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Abstract. The awareness of ideals obviously affects the concern of certain equivalence
relations over a ternary semi-group. These equivalence relations, early studied by J.A.
Green (1951), have played a basic role in the progress of semigroup theory. The major
application of this paper is to find some results on Green Relations and their conditions on
ternary semigroups.
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1. Introduction and preliminary concepts

In 1932, Lehmer initiated the conception of ternary algebraic structures [4]. But now that
Kasner has reexamined that system, he has given some thought to the n-ary algebraical
structure—the ternary semigroup- as a universal algebra with one associative ternary
operation. Banach has presented the view of ternary semi-groups. He showed by the
illustration that a ternary semigroup can not necessarily be compressed to a standard
semigroup. Los investigated several characters of ternary semi-groups and derived that any
ternary semi-group shall be embedded in a semi-group in 1955. Santiago [8] improved the
generalization of ternary semi-groups and semi-heaps in 1983. On the other hand, Green’s
relations distinguish that in terms of the principal ideals generated by the components of a
semigroup in mathematics. Howie [3], an eminent semigroup theoretician, delineated this
area as so that it is all-pervading that, on confronting a fresh semigroup. In 1997, Dewanand
and Dixit [2] started the study of left, lateral and right congruences over ternary
semigroups, and they argued Green’s relations L, M,R,H,DandJ over ternary
semigroups. After that, Rabah Kellil investigated Green’s relations over ternary
semigroups in 2013. This article establishes certain results of Green’s equivalence relation
over ternary semi-groups.
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A Note on Equivalence Relations on Ternary Semigroups
Definition 1.1. A non-empty set with the operation among triplets of members is stated as
a triplex when the following premises are satisfied.

Premise 1.
(ab.c).d.e =d.(ab.c).e =d.be.(ab.c)

= (abd).ce=(abe)cd = (acd)be

=(a.ce)bd =(ad.e)bc=(bcd)ae
=(b.ce)ad =(b.d.e)ac=(cde)ab
foranya,b,c,c,d,eeS.

Premise I1. If the membersa and bin S, then there exists a member x in S such that
abx=c.

The number of members in S is calling as order of triplex and is given when essential by
adding one of the premises:

Premise I111. S contains ‘N’ members.

Premise 111, . S contains extremely many elements.
According as 111, or 111, holds, the triplex is called finite or infinite.

Examples:
1. Set of all natural numbers is a triplex under ‘-’ multiplication.
2. Z={x1,£2,£3,........... }is a triplex under ‘-’ multiplication.

a o0
3. If S is the collection of matrices of the form {O b} of order 2x 2 matrices wherea and
bare inN, setof natural numbers. ThusS is a triple with general matrix multiplication.

Definition 1.2. A nonempty set T be called ternary semi-group if there is one
ternary operator o: T xT xT —T describe by
(a,b,c) > aoboc holds the below condition

(abc)de=a.(bcd)e=ab.(cde) forany a,b,c,d,eeT.

_ (10 031 O] 010 1310 010 O .
Example 1.- LetT = {[O O]'[O 1]-, [0 0_]’_[0 _0],[1 0],[0 1 } .Then T is a
ternary semigroup with respect to matrix multiplication.

Example 2. We take T ={0,1,2,3,4,5}and** is act as in the following table
such as abc = (a*b)*c foranya,b,ceT.
Accordingly (T ,* ) is a ternary semigroup.
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*10[1]2|3[4]5
0/0j0|0|0O|0O]|O
1011|111
2|10]1|2]2]1]1
310]1J1]1]2]2
410[1]4|5[1][1
5/0]1|1]1]4]5

Example 3. Z " is denote as the collection of negative integers and ‘ ** is general ternary
multiplication on Z~ . Hence Z is a ternary semigroup.

Note 1: In generally a.b.c will write as abc.
2: Every semigroup can be reduced to a ternary semigroup.
3: Every ternary semigroup need not be a semigroup.

Example 4: Consider M ={—i, i}and ‘.’ is complex multiplication then M bean ternary
semigroup. But it is not a semigroup by the following table

. —i [i
—i|-111
i 1 -1

Definition 1.3. A ternary semigroup T is called abelian (commutative) if

XYZ = YyZX = ZXy = YXZ = ZyX = Xzy, forany X,y,z T .

Example: Let T ={0,—i,i} be a commutative ternary semigroup with the usual ternary
multiplication.

Definition 1.4. An element ‘a’ of a ternary semigroup T is said to be left identity or
left unit (lateral identity or lateral unit, right identity or right unit) if aat =t( ata=t,
taa=t) forall teT.

Definition 1.5. An element ¢ X’ of ternary semigroup T is said to be an idempotent if
3
X" =X.

Note: The set of all idempotent elements in a ternary semigroup T is denoted by E(T).

Definition 1.6. An element ¢ & ’in ternary semigroup T is said to be a non-trivial ‘a’ is
idempotent, but not an identity inT if identity is there.

A ternary semigroup T is said to be an idempotent ternary semigroup or a ternary band if
all elements T are idempotent.
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2. Green’s relations and its properties
Definition 2.1. Let T be a ternary semigroup. FromT" we denote the set T U{}where 1

is identity for the ternary operation. We are defining equivalence relations on T* which
we define Green’s relations by:

al’ b < 3Ixy,uv € T! such that a = xyb and b = uva Va,bETl.
aR'b < 3x,y,u,v €T* suchthat a = bxy andb =auv Va,beT".
aJTb < 3x,y,uU,vE T! such that a = xby and b = uav Va,beTl.

aH'bh <aLlL'b andaR'bVabeT" .
Now we define the relation D" to be the least equivalence relation containing
both £7 and R". For any aeT*, L), R, ., D;and J, will denote the

equivalence classes of madulo “a’ respectively £7, RT,# ", DTand J"
The relations will be denoted if there is no confusion on ternary semigroups by
L, R, H,D, and J. The corresponding class of an elementaeT will be denoted by

L, R, H, ,D,and J,.

Definition 2.2. An equivalence relationp in a ternary semigroup T is said to be
(i) Left congruence if apb = (sta)p(sth)
(i) Right congruence if apb=> (ast)p(bst)
(iii) Lateral congruence if apb = (sat)p(sbt)
(iv) Congruence if
apa’,bpb'and cpc' = (abc)p(a’b’c") forany a,b,c,a’,b’,c'eT and s, teT.

Theorem 2.3. If £ and R are Green’s equivalence relations on ternary semigroup T ,
then £ and R are respectively right and left congruence’son T .

Proof: Given that £ and R be equivalence relations overT .Thenal "h<> 3 u,v,x,y €
T'such as a = xyb and b = uva and aR" b= Au,v,x,y € T'such asa =

bxyand b = auv for alla, beT".
(i)We have to prove that £ is right congruenceon T .
i.e., if alb= (ast)L(bst).

Consider a, beT* and alb< Ju,v,x,y € T*

such asa = xyband b = uva for any a, beT*.

= ast = xybst and bst = uvast forany a,b,s,teT* = ast Lbst
Therefore ~ alb=> ast Lbst.

(ii) To prove that R be a left congruence on T .
i.e., aRb= (sta)R(sth).
Since R is an equivalence relation. Then

aRb < 3x,y,u,v € T'such thata = bxy and b = auv Va, beT".
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= ta = tbxy and tb = tauv for any a, b, teT?.

= sta = sthxy and stb = stauv for any a, b, s, teT*
aRb= staR stb.

Theorem 2.4. Let T be acommutative ternary semigroup and J be a Green’s equivalence
relationon T . Then J is lateral congruenceon T .

Proof: Let T be a commutative ternary semigroup and let ;J be a Green’s equivalence
relationon T .

i,e., we defineJ by ajb< 3Ix,y,u,ve T?

such thata = xbyand b = uav forany a, beT".
We have to prove that ( is lateral congruence on T .

Consider aJb<> 3x,y,u,v € T*such that a = xby and b = uav forany a, beT"
= sat = (sxb)yt and sbt = (sua)vt foranya,b,s, teT"
= sat = xs(byt)and sbt = us(avt) (since T is commutative)
= sat = x(sht)y and sht = u(sat)v for any a,b,s,teT"
= (sat)J(sbt) forall a,b,s, teT*-
Hence (J is a lateral congruence relation onT .

Definition 2.5. The relation D = (L o R) = ( Ro L) is the smallest equivalence relation
containsbothRand £ .ie., D=(L U R)=( RUL)

Definition 2.6. A relation 7 = LN R = R n L is one equivalence relation in a ternary
semi-group T containing in both £ and R.

We denote D,and H , the corresponding equivalence class that contains the
elementxeT. Clearly, forxeT, H, = L , NR,.

Theorem 2.7. Let T be a ternary semigroup. Then
()xDy <L, NR, #@ <R, NL, #0.

i = = .
W D, yequ‘l:y y:éx:Ry

Proof: Let T be a ternary semi-group.

Since D smallest equivalence relation over T .
Wehave D=RUL=LUR.

(i) For any x and yeT ,xDy <> x(R U L)y <> x(L U R)y

&> there exists z € Tsuch thatx£Lz and zRy < xRz and zLy
<ze€L,andzeR <z€R,andz€L,

eze(L,nR,)oze®, nL,)
S L, NR)#FDSR, NL))#O
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Hence xDy<—< L, NR, #0d=>R, NL, # 0.
(if) Forany x €T,
Let D, ={y€T:xDy}

={y:x(LUR)y =x(RU L)y }
={y:3z€Tsuchthat xLz and zRy = xRz and zLy }

= uLl,= UR

yeDy y yeDy y
Therefore D, = U L, = U R,.
yed, Y yep, VY

Theorem 2.8. Let T be an idempotent ternary semigroup. Then forall a,b €T
(i) aflb < a=abb and b = baa.
(i) aRb < a = bba and b = aab.
Proof: LetT be a idempotent ternary semigroup.
Thus all elementsof T are idempotent.
i.e., a® =afor any aeT.
Suppose £ and R are equivalence classeson T .
i.e., alb< 3s,t,s',t'e T ' such as a=stb and b=s't'a

and aRb < 3s,t,s',t'e T such that a=Dbst and b =as't'forany a, beT".
(i) Consider aLb<> a=stb and b=s't'a, forany a,beT*

& abb = (sth)bb and baa = (s't'a)aa,

& abb = st(bbb) and baa = s't'(aaa)

< abb = stb and baa = s't'a

< abb =a and baa =»b
Hence aLb< abb = a and baa = b.

(ii) Consider aRb<> a = bstand b = as't’, Va,beT

< bba = bb(bst) and aab = aa(as't")
&< bba = (bbb)st and aab = (aaa)s't’
& abb = bst and baa = as't’

< bba = a and aab = b.
Therefore aRb< bba = a and aab = b.

Definition 2.9. Let T be a ternary semigroup. Then for each s,t e T we define (as
before) the mapping p: T' = T' by p(z) =stz V zeT".

Theorem 2.10. Let T bea ternary semi-group. For any x,yeT, let xLy. We have
(p: R, - R is bijection and n:R, - R, is bijection.

(i) n= p " inverse functionof p restricted to R,.

(iii) p(z) fixes the L-class, that is zLp(z) for all zeR,.
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(iv) p preserves H -class, that isforall u,veR, ;uHv < p(u)Hp(v).

Proof: Let T be a ternary semi-group. Since xLy. There have s,t,s',t'e T* such that
that stx =y and s't'y=x (D
(i) Define p(z) : R, » R ynd m: R, > R, by p(z) =stz V zeR,,

s,teTlandn(z) =s't'z, ¥V ze R, an s', t' e T" respectively.
First to prove that p: R, — R bijective mapp.
LetzeR . Then zRx <> xT'T = zT'T

Consider xT'T = zT'T = stxT T = stzT' T
— stzT'T = stxT' T

= stzT'T = yTlT(from equation (1))
= stzRy
= p(»)Ry
Thus p(z)eR, for any s,teT and zeR,. Hence p is onto.
Next to show that p is one-one.
Forany zeR , , let p(x) = p(z)

= stx = stz for some s, teT".

=>stx—stz=0
=>stx—z)=0
=x—z=0and st #0

:>_ X=1Z
Therefore p is one—one.

Hence p: R, - R, is bijective map.

Similarly, we can show that n: R, — R, is bijective mapp.

(i) Toclaimthat n = p*.

Consider ze R, — zRx <> Ju,v,u’,V'eT* suchthat Z=Xuv and X=2zU'V'.

Consider (s't")(stz) = (s't")(st)xuv
= (s't")(stx)uv
= (s't)(y)uv
= (s't'y)uv
= Xuv
(sT)(stz) = 2 @
Now7p(z) = 1(p(2)) =n(stz) =s't'(stz) = z.
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Here n(p(2)) is the identity mapping of R, and p(n(2)) is the
identity mapping of R, .Hence pn=np=I1=n= p .
(iii) Assume that zeR, = stz = p(z)and s't'p(z) =z.
From equation (2), then zand stz (orp(z)) are in the same £ - class.
Therefore p(z) fixes the £ — class, thatis zLp(z) for allzeR , .
(iv) Let u,veR, = ueR andveR, = by (iii) u,vareinthe £ — class.
Here ulv< stu=v and U=S't'v= p(u)=vand p(v) = u
Consider uHves u(LNR)v

<> ulv anduRv
< p(w)Lp(w) and p(W)Rp(v)
< p(WHp ).

Definition 2.11: Let T be a ternary semigroup. For p, reT, we define a mapping f: T*
= T by p(z) = zpr for any zeT".

Theorem 2.12. Let T be a ternary semigroup. Define green’s equivalence

R on T by yRze ypr = z and zp'r’' =y for anyp,r,p’,r'eT", then
(i) f: £, - L ,bijection and g: L , - L | bijection.

(i) g =f" is an inverse function of f restricted to £ .

(iii) f preserves R — class, that is wRf(w), forany wel,.
Proof: Simply we can prove this proof following by theorem 2.10.

Theorem 2.13. Let E; be the collection of idempotent elements of ternary semigroup
Tand let ecE. If xLe and xRe then respectively x = xee and x = eex.

Proof: Let T be a ternary semigroup and given e€E ; and xeT.
(i) ConsiderxLe <> 3 s,t,s',t'e T! suchthat stx =€ and S't'e=Xs't'e = x.
= x=5't'e

— S|tle3
=s't'eee
X = Xee

(ii) Consider xRe < 3s,t,s',t' € T* such that xst = e and es't’ = x.
= X=es't'

=e’s't’

=eees't’
Hence X = €€X.
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3. Conclusions

We introduced the notion of Green’s Relations congruences over ternary semigroups,
investigated their properties, and described their extension. In the course of this work, we
plan to study Green’s relations over Ternary semigroups.
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