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Abstract. In this paper we define an inverse fuzzy automaton such that the
corresponding transition monoid is an inverse monoid. We also study the structure of
the automorphism group of an inverse fuzzy automaton and prove that it is equal to a
subgroup of the symmetric inverse monoid of one one partial fuzzy transformations

on Q.
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1. Introduction

An automaton is a model of a sequential switching circuit with a finite number of
states,with state changing when it is subjected to an input symbol. A sequential
machine consits of two main structures, the transition structure and the output
structure. Since our interest is in the transition structure of an automaton and its input
semigroup, outputs are not considered here. Zadeh introduced the concept of fuzzy
sets and W. G. Wee introduced fuzzy automata. The theory of inverse monoids were
introduced independently by Wagner and Preston via the study of partial one-one
transformations of a set. We define an inverse fuzzy automaton such that its transition
monoid is an inverse monoid and study the structure of the automorphism group of an
inverse fuzzy automaton.

2. Preliminaries
This section present basic definitions and results to be used in the sequel. A semigroup
S is said to be an inverse semigroup if for every a € S there exist a unique b€ S
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such that aba=a and bab=5b.We call b the inverse of a and denote by a'.

If S has an identity then S is said to be an inverse monoid. Inverse monoids form a
variety defined by the identities aa™'a=a,aa”'bb™ =bb'aa™" . Also (a”') "' =a
and (ab)” =b"'a”' . For any element a of an inverse monoid, aa™' is an

idempotent and idempotents in an inverse monoid commute. An inverse monoid with
a single idempotent is a group. As an anologous to Cayleys theorem for groups,
Preston and Wagner proved that an inverse monoid / is isomorphic to a subinverse
monoid of the monoid of all one-one partial transformations on / .

A fuzzy automaton on an alphabet X is a 5-tuple M =(Q, X, u,i,7)

where Q is a finite set of states , X is a finite set of input symbols and x is a
fuzzy subset of O x X x( representing the transition mapping, i is a fuzzy subset
of Q called initial state, 7 is a fuzzy subset of O called final state. (Q, X, i) is
called a fuzzy finite state machine. A fuzzy automaton can also be represented as a
five tuple (Q,X, {T |ueX},i, z’) where {T |u e X} isthe set of fuzzy transition
matrices, i =[i, i, ....i, ],i, €[0,1],7 =[J, j, ..., 15 j, €[0,1], for k=12,...,n.
M can be extended to the set O x X " x O by
l.g=p
u(g,A,p) =40,g#p

w(q,u,p) =~y 10q,x,q) A u(q,,%,,q,) Ao A (G5 X, P)
qieQ

| X, %,...x, =uj.

Let M =(Q, X, u,i,7) be afuzzy automaton. We say the triple (Q, X, i)
is the fuzzy finite state machine associated with M . For p,q e Q, p is called an
immediate successor of ¢ if there existan @ € X such that u(q,a,p)>0.

p is called a successor of ¢ if there exist xe X such that
1 (q,x,p)>0.Let S(gq) be the set of all successors of ¢.Let T < Q. The set of
all successors of T, denoted by S(T)=u{S(q)|qeT}. N=(T,X,v) where
T < Q,v is a fuzzy subset of Tx X xT 1is a called a submachine of M if

Ulrvr=V and S(T)cT. N is said to be separated if S(Q-T)NT=¢. M
is said to be connected if M has no separated proper submachines.
Let M, =(0,X,1) and M,=(0,,X,,u,) be fuzzy finite state

machines. A pair (a, ) of mappings a:Q, > 0, and B: X, > X, iscalled a
homomorphism, written (o, f): M, > M, if
#(q,x, p) < iy (a(q), f(x),a(p)) Vgq,peQ and Vxe X, . (a,p)

is called a strong homomorphism if
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1 (a(q), B(x),a(p)) =\/ (g, x,0) |t € O, a(t) = a(p)}Vp.q € O,
and Vx e X, . A homomorphism is said to be an isomorphism if & and S are both
one one and onto.

If X,=X, and £ is the identity map, then we write a: M, > M, is a

homomorphism.
If (a,f) is a strong homomorphism with @ one-one, then

1, (a(q), B(x),a(p) = (g, %, p) Vq,pe @y and Vx e X, (see., [S]).

Let M =(Q,X,u) be fuzzy finite state machine. Consider the set of all
strong homomorphisms (@, f): M — M denoted by END, (M) and the set of
all strong isomorphisms from M — M by AUT,(M). END,(M) form a
monoid under the operation (&, f)°(a,,f,)=(a,ca,,p °p,) and
AUT, (M) form a group where the inverse of (ar, ) is (&', 8”"). Composition
is associative and identity is the pair of identity maps on Q and X .

If f is the identity map on X , then we denote END,(M) as
End, (M) and AUT,(M) as Aut,(M). Then End,(M) is a submonoid of
END, (M) and Aut,(M) is a subgroup of AUT, (M) . Define a congruence
0, on X as uf,v iff u(q,u,p)=u(q,v,p) Vq,peQ. Then 6, is a
congruence and T(M)= X"/6,, (see [6]).

Considering the collection of all fuzzy finite state automata as a category

F-AUT with objects are fuzzy automata over finite set of states and morphisms as the
automata homomorphisms between them. Corresponds to every fuzzy automata

M =(Q,X,u) we get a finite monoid X /6,, and every finite monoid is the

transition monoid of the minimal fuzzy automaton recognizing some fuzzy language
which is called the syntactic monoid of that fuzzy language (see [6]).

3. Inverse Fuzzy Automata and the Automorphism Group
Definition 3.1. A4 connected fuzzy automaton M =(Q, X, ) is said to be an

inverse fuzzy automaton if Yae X , there exist a unique be X such that

u(q,aba, p)= u(q,a, p) and p(q,bab, p)= u(q,b, p),Vp,qeQ.

Theorem 3.1. A fuzzy automaton A= (Q,X,u,i,r) is inverse if and only if

X710, is an inverse monoid.
Proof. Suppose A is an inverse fuzzy automaton.
ie. for each aeX  there exist a unique beX  such that

vpaqeQ:/U(qaabaap):ﬂ(q’aap) and ﬂ(‘]abab,p):ﬂ(‘],bap) <:>aba€Aa
and bab0,b < [abal=[a] and [bab]=[b].
Then, [a][b][a]=[a] and [b][a][b]=[b]<> X /6, isan inverse monoid.
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Lemma 3.1. If (a, ) € AUT, (M) then for any

u,ve X ,ub,v< Bu)d,B).

Proof.

uby,v < u(q,u,p) = u(q,v,p),vq,p € Q < w(a(q), fu),a(p)) = u(a(q),

F),a(p)),Va(q),a(p) € Q < ulg, B(v), p),Vq,p € Q
since & is one-one < L(u)d,, f(v).

b

Let M, and M, be two fuzzy automata and let (&, ) be a morphism

between them. Let X,/ HMl and X,/ 6’M2 be the corresponding transition monoids.

Let fﬁ:Xl*/HM1 to X;/@Mz defined by fﬂ[u]M1 Z[ﬁ(u)]Mz,VueXl*.

Theorem 3.2. Let M, =(0,,X,, 1) and M, =(0,,X,,1,) be two objects in
the category F'—AUT and let (e, f),(a,,3,) € HOM(M,,M,)
Then fﬂ1 ,fﬁ2 are semigroup morphisms and fﬂlﬂ2 = f/’lfﬁz . Thus the maps fﬁl
and f, € HOM (X106, ,X;/0, ).
Proof. f 5 and f, p, are well defined by the above lemma.

Let [u],[v]e )(1*/49M1 , where u,ve X .
Then fy([ul[v]) = fyluv]=[Bv)]=[Lw) B0V =[BWIBOV]= f4lulfslv].
So f 5 18 a semigroup morphism

fﬁlﬂz [u]=[55,(u)]= fﬂl [B,(w)]= fﬂl fﬂz [u].

We can define a covariant functor F° between the category of fuzzy automata and
the category of finite semigroups as F(M)=X/6,, and F(a,p)= S, for

(a,f) e HOM(M,,M,) . The set of all inverse fuzzy automata form a full
subcategory of F—AUT and F as defined above is a functor from this
subcategory to the category of finite inverse monoids which is a subcategory of finite
monoids.

Definition 3.2. A fuzzy automaton M =(Q, X, u) is said to be faithful if for
a,be X, u(q,a,p)=u(q.b,p)vp,qe Q= a=b.

Theorem 3.3. Let M =(Q, X, 1) be a faithful fuzzy automata. Let X 10,, be the
transition monoid. Consider AUT(X'10,,) of all automorphisms on X' /8,,. Let
h: AUT, (M) — AUT(X'/0,,) be a map defined by h(e, ) = fy- Then h isa
group homomorphism and Kerh= Aut,(M).
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Proof. Ker h={(a,p):h(a,B)= f,} where f,[u]=[u] forall ue X"

[6w)] =[u] = Bw)0,u < u(p, f),q) = u(p,u,q)V p,q € Que X
&S pu)=uVue X & f

is the identity map on X .
Thus Ker h= Aut,(M).

Corollary 1. By homomorphism theorem for groups AUT,(M)/Aut,(M) is
isomorphic to a subgroup of AUT(X"/ 6,).

Consider the set of all one-one partial fuzzy transformations on Q which is
the symmetric inverse monoid of fuzzy transformations denoted as F7,. We can
consider £/, as a collection of fuzzy matrices of cardinality | Q| with atmost one
nonzero entry in each row and column. For each v € FI, there exist a unique
inverse v € FI, such that v (p,q)=Vv(q, p),¥Yq € Dom(v), p € Q. In matrix
form it is the transpose of the fuzzy matrix corresponding to v . The transition
monoid X /8, of an inverse fuzzy automaton M is a subinverse monoid of F7 0

Consider N(X*/HM)Z{VEF]Q Vo (X/0,)ov =(X710,)} and
C(X16,)={ve Fl,:veT, ov'=T VT, eX'/6,} where the composition is

the max-min composition of fuzzy matrices.

Lemma 3.2. Let M =(Q,X,u) be a faithful inverse fuzzy automaton. Let
veN(X'/0,). Then forany T, e X /6, there exist a unique T, € X /6,, such
that voT,ov' =T,.
Proof. Since veN(X'/0,)=>vo(X/0,)ov'=X10, , for T,eX' /0,
there exist a 7, € X /6,, such that voT,ov™' =T . To prove the uniqueness

suppose there exist another 7, € X /6,, such that voT, ov™' =T . Then ( since

V is one-one, atmost one nonzero entry will be there in each row and column of the
fuzzy matrix corresponding to V)

= u(q',b,q") = p(q',c,q")V q'.q" € 0 = u(v(p),b,
v(q) = u(v(p),c,v(g@) YV v(p),v(g) € O = u(p,b,q) = u(p,c,q) .
Vp,geQ=b=c

Let N (X'/6,))={ve N(X'/6,)| Dom(v)=Q} and
C'(X'16,)={y e C(X"/0,))| Dom(y) = 0} .

71



Pamy Sebastian and T. P. Johnson
Theorem 3.4. Let M =(Q,X,u) be a faithful inverse fuzzy automaton, then
Aut, (M)=C"(X'16,)).
Proof. Let (o, ) € Aut,(M). Then [ is the identity map on X and o is a
one-one mapping from Q onto Q satisfying u(a(p),a,a(q)) = u(p,a,q). ie.,
T.(a(p),a(g@) =T,(p,9)Vp,qeQ,ae X.
Consider aoT, ca'(p,q)

=v v 2. AT, (q.9" ) ~ra”'(q".q)
q'€0 q"€Q

=v v a9 T, (q.9")Yral(q,9")=a(p,q) AT, (q.9")~a(q,q9")
q'€Q q"eQ

=T, (a(p).a(q) =T,(p,q)sincea(p,q) = a(q,q'")=1=>aoT,oca”
=T =aecC(X'/0,).

Conversely, let & € C"(X'/6,,) . Then
aoT,oca” =T, VT,eX /0, =>aoT, oca ' (p,q)=T,(p.q)VT, e X/0,,

p.qe0= v\ v a(p.)AT,(g.9")~na™ (q",9)=T,(p,q)
q'€0 q"€Q

=a(p,q9)~T,(q.9")ra(q,q")=T,(p,q)
for some ¢" € Q=T (a(p),a(q))=T,(p,q) with a(p)=q and

a(g)=q" = ua(p),a,a(q)) = u(p,a,q) vV p,q€Q andclearly a is one-one
and onto. Thus « € Aut,(M).

Theorem 3.5. Let M =(Q,X,u) be a faithful inverse fuzzy automaton, then
AUT,(M)=N"(X/6,)).
Proof. Let (a0, B) € AUT,(M). Then (', ') e AUT,(M).

ie, @ (p),p (a),a (@)= u(p,a,q)¥ p,q €.

Equivalently, Tﬂ_l(a)(a_l(p),a_l(q)) =T(p,9)V p,qeQ . Let T,eX /6, .
Since S is one-one a0 X /6, 0a' =X/, =>aeN (X'/6,).

Conversely, let & € N'(X'/6,,). Then by the lemma VT, € X '/6,, there
exista T, € X'/6,, suchthat @oT,oa™ =T,.Define B: X = X as f(a)=b
with @oT,oa™ =T,. Then S is a well defined bijection for,let B(t) = B(u).
Then aoT.oa™' =T and aoT,ca” =T, where B(t)=c and Bu)=d .
Then 7,=T, and so 7,=T,=t=u. f3 is onto for any be X,T, € X /6,

and by lemma there exist a unique 7, € X '/6,, such that aoT,ca™ =T,. ie.,
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there existan a € X suchthat B(a)=05b.
Now, (a,f) isa homomorphism for, let
p.qeQ.ae X, u(a(p), f(a),a(q)) = u(a(p).b,alq) with aoT,ca™ =T,.
ie., Ty, (a(p).a(q) =T,(a(p),a(g)) with
aoT,oa(p,q)=T,(p,q) = v yQa(p,q')/\Ta(q',q”) ra(q",q9)
q'eQq'e

=T,(p.q) = a(p,q)nT,(q".q") nalq,q") =T,(p.q)
= T,(a(p)al(q)=T,(p.q)
Thus Ty, (a(p),a(q)=T,(p,q) = u(a(p), B(a),a(q)) = u(p,a,q) .

Thus we have proved that («, f) € AUT,(M).

Theorem 3.6. C"(X'/6,,) is a normal subgroup of N (X'/6,,) or equivalently
Aut (M) is a normal subgroup of AUT,(M).

Proof. Let a e N (X'/0,,),veC (X'/0,). Let T, e X'/0,, .

Since @ € N (X'/0,,), there exist a unique T, € X' /6,, such that

aoT,oa™ =T, and voT,ov' =T,.

Consider

aovoa  oT, o(aovoa ) =aovea oT, caov'oa™

=aovoT,ov'oa =qoT,ca™ =T, > aovea eC(X'/6,)

Thus C'(X'/6,,) is a normal subgroup of N (X'/6,,).

Corollary 2. By the theorem 1.5 and the corollary 1, N (X'/60,))/C"(X'/0,,) isa
subgroup of AUT(X'/6,,).
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