x) Nop, (x) >:x € X}
where
:UyleuﬁA(x),yZEule(x) max{)ﬁ Y2 } and (U;LA U U;LB)(x)
= Uylev,‘lA(x),yzevﬁB(x) min{)ﬁ Y2 }(vf\lA n vhB)(x)
5)ANB = {< x, 1y, (X) N pp, (), vp, (X) Uvp(x) >: x € X}
where
= Uylep;‘lA(x),yZEuﬁB(x) min{yl ' Y2 } and (MﬁA N I-li\lB)(x)
(U;IA U U;IB)('X) :Uylev;‘lA(x),yZEv;;B(x) max{}ﬁ ) }

Definition 2.6. [8] Let o, B < [0, 1]. Then a hesitant intuitionistic fuzzy point (HIFP , in
short) x(q,g) Of X is a HIFs of X defined by

_ ((a, B) Py =x
*ap ) = {(w, 01D : y#x
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In this case x is said to be the support of x(, g)and «, {3 are called a value and a non value
of x4 p) respectively. A HIFP x4 g, is called belong to a HIFs A of X denoted by
X(ap) €A o S pp, (x) and B 2 vy, (x)

Definition 2.7. [8] Let X anon-empty set and A be a hesitant intuitionistic fuzzy set in X,
then the (o, B)-level set defined by :
Abgg = {a EX:pp,(a)2a,vp,(a) S B} where o, B < [0,1].

Definition 2.8. [3] Let h be an hesitant fuzzy set over R-module M then h is said to be
hesitant fuzzy module ( in short, HFM ) over R-module M if for all x,y € M,r € R.

() h(x = y) 2 h(x) n h(y) (it) h(rx) 2 h(x)

Definition 2.9. [5] Let M be a module over aring R. An IFS A = (u,, v4) in M is called
an intuitionistic fuzzy submodule (IFSM) of M if

1pus (0)=1,v4(0)=0

2up(x + M Zua ) Aug ), valx + Y)<va XV (), VX, yEM

3opg (rx)y>py X), v rx)<v, X),VXEM, reRr

Definition 2.10. Let M be a modules over a ring R. A hesitant intuitionistic fuzzy set A =
(Mp,vn, ) of Mis called hesitant intuitionistic fuzzy submodule (HIFSM) if

1) up, (6) =[0,1], vy, (0) = @, where O is a zero element of M;

i, (£ + ¥) 244, () N, () and vy, (x + ¥) S v, (X) U, (), V X,y € M.
3) Wp, (rx) 2 pp,(x) and vy, (rx) S vy, (x), VX e M, T € R.

*The set of all hesitant intuitionistic fuzzy submodules of M is denoted by HIFSM(M).

Remark 2.11. By saying that A = (uy,,vp,) is a hesitant intuitionistic fuzzy module
(HIFM) we mean that A = (u,, vp,,) Is a hesitant intuitionistic fuzzy submodule of some
R module M.

Definition 2.13. Let X be a set and A subset of X. The characteristic hesitant
intuitionistic fuzzy set A is defined to be the structure xy,(a) = < upy,(@), voy,(@):a €
X > where

_([0,1] ifa€eA _{(2) ifa €A
I’lh)(A(a) _{® lfa e A vh)(A(a) - [0’1] lfa e A

3. New results on hesitant intuitionistic fuzzy prime submodule of R-module M
In the section, we introduced definition of hesitant intuitionistic fuzzy prime submodule
M and prove some result about them.

Definition 3.1. Let A, Be HIFSM(M) and C € HIFSM(R), define the residual quotient (A
:B) and (A : C) as follows:
(A:B)=U{D|D € HIFSM(R) such that D - B € A}
=U{rp):" € Rand o, S [0, 1],such that g B € A}
And
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(A: C) = U{E|E € HIFSM(M) such that C - E € A}
= U{x(qp):Xx € M and a, B € [0,1],such that C.x(p) S A}

Definition 3.2. Let A = (wy,, vs,) be a hesitant intuitionistic fuzzy submodules of R-
module M . Then we define rA as follows:

rA={(up,,(a), vy ,(@)):a€ M} where for each a € M,

up,, (@) =U{u,(b) :b € M, a =rb}, and

vy, (@) =0{vy,(b) :b €M, a=rb}

Definition 3.3. Let A = (py,, vn, ) and B = (py,, v, ) are two hesitant intuitionistic
fuzzy submodules of R-module M, and 74 gy€ HIFP(R). Then, for all m € M:

, _ U{anu,‘lB(m) if y=rm, rER,mEM}
Hir g yp ) = { 0} if other wise
- (y):{n {BUU,‘IB(m) if y=rm, r € R,m€ M}
"(ap)B ) if other wise

Definition 3.4. Let M be R-module . If 75, be hesitant intuitionistic fuzzy point of R
and y(4,7) » X(a,p) D€ hesitant intuitionistic fuzzy points of M, then:

D sy X@p) = %) snayup)

Z)x(a.ﬁ) t Yoo = (x + y)(ana,ﬁur)

Definition 3.5. [4] A proper submodule N of an R-module M, N is called a prime
submodule if whenever a€ R, x€ M, with ax€N implies that xeNora € (N : M).
Where (N:M) ={a:aM < N}

Definition 3.6. Let A be hesitant intuitionistic fuzzy submodule of R-module M, then A
is called an hesitant intuitionistic fuzzy prime submodule (P-HIFSM(M), in short ) of M,
if for each r(s,) € HIFP(R), x(o) € HIFP(M) {r € R,x € M .0, ,6,y € [0, 1]}

Such that 7(5.)X(a,p)< 4, then either x, gy S A Or 15, Xn,, < A

Theorem 3.7. Let A be a P-HIFSM of B. If AH(%B) * BH(a,B)’ if A be a P-HIFSM of B.
a, 3 € [0,1], then AH(%B) is prime submodule of BH(a,s)

Proof: Let AH(a.B) * BH(a.B) and rm € AH(a,B)' forsomer e Randm e M

since rm € Ay, imples Hp,(rm) 2 a and vy, (rm) < B [By definition 2.7]
Then (Tm)(a,B) =T(ap)Map) S A [By definition 3.4]

Since A be a P-HIFSM of B, then

Either M(q,B) cAor T(a,B)B c A

Case (i): If m(q,g) S Athen, p, (m) 2 a and v, ,(m) € B [ By definition 2.6]
So,m € AH(a,B)

Case (i) : If r(qp)B < A, thenforany y € rBH(a‘B), y = rx, for some x € BH(a.B)
SO, p, (x) 2 a and vy, (x) S B [By definition 2.7]
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Now, @ = a N pp, (x) SV {a Ny, (x):y = rx} = yhr(; 0B () < up, (¥) [By definition
3.3]

Similarly,

we have g = f U vy, (x) 2N {B Uy, (x):y = rx} = vhr(; 0B () 2 vy, (¥) [By
definition 3.3]. Then, y € Ay, '

Thus, rBH(a'B) c AH((x,B)

Hence AH(a.B) is prime submodule of BH(a,B)

Theorem 3.8. Let M be a modules, and A, B are be P-HIFSM of M, where A =
(unovn,) and B = (up,, vp, ) - Then AN B € P-HIFSM(M).

Proof: Suppose that A, B € P-HIFSM(M), and for each (5., € HIFP(R), x4, €
HIFP(M) {r € R,x € M .o, B,6,y € [0, 1]} such that 7(5)x(3)S A N B,

Then r(S,y)x(a,B)g A A r(&,y)x(a,ﬁ)g B

Since A, B € P-HIFSM(M)

Thus either x gy S AOr 75,y Xn,,E A and either xg) € B or 75, Xn,, S B
So, either xg) S ANBOr 75y Xp,,EANB

Implies A n B € P-HIFSM(M).

Corollary 3.9. Let {4, , i € I} be a family of a P-HIFSM of M, then (N;¢; Ap,) is a P-
HIFSM of M.

Theorem 3.10. Let M be a modules over a ring R and A, B are be P-HIFSM of M, where
A= (., vn,) and B = (uy,, vh, ). Then AU B € P-HIFSM(M).

Proof: Suppose that A, B € P-HIFSM(M), and for each (5., € HIFP(R), x4, €
HIFP(M) {[r € R,x € M .a,B,8,y < [0,1]} such that Ty X(@p)S A U B,

Then T(S,Y)X(G,B)g AV T‘(&Y)X((X'B)Q B

Since A, B € P-HIFSM(M)

Thus either X(a,B) cC Aor Ts,y) XhMg A or either X(a,B) cBor Ts,y) XhME B

So, either x,g) € AUBoOr 15y Xn,,E AUB

Implies A U B € P-HIFSM(M).

Corollary 3.11. Let {4, ,i € I} be a family of a P-HIFSM of M, then (U;¢; 4p,) is a P-
HIFSM of M.

Theorem 3.12. Let A = (3, vp, ) be P-HIFSM of M, then Aty is prime submodule

of M.
Proof: Letr € R,x € M such thatrx € AH(a.B)

Sincerx € AH(a,B) implies py, (rx) 2 a and vy, (rx) < B [ By definition 2.7]
S0, (rx)(a,p) € A [By definition 2.6]. Implies r (¢ g)X(a,g) E A [ by definition 3.3]
Since A be is a P-HIFSM of M. Thus, either xy gy S A OF T(4p).Xn,, S A
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If xop) S A implies pp,(x) 2 « and vy, (x) < B [ By definition 2.6]
Thenx € AH(aB)
If 7(ap)-Xn, S A. SO, ,uhr(a"ﬁ)lth (rm) € uy, (rm), then [By definition 3.3]we get

“hr(a,;;).XhM (y)=u {a N /,ch;(hM (m):y=rmreRmEe M} =Uu{an[01]}=a
Implies pp,(rm) 2 a

Similarly,

vhr(a"ﬁ).th ) =n {ﬁ U vhihM (m):y=rmreRmEe M} =n{pul0,1]} =p.
Implies vy, (rm) € B. Thusrm € AH(a.B) implies rM < AH(%B)'

Then Al is prime submodule of R-module M .

Proposition 3.13. Let A be HIFSM(M), and y; ), X(a,) S A, then:

1) X(a,B) + Y(o,1) cA 2) T(6y)%(a,B) c A, for T6y) € HIFP(R)

Proof:

1) Since x(qg) S A, then py,, (X) 2 a, v, (X) € Band y(4,r) S 4, then py, (y) 2 o,

vy, (¥) € T [By definition 2.6]

Since x(q8) + Y(o,1) = (* + ¥) (ans,pur)[By definition 3.4] and A be a HIFSM(M), then:
Mn, (X + ¥) 2pp, () Npp, () 2Qanoand vy, (x + y) S vp, () Vv, () SpUT
Vx,yeM.

Thus pp,(x + y)2ano and vy, (x + y) SfUT

Implies (x + ¥)(ano,pur) € A [By definition 2.6].

S0, X(a,) + Y(s,r) € A [By definition 3.4]

2) Since 7(5)X(ap) = (TX)(sna;yup)[BYy definition 3.4], and A be a HIFSM(M), then
Mp, (rx) 2pp,(x) 2a and v, (rx) S vy, (x) EB, VxeMreR

Implies pp,(rx) 2 a and vy, (rx) S B

Since pp,(rx) 2a 2ano and v, (rx) SBSPUT

Hence w,,(rx) 2 ano and vy, (rx) SpUT

Therefore (rx)(snayup) € A[By definition 3.4]

Implies T(5,v)X(a,B) c A

Definition 3.14. Let M be a module, and A be hesitant intuitionistic fuzzy submodule of
M, and 75,y be a hesitant intuitionistic fuzzy point of R and y gy be a hesitant
intuitionistic fuzzy point of M. Define the residual quotient (A : y(4p) ) and (A :7(s,))
as follows:

(A: y(a’B)) = U{x(sﬂ)lx(sjt) C HIFP(R) such that X)) Y(ap) & A}, and

(A: T(S,y)) =U{a(m) |a(sjr) C HIFP(M)such that Ty & A}

Proposition 3.15. Let A be a P-HIFSM(M), and x(, ) € HIFP(R), then (A : x(,)) be a
P-HIFSM(M).

Proof: Suppose that A € P-HIFSM(M), and for each 75,y € HIFP(R), y(qp) €
HIFP(M) {r €R,y € M ., B, 8,y S [0, 1]} such that 7(5)¥(0,8)S (A : X(er))
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80, (X(e0) T(57)) V() EA
Since A € P-HIFSM(M), then y (o g) S A OF X(g1)T(5,y)Xhy E A

If X(S'T)T‘(&y)thg A then T'(&Y)XhME (A : x(m))
Yp) S Aand x ) € HIFP(R). Implies x( )y« S A [ By proposition 3.13]

Then J’(a,B)g (A : X(sl.[))

S0, Y, S (A X(g1)) OF T(5y)Xny S (A X(e0))
Then (A: x(gr) be a P-HIFSM(M).
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