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Abstract. We investigate the lattice structure of the set W,

. of all weakly induced
T, — L topologies defined by families of (completely) scott continuous functions on
X- It is proved that this lattice is complete,not atomic,not distributive,not
complemented and not dually atomic.From this we deduce the properties of the lattice

W,(X) of all weakly induced 7, —L topologies on a given set X .

Keywords: Scott topology, weakly induced 7, —L topology, induced 7,—L
topology, complete lattice, atom, dual atom.

AMS Mathematics Subject Classification (2010): 54A40

1. Introduction

The concept of induced fuzzy topological space was introduced by Weiss [14] .Lowen
called these spaces a topologically generated spaces.Martin[9] introduced a
generalised concept,weakly induced spaces,which was called semi induced space by
Mashhour et al.[10].The notion of lower semicontinuous functions plays an important
tool in defining the above concepts.In [S] Aygun et al. introduced a new class of
functions from a topological space (X,7) to a fuzzy lattice L with its scott

topology called (completely) scott continuous functions as a generalisation of
(completely) lower-semi continuous functions from (X,7) to [0,1].1t is known that
[6] lattice of L -topologies is complete,atomic and not complemented.In [7] Jose and
Johnson genralised weakly induced spaces introduced by Martin[9] using the tool
(completely) scott continuous functions and studied the lattice structure of the set
W (X) ofall weakly induced L -topologies on a given set X .A related problem is

to find subfamilies in W (X') having certain properties.The collection of all weakly
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induced 7,—L topologies W,(X) form a lattice with natural order of set

inclusion.In [12] Liu determined dual atoms in the lattice of 7; topologies and
Frolich [2] proved this lattice is dually atomic.Here we study properties of the lattice
W,. of weakly induced 7, —L topologies defined by families of (completely) scott

continuous functions with reference to 7 on X .It has dual atoms if and only if the
membership lattice L has dual atoms and it is not dually atomic in general.From the

lattice W, we deduce the lattice W,(X).

2. Preliminaries
Let X be a nonempty ordinary set and L = L(<,v,A,") be a complete completely

distributive lattice with smallest element 0 and largest element 1,0 #1 and with an
order reversing involution a —> a'(a € L) .We identify the constant function from

X to L withvalue & by ¢ .The fundamental definition of L-fuzzy set theory and
L-topology are assumed to be familiar to the leader in the sense of Chang[1].

Definition 2.1. [11] A fuzzy point x, inaset X isafuzzysetin X
Aif y=x
Oif y#x

defined by xﬂ(y)={ where 0<A<1

Definition 2.2. [11] An L -topological space (X,F) is said to be a T,—L
topological space if for every two distinct fuzzy points x, and y, , with distinct
support there exists an f €F such that x,€ f and y, & f and another
g€l suchthat y eg and x, ¢ g,Vp,qe L\{0}

Remark 2.1. We take the definition of fuzzy points x,,0 <A <1 so as to include all
crisp singletons.Hence every crisp 1, topology is a T, — L topology by identifying
it with its characteristic function If T is any topology on a finite set, then 7T is T,
if and only if it is discrete. However,the same is not true in L -topology.

Definition 2.3. /4] An element p e L is called prime if p#1 and whenever
a,be L with anb< p,then a< p or b< p.The set of all prime elements of L
will be denoted by P.(L).

Definition 2.4. [13] The scott topology on L is the topology generated by the sets of
the form {teL:t p}, where pe P.(L).Let (X,7) be a topological space and
f:(X,t)> L be a function where L has its scott topology ,we say that f is

scott continuous if for every pe P(L), f '{teL:t pler
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Remark 2.2. When L =[0,1],the scott topology coincides with the topology of
topologically generated spaces of Lowen[8].The set

o, (t)=1{feLl";f:(X,r) > L is scott continuous}

is an L -topology.lt is the largest elementin W_If T isa T, topology w,(7) isa
T, — L topology, we can denote it by ®,,(7).An L -topology F on X is called

an induced T, —L topology if there exists a 1, topology T on X such that
F=w,(7).

Definition 2.5. /5] Let (X,7) be a topological space and o € X .A function
f:(X,t)> L ,where L has its scott topology , is said to be completely scott

continuous at a € X if for every p e P(L) with f(a) p there is a regular
open neighbourhood U of a in (X,r) such that f(x) p for every xeU

That is Uc f'({teL:t p}) and f is called completely scott continuous on
X if [ is completely scott continuous at every point of X .

Note 1. Let ' be a I, —L topology on the set X , let F, denote the 0—1
valued members of [ ,thatis, F, is the set of all characteristic mappings in F.Then F
is a T,—L topology on X .Define F. ={Ac X:u,eF, ,where u, is the
characteristic function of A4} .The 7, —L topological space (X,F.) is same as the

T, topological spaces (X, F)

Definition 2.6. 4 T, — L topological space (X ,F) is said to be a weakly induced
T, — L topological space,if for each f € F, f is a scott continuous function from
(X,F) to L.

Definition 2.7. If F is the collection of all scott continuous functions from (X, F:)
to L ,then F isan induced space and F = @, (F ).

Definition 2.8. /15] An element of a lattice L is called an atom if it is the minimal
element of L\{0}.

Definition 2.9. [15] An element of a lattice L is called a dual atom if it is the
maximal element of L\{1}.

Definition 2.10. /15] A bounded lattice is said to be complemented if for all x in L
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there exists y in L suchthat xvy=1 and xAny=0.

3. Lattice of weakly induced 7, —L topology

For a given 7| -topology on X , the family W, of all weakly induced 7, —L
topologies defined by families of scott continuous functions from (X,7) to L
forms a lattice under the natural order of set innclusion.The least upper bound of a
collection of weakly induced 7, —L topologies belonging to @, is the weakly
induced 7, —L topology which is generated by their union and their greatest lower
bound is their intersection. The smallest element is the crisp cofinite topology denoted
by 0 and the largest element is @, (7) .Also for a 7, topology 7 on X ,the
family CW,  of all weakly induced 7,—L topology defined by families of
completely scott continuous functions from (X,7) to L forms a lattice under the
natural order of set inclusion.Since every completely scott continuous function is scott
continuous,it follows that CW,r is a sublattice of W, .We note that W, and
CW,, coincide when each open set in 7 is regular open.When 7 = D the discrete

topology on X ,these lattices coincide with lattice of weakly induced 7, —L
topologies on X .

Theorem 3.1. The lattice W, is complete.
Proof. Let S be a subset of W,  and let G= ﬂF Clearly G is a T,-L
FeS

topology.Let g € G .Since each F' € § is a weakly induced 7} —L topology,g is a
scott continuous mapping from (X,F.) to L. Thatis g '({teL:t p, where
peP(L)})eF  for each FeS .Therefore g '({teL;t p where
peP(L)})e ﬂF;* Hence g is a scott continuous function from (X,G.) to L

FeS
,where (X,G.)=(X,[)F,).Thatis GeW,
FeS
of § .Let K be the set of upper bounds of § .Then K is nonempty since

and G is the greatest lower bound

1=, (r) € K .Using the above argument K has a greatest lower bound say H
.Then this H is a least upper bound of S .Thus every subset S of W, has

greatest lower bound and least upper bound.Hence W, is complete.

Note 2. Let CFT denote the crisp cofinite topology,where CFT ={u,:A is a

subset of X whose complement is finite } U {0} ,where 4, is the charcteristic
function of 4
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Theorem 3.2. W,  is not atomic.
Proof. The atoms in W, are 7, —L topologies generated by
CFT U{x,},0<A<1 where x, isa fuzzy point.Let /={f eL": f(x)>0 for
all but finite number of points of X} {0} .
F,=CFT u{0}, F, =discrete topology.Then ¢ is a weakly induced T,

topology on X and it cannot be expressed as join of atoms.Hence W, is not

atomic.

Theorem 3.3. /3] A4 lattice L is modular if and only if it has no sublattice
isomorphic to N ,where N is standard non modular lattice

Theorem 3.4. W,

1z

is not distributive.

Proof. Since every distributive lattice is necessarily modular,we prove that W, is

not modular. This can be illustrated with an example. Let
X,%,,x,€X,a,p,y€(0,1) Let F be the weakly induced 7,—L topology

generated by CFT U{f,, f,, f;} where f,,f,, [, are L -subsets defined by

o when y = x,
o when y =x P when y =x
fl(y)={ 1 L) = ’

0 when y # x, y when y = x,

0 when y # x,, x,, X,

P when y =x,

J5(») =7 when y = x,
0 when y # x,, x,

Let F, be the weakly induced 7} —L topology generated by CFT U{f,}.

Let F, be the weakly induced 7,—L topology generated by
CFT U/, 15}

Let F, bethe weakly induced 7, —L topology generated by CFT U{f,}.
Then F,vF,=F and FVvF,=F so that {CFT,F,F, F,,F} forms a
sublattice of W,

1z

isomorphic to N, ,where N, is the standard non modular

lattice. Therefore W, is not modular and hence not distributive.

1z
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Theorem 3.5. W, is not complemented.
Proof. Let F' be the weakly induced 7, —L topology generated by CFT U{x,}

.Then 1 isnotacomplementof F since FFAl#0.Let H beany weakly induced
T, — L topology other than 1.If F' < H ,then H cannot be the complement of F

If FUH ,let FVH=G and G has the subbasis {f Ah/f € F,he H} Then

G cannot be equal to @, (7) .Hence it is not a complement of F .

Remark 3.1. When t = D, the discrete topology on X ,W,;, =W,(X) ,the collection

of all weakly induced L -topologies on X .The family of all weakly induced T, —L
topologies is defined by scott continuous functions where each scott continuous
function is a characteristic function, is a sublattice of W (X) and is a lattice
isomorphic to the lattice of all topologies on X .The elements of this lattice are
called crisp T, topoloigies.

Theorem 3.6. The lattice of weakly induced L — topologies W,(X) is not
complemented.

Proof. This follows from theorem 3.5

Theorem 3.7. If L has dual atoms , then W, _ has dual atoms.

Proof. Let 7 be a dual atom in the lattice of 7, topologies. The only topology finer
than 7 is the discrete topology. Then there exists a subset 4 of X such that the
simple expansion of 7 by A is the discrete topology. Now consider @, (7),the

T, — L topology consists of all scott continuous functions.Then the characteristic
function x, of the subset 4 doesnot belong to @, (7).Then if ¢ is a dual atom
in L ,then the weakly induced 7; —L topology generated by @, (7)\ u isadual
atom in W, where
" aif xe A
Ha ()= {0 otherwise

Theorem 3.8. If L has no dual atoms,then W, has no dual atoms.

Proof. Let F be any weakly induced 7, —L topology other than 1= @, (7).Then
we claim that there exists atleast one weakly induced 7; —L topology finer than F

Since F is a weakly induced 7} —L topology different from @,,(7),F cannnot

contain all characteristic functions of subsets of X .Since L has no dual atoms,the
collection S of L subsets not belonging to F is infinite. If g€ S ,then F(g),

the simple expansion of F' by g is a weakly induced 7, —L topology.Thus for
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any weakly induced 7; —L topology F', there exists a weakly induced 7, —L
topology G = F(g), such that F < G #1. Hence the proof of the theorem is
completed.

Comparing theorem 3.7 and Theorem 3.8 we have the following theorem.

Theorem 3.9. The lattice of weakly induced T, —L topologies W,  has dual atoms
if and only if L has dual atoms.

Theorem 3.10. W, is not dually atomic in general.
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