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Abstract. In this paper, the concepts of hesitant intuitionistic fuzzy submodule of R-module 

M and hesitant intuitionistic fuzzy prime submodule of R-module M are introduced. And 

it was concluded that the intersection and the union of any two hesitant intuitionistic fuzzy 

prime submodules is itself a hesitant intuitionistic fuzzy prime submodule, and present 
some related results. 
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1. Introduction 

Zadeh [12] in (1965) introduced the concept of fuzzy set (FS) in a set X. The intuitionistic 

fuzzy set (in short, IFS) on X was introduced by Atanassov [1] in1986, and prove some 

properties. Torra [11] in (2010) introduced the concept of hesitant fuzzy set (HFS) and he 

defined the complement, union and intersection of HFSs. Isaac and John in 2011 introduced 

the concept on Intuitionistic fuzzy submodules of a module [5]. Poonam and Gagandeep 

in 2018 studied some of the properties of intuitionistic fuzzy prime submodules with the 

help of residual quotient in [10]. Azizi in (2006) introduced the concept of weakly prime 

submodule and prime submodule [2]. Khashan, in (2012) introduced the concept of almost 

prime submodule [6]. Fadhil, Mohammed and Hadi [3] in (2021) introduced on hesitant 

fuzzy prime modules.  

In this work we write the definition of a hesitant intuitionistic fuzzy prime 

submodule of R-module M and prove some results about them. 

 

2. Preliminaries      

In this section, we list some definitions, and results needed in the later sections. 

 

Definition 2.1. [ 13] Let X be a non – empty set and let I be the closed interval of real 

numbers I = [0 ,1] . A fuzzy set µ in X is a function  µ ∶ X → I . μ ( x ) is the degree of 
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membership of the element x to the set X. The family of all fuzzy sets in X is denoted 

by 𝐼𝑥. 

 

Definition 2.2. [1] Let X be a non-empty set an intuitionistic fuzzy set (in short, IFS) A is 

an object have the form :  

A = { < a, µ𝐴(a),𝑣𝐴(a) > : a ∈ Χ } where the functions µA: Χ → [0,1]iand 𝑣A: Χ → [0,1] 
denoted the degree of membership and non-membership for each element  a ∈ Χ  to the 

set A ( respectively) and  0 ≤ 𝜇𝐴(𝑎) + 𝑣𝐴(𝑎) ≤ 1    for all a∈ Χ . The family of all 

intuitionistic fuzzy sets denoted by  IF(X). Furthermore, we call:  

πA(a) = 1 − 𝜇𝐴(𝑎) − 𝑣𝐴(𝑎) , ∀𝑎 ∈ X the intuitionistic index or hesitancy degree of A . It 

is obvious that, 0 ≤ πA ≤ 1, for all a ∈ X. 

 

Definition 2.3. [12] Let X be a reference set. A hesitant fuzzy set on X is defined in term 

of a function h that when applied to X return a subset of [0,1], that is, h: X → P([0,1]), 

where A= {< 𝑥, ℎ𝐴(𝑥) >: 𝑥 ∈ X} and ℎ𝐴(𝑥) is a set of some values in [0,1] , denoting the  

possible membership degree of the element x ∈X to the set A.  

 

Definition 2.4. [9] Let X be a non-empty set. Suppose µ and v are functions from X to the 

collection of subsets of [0, 1]. A hesitant intuitionistic fuzzy set (HIFS) on X is a set A= 

{ < x, µℎ𝐴
̀ (x), 𝑣ℎ𝐴

̀ (x) > / x ∈ X }, where values µℎ𝐴
̀ (x) and 𝑣ℎ𝐴

̀  (x) denote the possible 

membership and non-membership values of the element  x ∈ X to the set A respectively, 

which satisfy  µℎ𝐴
̀ −(𝑥) + 𝑣ℎ𝐴

̀ +(𝑥)≤ 1  and   µℎ𝐴
̀ +(𝑥) + 𝑣ℎ𝐴

̀ −(𝑥) ≤ 1 . 

 

Definition 2.5. [7] Let A and B are two be HIFSs of the forms  

A= {< 𝑥, µℎ𝐴
̀ (𝑥), 𝑣ℎ𝐴

̀ (𝑥) >/𝑥 ∈ 𝑋i},   𝐵 = {< 𝑥, µℎ𝐵
̀ (𝑥), 𝑣ℎ𝐵

̀ (𝑥)𝑖 >/ 𝑥 ∈ 𝑋𝑖} on 𝑋, then: 

1) i𝐴 ⊂ 𝐵 if and only if  µℎ𝐴
̀ (𝑥) ⊆ µℎ𝐵

̀ (𝑥) and 𝑣ℎ𝐴
̀ (𝑥) ⊇ 𝑣ℎ𝐵

̀ (𝑥) for all x ∈X. 
2)  𝐴 = 𝐵  if and only if  𝐴 ⊆ 𝐵 and i𝐵 ⊇  𝐴. 

3) 𝐴𝑐 =  {< 𝑥, 𝑣ℎ𝐴
̀ (𝑥) , µℎ𝐴

̀ (𝑥) >: 𝑥 ∈ 𝑋} 

4) 𝐴 ∪ 𝐵 =  {<  𝑥, µℎ𝐴
̀ (𝑥) ∪ µℎ𝐵

̀ (𝑥), 𝑣ℎ𝐴
̀ (𝑥) ∩ 𝑣ℎ𝐵

̀ (𝑥) >: 𝑥 ∈ 𝑋} 

where  
(µℎ𝐴

̀ ∪ µℎ𝐵
̀ )(𝑥) = ∪𝑦1∈µℎ𝐴

̀ (𝑥),𝑦2∈µℎ𝐵
̀ (𝑥) 𝑚𝑎𝑥{𝑦1 , 𝑦2 } and  

(𝑣ℎ𝐴
̀ ∩ 𝑣ℎ𝐵

)(𝑥) = ∪𝑦1∈𝑣ℎ𝐴
̀ (𝑥),𝑦2∈𝑣ℎ𝐵

̀ (𝑥) 𝑚𝑖𝑛{𝑦1 , 𝑦2 } 

5) 𝐴 ∩ 𝐵 =  {<  𝑥, µℎ𝐴
̀ (𝑥) ∩ µℎ𝐵

̀ (𝑥), 𝑣ℎ𝐴
̀ (𝑥) ∪ 𝑣ℎ𝐵

̀ (𝑥) >∶ 𝑥 ∈ 𝑋} 
where  

(µℎ𝐴
̀ ∩ µℎ𝐵

̀ )(𝑥) = ∪𝑦1∈µℎ𝐴
̀ (𝑥),𝑦2∈µℎ𝐵

̀ (𝑥) 𝑚𝑖𝑛{𝑦1 , 𝑦2 } and  

(𝑣ℎ𝐴
̀ ∪ 𝑣ℎ𝐵

̀ )(𝑥) = ∪𝑦1∈𝑣ℎ𝐴
̀ (𝑥),𝑦2∈𝑣ℎ𝐵

̀ (𝑥) 𝑚𝑎𝑥{𝑦1 , 𝑦2 } 

 

Definition 2.6. [8] Let α, β ⊆ [0, 1]. Then a hesitant intuitionistic fuzzy pointi(HIFP , in 

short) 𝑥(α,β)iof 𝑋 is a HIFs of 𝑋idefined by 

𝑥(α,β)(y) = {
(α, β)         ∶      iy = 𝑥
(∅, [0,1])   ∶      y ≠ 𝑥
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In this case 𝑥 is said to be the support of 𝑥(α,β)and α,β are called a value and a non value 

of 𝑥(α,β) respectively. A HIFP 𝑥(α,β ) is called belong to a HIFs Aiof 𝑋 denoted by 

𝑥(α,β) ∈ A, α ⊆ µℎ𝐴
̀ (𝑥)𝑖and β ⊇ 𝑣ℎ𝐴

̀ (𝑥) 

 

Definition 2.7. [8] Let X anon-empty set and A be a hesitant intuitionistic fuzzy set in X, 

then the (α, β)-level set defined by :       

A𝐻(α,β)
= {𝑎 ∈ 𝑋 ∶ µℎ𝐴

̀ (𝑎) ⊇ α , 𝑣ℎ𝐴
̀ (𝑎) ⊆ β} where α, β ⊆ [0,1]. 

 

Definition 2.8. [3] Let h be an hesitant fuzzy set over R-module M then h is said to be 

hesitant fuzzy module ( in short, HFM ) over R-module M if for all 𝑥, 𝑦 ∈ 𝑀, 𝑟 ∈ 𝑅.  

(i) ℎ(𝑥 −  𝑦) ⊇  ℎ(𝑥) ∩  ℎ(𝑦)                    (𝑖𝑖) ℎ(𝑟𝑥)  ⊇  ℎ(𝑥)  

 

Definition 2.9. [5] Let M be a module over a ring R. An IFS A = (𝜇𝐴, 𝑣𝐴) in M is called 

an intuitionistic fuzzy submodule (IFSM) of M if  

1. 𝜇𝐴 (0) = 1, 𝑣𝐴 (0) = 0        

2. 𝜇𝐴 (𝑥 +  𝑦) ≥ 𝜇𝐴 (x) ∧ 𝜇𝐴 (y), 𝑣𝐴 (𝑥 +  𝑦) ≤ 𝑣𝐴 (x) ∨ 𝑣𝐴 (y), ∀ x, y ∈ M  

3. 𝜇𝐴 (𝑟𝑥) ≥ 𝜇𝐴 (x), 𝑣𝐴 (𝑟𝑥) ≤ 𝑣𝐴 (x),∀ x ∈ M, r ∈ R  

 

Definition 2.10. Let M be a modules over a ring R. A hesitant intuitionistic fuzzy set A = 

(µℎ𝐴
̀ ,𝑣ℎ𝐴

̀  )  of M is called hesitant intuitionistic fuzzy submodule (HIFSM) if 

1) µℎ𝐴
̀  () = [0,1] , 𝑣ℎ𝐴

̀  () = ∅ , where  is a zero element of M; 

2)µℎ𝐴
̀  (𝑥 +  𝑦) ⊇ µℎ𝐴

̀  (𝑥) ∩ µℎ𝐴
̀ (𝑦)  and  𝑣ℎ𝐴

̀ (𝑥 +  𝑦)  ⊆ 𝑣ℎ𝐴
̀ (𝑥) ∪ 𝑣ℎ𝐴

̀ (𝑦),  𝑥, 𝑦  M. 

3) µℎ𝐴
̀ (𝑟𝑥)  ⊇  µℎ𝐴

̀ (𝑥)  and  𝑣ℎ𝐴
̀  (𝑟𝑥) ⊆ 𝑣ℎ𝐴

̀  (𝑥),  𝑥  M, 𝑟  R.  

*The set of all hesitant intuitionistic fuzzy submodules of M is denoted by HIFSM(M).  

 

Remark 2.11. By saying that A = (µℎ𝐴
̀ ,𝑣ℎ𝐴

̀ ) is a hesitant intuitionistic fuzzy module 

(HIFM) we mean that A = (µℎ𝐴
̀ , 𝑣ℎ𝐴

̀ )  is a hesitant intuitionistic fuzzy submodule of some 

R module M. 

 

Definition 2.13. Let X be a set and A subset of X. The characteristic hesitant 

intuitionistic fuzzy set A is defined to be the structure  χhA
(a) = <  𝜇ℎ𝜒𝐴

(a), 𝑣ℎ𝜒𝐴
(a):a ∈ 

X > where 

   𝜇ℎ𝜒𝐴
(a) ={

[0,1]     if  𝑎 ∈ A
∅           if 𝑎 ∉ A

              𝑣ℎ𝜒𝐴
(a) ={

∅           if 𝑎 ∈ A
[0,1]         if 𝑎 ∉ A

 

 

3. New results on hesitant intuitionistic fuzzy prime submodule of R-module M  
In the section, we introduced definition of hesitant intuitionistic fuzzy prime submodule 

M and prove some result about them. 

 

Definition 3.1. Let A, B∈ HIFSM(M) and C ∈ HIFSM(R), define the residual quotient (A 

: B) and (A : C) as follows: 

(A ∶ B) = ⋃{𝐷|𝐷 ⊆ 𝐻𝐼𝐹𝑆𝑀(𝑅) such that 𝐷 ∙ 𝐵 ⊆ 𝐴}                                                       

             = ⋃{ 𝑟(α,β): 𝑟 ∈ 𝑅 𝑎𝑛𝑑 α, β ⊆ [0, 1], such that 𝑟(α,β) 𝐵 ⊆ 𝐴}    

And  
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(A∶ C) = ⋃{𝐸|𝐸 ⊆ 𝐻𝐼𝐹𝑆𝑀(𝑀) such that 𝐶 ∙ 𝐸 ⊆ 𝐴}  

            = ⋃{ 𝑥(α,β): 𝑥 ∈ 𝑀 𝑎𝑛𝑑 α, β ⊆ [0, 1], such that  C . 𝑥(α,β) ⊆ 𝐴} 

 

Definition 3.2. Let A = (µℎ𝐴
̀ , 𝑣ℎ𝐴

̀ )  be a hesitant intuitionistic fuzzy  submodules of R-

module M . Then we define 𝑟A as follows:               

𝑟A = {(µℎ𝑟𝐴
̀ (𝑎), 𝑣ℎ𝑟𝐴

̀ (𝑎) ) : a ∈ M} where for each a ∈ M,  

µℎ𝑟𝐴
̀ (𝑎) = ∪{µℎ𝐴

̀ (𝑏) : 𝑏 ∈ 𝑀, 𝑎 = 𝑟𝑏}, and 

𝑣ℎ𝑟𝐴
̀ (𝑎) = ∩{𝑣ℎ𝐴

̀ (𝑏) : 𝑏 ∈ 𝑀, 𝑎 = 𝑟𝑏}    

 

Definition 3.3. Let A = (µℎ𝐴
̀ , 𝑣ℎ𝐴

̀  ) and B = (µℎ𝐵
̀ , 𝑣ℎ𝐵

̀ ) are two hesitant intuitionistic 

fuzzy  submodules of R-module M, and  𝑟(𝛼,β)∈ HIFP(R). Then, for all m ∈ M: 

  𝜇ℎ𝑟(𝛼,β).B
́ (𝑦) = {

∪ {𝛼 ∩ µℎ𝐵
̀ (𝑚)          𝑖𝑓        𝑦 = 𝑟𝑚, 𝑟 ∈ 𝑅, 𝑚 ∈ 𝑀}           

∅                            𝑖𝑓                        𝑜𝑡ℎ𝑒𝑟 𝑤𝑖𝑠𝑒                  
 

             𝑣ℎ𝑟(𝛼,β).B
́ (𝑦) = {

∩ {β ∪ 𝑣ℎ𝐵
̀ (𝑚)        𝑖𝑓               𝑦 = 𝑟𝑚, 𝑟 ∈ 𝑅, 𝑚 ∈ 𝑀}

∅                       𝑖𝑓                              𝑜𝑡ℎ𝑒𝑟 𝑤𝑖𝑠𝑒 
 

    

Definition 3.4. Let M be R-module . If   𝑟(δ,γ) be hesitant intuitionistic fuzzy point of R 

and 𝑦(𝜎,𝜏) , 𝑥(𝛼,𝛽) be hesitant intuitionistic fuzzy points of M, then:  

1) 𝑟(δ,γ)𝑥(α,β) = (𝑟𝑥)(𝛿∩𝛼,𝛾∪𝛽 )     

2)𝑥(α,β) +  𝑦(𝜎,𝜏) = (𝑥 + 𝑦)(𝛼∩𝜎,𝛽∪𝜏) 

 

Definition 3.5. [4] A proper submodule N of an R-module M, N is called a prime 

submodule if whenever 𝑎∈ 𝑅, 𝑥∈ M, with 𝑎𝑥∈𝑁 implies that 𝑥∈𝑁 or 𝑎 ∈ (𝑁 : M ). 

Where  (𝑵: 𝑴) = {𝒂 : 𝒂𝑴 ⊆ 𝑵 }  

 

Definition 3.6. Let A be hesitant intuitionistic fuzzy submodule of R-module M, then A 

is called an hesitant intuitionistic fuzzy prime submodule (P-HIFSM(M), in short ) of M,  

if for each  𝑟(δ,γ) ∈ HIFP(R),  𝑥(α,β) ∈ HIFP(M) {𝑟 ∈ 𝑅, 𝑥 ∈ 𝑀 . α, β, δ, γ ⊆ [0, 1]}  

Such that  𝑟(δ,γ)𝑥(α,β)⊆ 𝐴, then either  𝑥(α,β) ⊆ 𝐴 or  𝑟(δ,γ) χℎ𝑀
⊆ 𝐴.   

 

Theorem 3.7. Let A be a P-HIFSM of B. If A𝐻(α,β)
≠ B𝐻(α,β)

, if A be a P-HIFSM of B. 

α, β ⊆ [0,1], then A𝐻(α,β)
 is prime submodule of B𝐻(α,β)

 

Proof: Let A𝐻(α,β)
≠ B𝐻(α,β)

 and 𝑟𝑚 ∈ A𝐻(α,β)
, for some r ∈ 𝑅 and 𝑚 ∈ 𝑀 

since 𝑟𝑚 ∈ A𝐻(α,β)
 imples µℎ𝐴

̀ (𝑟𝑚) ⊇ 𝛼 and 𝑣ℎ𝐴
̀ (𝑟𝑚) ⊆ β  [By definition 2.7]  

Then (𝑟𝑚)(𝛼,β) = 𝑟(𝛼,β)𝑚(𝛼,β) ⊆ A      [By definition 3.4]    

Since A be a P-HIFSM of B, then   

Either  𝑚(𝛼,β) ⊆ A  or 𝑟(𝛼,β)𝐵 ⊆ A. 

Case (i): If 𝑚(𝛼,β) ⊆ A then, µℎ𝐴
̀ (𝑚) ⊇ 𝛼 and 𝑣ℎ𝐴

̀ (𝑚) ⊆ β   [ By definition 2.6] 

So, 𝑚 ∈ A𝐻(α,β)
  

Case (ii) : If  𝑟(𝛼,β)𝐵 ⊆ A, then for any  y ∈ 𝑟B𝐻(α,β)
, 𝑦 = 𝑟𝑥, for some 𝑥 ∈ B𝐻(α,β)

   

So, µℎ𝐵
̀ (𝑥) ⊇ 𝛼 and 𝑣ℎ𝐵

̀ (𝑥) ⊆ β [By definition 2.7]  
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Now, 𝛼 = 𝛼 ∩ µℎ𝐵
̀ (𝑥) ⊆∪ {𝛼 ∩ µℎ𝐵

̀ (𝑥): 𝑦 = 𝑟𝑥} = 𝜇ℎ𝑟(𝛼,β).B
́ (𝑦) ⊆ µℎ𝐴

̀ (𝑦) [By definition 

3.3]  

 

Similarly,  

we have 𝛽 = 𝛽 ∪ 𝑣ℎ𝐵
̀ (𝑥) ⊇∩ {𝛽 ∪ 𝑣ℎ𝐵

̀ (𝑥): 𝑦 = 𝑟𝑥} = 𝑣ℎ𝑟(𝛼,β).B
́ (𝑦) ⊇ 𝑣ℎ𝐴

̀ (𝑦) [By 

definition 3.3]. Then, y ∈ A𝐻(α,β)
 

Thus, 𝑟B𝐻(α,β)
⊆ A𝐻(α,β)

  

Hence A𝐻(α,β)
 is prime submodule of B𝐻(α,β)

 

 

Theorem 3.8. Let M be a modules, and A, B are be P-HIFSM of M, where A = 

(µℎ𝐴
̀ , 𝑣ℎ𝐴

̀ ) and B = (µℎ𝐵
̀ , 𝑣ℎ𝐵

̀ ) . Then A ∩ B ∈ P-HIFSM(M). 

Proof: Suppose that A , B ∈ P-HIFSM(M), and for each  𝑟(δ,γ) ∈ HIFP(R),  𝑥(𝛼,𝛽) ∈

HIFP(M) {𝑟 ∈ 𝑅, 𝑥 ∈ 𝑀 . α, β, δ, γ ⊆ [0, 1]} such that  𝑟(δ,γ)𝑥(α,β)⊆ 𝐴 ∩ B,  

Then  𝑟(δ,γ)𝑥(α,β)⊆ A  ∧   𝑟(δ,γ)𝑥(α,β)⊆ B 

Since A, B ∈ P-HIFSM(M) 

Thus  either  𝑥(α,β) ⊆ A or  𝑟(δ,γ) χℎ𝑀
⊆ A    and    either  𝑥(α,β) ⊆ B or  𝑟(δ,γ) χℎ𝑀

⊆ B 

So, either  𝑥(α,β) ⊆ A ∩ B or  𝑟(δ,γ) χℎ𝑀
⊆ A ∩ B 

Implies A ∩ B ∈ P-HIFSM(M). 

 

Corollary 3.9. Let {𝐴ℎ𝑖
 , 𝑖 ∈ 𝐼} be a family of a P-HIFSM of M, then (⋂ 𝐴ℎ𝑖𝑖∈𝐼 ) is a P-

HIFSM of M. 

 

Theorem 3.10. Let M be a modules over a ring R and A, B are be P-HIFSM of M, where 

A= (µℎ𝐴
̀ , 𝑣ℎ𝐴

̀ ) and B = (µℎ𝐵
̀ , 𝑣ℎ𝐵

̀ ). Then A ∪ B ∈ P-HIFSM(M). 

Proof: Suppose that A , B ∈ P-HIFSM(M), and for each  𝑟(δ,γ) ∈ HIFP(R),  𝑥(𝛼,𝛽) ∈

HIFP(M) {[𝑟 ∈ 𝑅, 𝑥 ∈ 𝑀 . α, β, δ, γ ⊆ [0, 1]}  such that  𝑟(δ,γ)𝑥(α,β)⊆ 𝐴 ∪ B,  

Then  𝑟(δ,γ)𝑥(α,β)⊆ 𝐴  ∨   𝑟(δ,γ)𝑥(α,β)⊆ B 

Since A, B ∈ P-HIFSM(M) 

Thus either  𝑥(α,β) ⊆ 𝐴 or  𝑟(δ,γ) χℎ𝑀
⊆ A    or  either  𝑥(α,β) ⊆ B or  𝑟(δ,γ) χℎ𝑀

⊆ B 

So, either  𝑥(α,β) ⊆ 𝐴 ∪ B or  𝑟(δ,γ) χℎ𝑀
⊆ A ∪ B 

Implies A ∪ B ∈ P-HIFSM(M). 

 

Corollary 3.11. Let {𝐴ℎ𝑖
 , 𝑖 ∈ 𝐼} be a family of a P-HIFSM of M, then (⋃ 𝐴ℎ𝑖𝑖∈𝐼 ) is a P-

HIFSM of M. 

 

Theorem 3.12. Let A = (µℎ𝐴
̀ , 𝑣ℎ𝐴

̀ ) be P-HIFSM of M, then  A𝐻(α,β)
  is prime submodule 

of M. 

Proof: Let 𝑟 ∈ R, 𝑥 ∈ 𝑀 such that 𝑟𝑥 ∈ A𝐻(α,β)
  

Since 𝑟𝑥 ∈ A𝐻(α,β)
  implies  µℎ𝐴

̀ (𝑟𝑥) ⊇ 𝛼 and 𝑣ℎ𝐴
̀ (𝑟𝑥) ⊆ β [ By definition 2.7] 

So, (𝑟𝑥)(α,β) ⊆ 𝐴 [By definition 2.6]. Implies 𝑟(α,β)𝑥(α,β) ⊆ 𝐴  [ by definition 3.3] 

Since A be is a P-HIFSM of M. Thus, either  𝑥(α,β) ⊆ 𝐴 or  𝑟(𝛼,β). χℎ𝑀
⊆ A 
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If  𝑥(α,β) ⊆ 𝐴  implies  µℎ𝐴
̀ (𝑥)  ⊇ α  and  𝑣ℎ𝐴

̀ (𝑥) ⊆ β [ By definition 2.6] 

Then 𝑥 ∈ A𝐻(α,β)
  

If  𝑟(𝛼,β). χℎ𝑀
⊆ A. So, 𝜇ℎ𝑟(𝛼,β).χℎ𝑀

́ (𝑟𝑚) ⊆ µℎ𝐴
̀ (𝑟𝑚), then [By definition 3.3]we get 

𝜇ℎ𝑟(𝛼,β).χℎ𝑀
́ (𝑦) = ∪ {𝛼 ∩ 𝜇ℎχℎ𝑀

́ (𝑚): 𝑦 = 𝑟𝑚, 𝑟 ∈ 𝑅, 𝑚 ∈ 𝑀} = ∪ {𝛼 ∩ [0,1]} = 𝛼 

Implies  µℎ𝐴
̀ (r𝑚) ⊇ α   

Similarly,  

𝑣ℎ𝑟(𝛼,β).χℎ𝑀
́ (𝑦) = ∩ {𝛽 ∪ 𝑣ℎχℎ𝑀

́ (𝑚): 𝑦 = 𝑟𝑚, 𝑟 ∈ 𝑅, 𝑚 ∈ 𝑀} = ∩ {𝛽 ∪ [0,1]} = 𝛽. 

Implies  𝑣ℎ𝐴
̀ (r𝑚) ⊆ β.  Thus 𝑟𝑚 ∈ A𝐻(α,β)

  implies  𝑟𝑀 ⊆ A𝐻(α,β)
. 

Then  A𝐻(α,β)
  is prime submodule of R-module M . 

 

Proposition 3.13. Let A be HIFSM(M), and 𝑦(𝜎,𝜏), 𝑥(𝛼,𝛽) ⊆ A, then:  

1) 𝑥(α,β) + 𝑦(𝜎,𝜏) ⊆ 𝐴      2)  𝑟(δ,γ)𝑥(α,β) ⊆ 𝐴 , for  𝑟(δ,γ) ∈ HIFP(R)                              

Proof: 

1) Since  𝑥(α,β) ⊆ 𝐴, then µℎ𝐴
̀ (x) ⊇ α, 𝑣ℎ𝐴

̀ (x) ⊆ β and  𝑦(𝜎,𝜏) ⊆ 𝐴, then µℎ𝐴
̀ (y) ⊇ σ,  

𝑣ℎ𝐴
̀ (y) ⊆ τ [By definition 2.6] 

Since 𝑥(α,β) + 𝑦(𝜎,𝜏) = (𝑥 + 𝑦)(𝛼∩𝜎,𝛽∪𝜏)[By definition 3.4] and A be a HIFSM(M), then:  

µℎ𝐴
̀ (𝑥 +  𝑦) ⊇ µℎ𝐴

̀ (𝑥) ∩ µℎ𝐴
̀ (𝑦) ⊇ 𝛼 ∩ 𝜎 and 𝑣ℎ𝐴

̀ (𝑥 +  𝑦) ⊆ 𝑣ℎ𝐴
̀ (𝑥) ∪ 𝑣ℎ𝐴

̀ (𝑦) ⊆ 𝛽 ∪ 𝜏 

 𝑥 , 𝑦  M. 

Thus  µℎ𝐴
̀ (𝑥 +  𝑦) ⊇ 𝛼 ∩ 𝜎  and  𝑣ℎ𝐴

̀ (𝑥 +  𝑦) ⊆ 𝛽 ∪ 𝜏 

Implies  (𝑥 + 𝑦)(𝛼∩𝜎,𝛽∪𝜏) ⊆ 𝐴 [By definition 2.6].  

So, 𝑥(α,β) + 𝑦(𝜎,𝜏) ⊆ 𝐴 [By definition 3.4] 

2) Since  𝑟(δ,γ)𝑥(α,β) = (𝑟𝑥)(𝛿∩𝛼,𝛾∪𝛽 )[By definition 3.4], and A be a HIFSM(M), then 

 µℎ𝐴
̀ (𝑟𝑥)  ⊇ µℎ𝐴

̀ (𝑥) ⊇ α   and   𝑣ℎ𝐴
̀ (𝑟𝑥) ⊆ 𝑣ℎ𝐴

̀ (𝑥) ⊆ β,  𝑥  M, 𝑟  R. 

Implies  µℎ𝐴
̀ (𝑟𝑥)  ⊇ α   and  𝑣ℎ𝐴

̀ (𝑟𝑥) ⊆ β  

Since  µℎ𝐴
̀ (𝑟𝑥)  ⊇ α  ⊇ 𝛼 ∩ 𝜎   and   𝑣ℎ𝐴

̀ (𝑟𝑥) ⊆ β ⊆ 𝛽 ∪ 𝜏 

Hence µℎ𝐴
̀ (𝑟𝑥) ⊇ 𝛼 ∩ 𝜎  and  𝑣ℎ𝐴

̀ (𝑟𝑥) ⊆ 𝛽 ∪ 𝜏 

Therefore  (𝑟𝑥)(𝛿∩𝛼,𝛾∪𝛽 ) ⊆ 𝐴[By definition 3.4] 

Implies  𝑟(δ,γ)𝑥(α,β) ⊆ 𝐴. 

 

Definition 3.14. Let M be a module, and A be hesitant intuitionistic fuzzy submodule of 

M, and 𝑟(δ,γ) be a hesitant intuitionistic fuzzy point of R and  𝑦(α,β) be a hesitant 

intuitionistic fuzzy point of M. Define the residual quotient (A :  𝑦(α,β) ) and (A : 𝑟(δ,γ)) 

as follows: 

(A:  𝑦(α,β)) = ⋃{𝑥(ε,τ)|𝑥(ε,τ) ⊆ 𝐻𝐼𝐹𝑃(𝑅) such that 𝑥(ε,τ) 𝑦(α,β) ⊆ 𝐴}, and      

(A: 𝑟(δ,γ)) =⋃{𝑎(ε,τ)|𝑎(ε,τ) ⊆ 𝐻𝐼𝐹𝑃(𝑀)such that 𝑟(δ,γ)𝑎(ε,τ) ⊆ 𝐴} 

 

Proposition 3.15. Let A be a P-HIFSM(M), and 𝑥(ε,τ) ∈ HIFP(R), then (A : 𝑥(ε,τ)) be a 

P-HIFSM(M). 

Proof:  Suppose that A ∈ P-HIFSM(M), and for each  𝑟(δ,γ) ∈ HIFP(R),  y(α,β) ∈

HIFP(M) {𝑟 ∈ 𝑅, 𝑦 ∈ 𝑀 . α, β, δ, γ ⊆ [0, 1]} such that 𝑟(δ,γ)𝑦(α,β)⊆ (A ∶ 𝑥(ε,τ)) 
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So, (𝑥(ε,τ) 𝑟(δ,γ))𝑦(α,β) ⊆ A 

Since A ∈ P-HIFSM(M), then 𝑦(α,β) ⊆ A  or  𝑥(ε,τ)𝑟(δ,γ)χℎ𝑀
⊆ A 

If  𝑥(ε,τ)𝑟(δ,γ)χℎ𝑀
⊆ A  then  𝑟(δ,γ)χℎ𝑀

⊆ (A ∶ 𝑥(ε,τ)) 

𝑦(α,β) ⊆ A and 𝑥(ε,τ) ∈ HIFP(R). Implies   𝑥(ε,τ)𝑦(α,β)⊆ A  [ By proposition 3.13]  

Then 𝑦(α,β)⊆ (A ∶ 𝑥(ε,τ)) 

So, 𝑦(α,β)⊆ (A ∶ 𝑥(ε,τ))  or   𝑟(δ,γ)χℎ𝑀
⊆ (A ∶ 𝑥(ε,τ)) 

Then  (A : 𝑥(ε,τ)) be a P-HIFSM(M). 
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