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Abstract. The concept of a clean ring, introduced by Nicholgo 1977, is defined as
follows: for any x€ R, there exist & Id(R) and ue U(R) such that x = e + u. In this
paper, the concept of a weakly p-clean ring iuhticed. A ring R is said to be weakly p-
clean if each element, x, can be written as x =@er X = p — e, where p is a pure
element and e is an idempotent element. The traw$fthe notion of weakly p-clean
rings to the amalgamation of rings and bi-amalgamabf rings along the ideal is
studied. Additionally, some characterizations o&idg p-clean rings are provided.
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1. Introduction

Over the past years, there have been many resstudies on variations of the clean
properties. As defined by Nicholson [10] an elemeitt a ring R is clean, if it can be
written as x = u + e, where@& U(R), the group of units of R, andeeld(R), the set of
idempotents of R. A ring R is clean if every elemisnclean. In [1], Ahn and Anderson
defined a ring R as weakly clean if each elemerR g&n be written as either the sum or
difference of a unit and an idempotent. An elemeit a ring R is called a pure element
if there exists q in R such that p = pq [8], and #et of pure elements in R is written
Pu(R) = {p€ R: p = pq, for some g R}. In [9], Mohammed et al. detailed the concefpt o
a p-clean ring: an elementscR is called p-clean if there existedd(R) and pe Pu(R)
such that c = e + p. We call the ring R p-cleagaich element in R expresses itself as the
sum of an idempotent element and a pure element.

Let R and S be two rings with unity; let J be agaildof S; and legg. R —» S be a ring
homomorphism. In [6], Anna et al. introduced anatsd the new ring structure of the
following subring of R x S:

Ro<2d:={(r,f() +j) |[TER, j€ J}
called the amalgamation of R with S along J witbpeet tog. This new ring structure
construction is a generalization of the amalgamadtaalication of a ring along an ideal.
Aruldoss et al. [2], Vijayanand and Selvaraj [15¢lvaganesh [14], and Selvaganesh and
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Selvaraj [13] studied some ring properties and resdoharacterized via amalgamation
construction.

Let . R > S and¢ : R > T be two commutative ring homomorphisms and let J
and Jbe two ideals of S and T, respectively, such #&J) = ¢ %(J). Kabbaj et al. [7]
introduced and studied the bi-amalgamation of R (&, T) along (J,"Jwith respect to
(¢, ) which is the subring of S x T given by

Ra27' (3, :={(2 () +, N +])|reR, () €, I}
Aruldoss and Selvaraj [3, 4] and Vijayanand andv&elj [16] investigated some ring
properties and modules characterized by bi-amaltiameonstruction.

The notion of a regular element was first introdliby von Neumann [17], where
an element € R is called a regular if there exist&EsR such that r = rsr. A ring R is
called a regular ring if each element in R is ragulshrafi and Nasibi [5] introduced the
concept of r-clean ring, where the ring R is call&tean ring if for each a R there exist
e € Id(R) and re Reg(R) such that a = e + r. Saravanan [11, 12jietiufeebly r-clean
rings, feebly r-clean ideals, and their properties.

The above studies have motivated the researchatsidy the weakly p-clean rings
properties in amalgamation of rings and bi-amalgamaf rings.

This paper aims at proposing the idea of a weaktyepn ring and studying the
transfer of the notion of weakly p-clean rings e tamalgamation of rings and bi-
amalgamation of rings along an ideal. We also mlevsome weakly p-clean ring
characterizations. We denote by U(R), Id(R), Nilp(&nd Pu(R) denote the set of unit
elements, the set of idempotents, the set of milfotlements, and the set of all pure
elements of R, respectively.

The paper is organized as follows: In Section 2,imteoduce the concept of a
weakly p-clean ring and study many properties odikde p-clean rings. In Section 3, we
study the transfer of the notion of feebly p-clemgs to the amalgamation of rings along
an ideal. In Section 4, we study the transfer efribtion of feebly p-clean rings to the bi-
amalgamation of rings along an ideal. Section 3aios conclusions.

2. Weakly p-clean ring
This section covers the concept of a weakly p-cleag, as well as some of its
characteristics.

Definition 2.1. An element »x R is called weakly p-clean if x = p + e or x = p~where
p € Pu(R) and & Id(R).

Definition 2.2. Let R be a ringlf each element of R is weakly p-clean, we call R a
weakly p-clean ring.

Example 2.3.Every clean ring, every weakly clean ring, andrgve-clean ring is a
weakly p-clean ring.

Proposition 2.4.Every homomorphic image of a weakly p-clean ri@ weakly p-clean
ring.
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Proof. Every homomorphic image of a weakly p-clean ringveakly p-clean since every
homomaorphic image of a pure element and every hamnginic image of an idempotent
element are alike.

Theorem 2.5.Let {R.} be a collection of rings. Then the direct prodRct |_| Y R,isa

weakly p-clean ring if and only if each, B a weakly p-clean ring.

Proof. By Proposition 2.4, R is a weakly p-clean ringpiying that each Ris a weakly
p-clean ring. Conversely, assume that eacis R weakly p-clean ring. Then, for eagh
there exist pe Pu(R) and g€ Id(R,) such that x=p, + e0r X, = p, — €. Let x = (%)

enaRu.Thenx=p+eorx=p—e, where p 3) ® Pu(l_laRu)andez(Qe Id
(HHRH). Hence, R =|_|[,Rn is a weakly p-clean ring.

Proposition 2.6. Every weakly clean ring is a weakly p-clean ring.

Proof. Let R be a weakly clean ring, andcexR. Then x = u + e or X = u — e, wher&u
U(R) and e= Id(R). It is only necessary to prove that u isugepelement. Since@ U(R),
then u = u.1, and so u is a pure element. Thus, weiakly p-clean. Therefore, R is a
weakly p-clean ring.

The statement above is untrue in its converse form.

Example 2.7.The ring (Z, +, -) is weakly p-clean, but not wyalean, because there
are no unit elements in Z other than 1 and —1.

To prove the converse of the previous propositiea,can select a ring R such
that Id(R) = {0, 1} and has no zero divisors.

Theorem 2.8.Let R be a ring with no zero divisor, and Id(RXG; 1}. Then R is a
weakly clean ring if and only if it is a weakly fean ring.

Proof. Each weakly clean ring is a weakly p-clean ringgaading to Proposition 2.6.
Conversely, suppose that R is a weakly p-clean. fieg x € R. Since x is weakly p-
clean, there exists @ Pu(R) and e Id(R) suchthat x =p + e or x = p —e. Since p
Pu(R), there is a non-zero elemerg & such that p = pg. Consider q = sp, then p = psp.
Now, (ps)® = (ps) (ps) = (psp) s = ps, which implies thatg$d(R), and hence, by
hypothesis, either ps = 0 or ps = 1. If ps = Onthe= 0 or s = 0, which is a contradiction;
thus ps = 1. Yet, on the other hand, {spfsp)(sp) = s(psp) = sp, which implies thaEsp
Id(R), and hence, by hypothesis, either sp = Opor 4. If sp =0, thens=0o0rp =0,
which is a contradiction; thus sp = 1. This implieat pe U(R). Then x is the sum of a
unit and idempotent elements, and hence x is alwetdan element. Therefore, R is a
weakly clean ring.

Proposition 2.9.Every weakly r-clean ring is a weakly p-clean ring

Proof. Let R be a weakly r-clean ring, and le€)R. Then x =r +e or X =r — e, wherer
Reg(R) and & Id(R). To prove that x is a weakly p-clean elemari, proving that x is
a pure element suffices. Since Reg(R), then there is&s R such thatr =rsr. Let g = sr,
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then ge R. Hence, r = rq. Thus, r is a pure element, winigblies x is a weakly p-clean
element. Therefore, R is a weakly p-clean ring.

The statement above is untrue in its converse form.

Example 2.10.The ring (Z, +, —) is weakly p-clean but not wegakklean because all the
elements in Z are pure elements, but{d, -1} in Z are notregular elements.

Proposition 2.11. Let R be a ring, with X R. Then x is weakly p-clean if and only if
—X is weakly p-clean.

Proof. Let R be aring, and & R. Assume that x is weakly p-clean, then x = pre @ p

- e, where £ Pu(R) and &€ Id(R). Now -x=—-(p+e)=-p-eor-x=-(pey=-p +
e, we have to prove thatff) € Pu(R). Since g Pu(R), then there isg R such that p =
pg. Hence-p = - (pq) = €p) q, thus £p) € Pu(R). Thereforerx is weakly pclean.
Conversely, letx be weakly p-clean, therx = p + e or —-x = p — e, wheregpPu(R) and
e€ ld(R). Now, -x=—-(p+e)=-p-eor—-x=—(p »r=e-p + €, as an earlier proof, (-p)
€ Pu(R), which implies that x is a weakly p-clean.

Proposition 2.12.Let J be an ideal of a weakly p-clean ring R, tRéd is a weakly p-
clean ring.

Proof. Let x+J€ R/J. Then » R. Since R is a weakly p-clean ring, X = p +e erjx—e.
Hence, x+J=p +e +J =p +J + e +J. To prove galweakly p-clean element in R/J, we
have to prove that p+J is a pure element in R/Jesiddis an idempotent element in R/J.
Since pe Pu(R), there is & R such that p = pg. Now, p+J = pg+J = (p+J) (gadyl so
p+J is a pure element in R/J. Sincesdd(R), € = e. Now e+J =%&J = e.e+] =
(e+J).(e+J) = (e+3nnd so e + J is an idempotent element in R/J., Ths] is weakly p-
clean element in R/J. Hence, R/J is a weakly prciaay.

3. Weakly p-clean properties in amalgamated ringslang ideals

In this section, we study the transfer of the notif weakly p-clean rings to the
amalgamation of rings along the ideal.

Proposition 3.1. Let #: R - S be a ring homomorphism, and J be an ideal Bff5p><#
J is a weakly p-clean ring, then R aggdR) +J are weakly p-clean rings.

Proof. Define z: RIx2J-> R by w(r, #(r) + k) =rand p: R<#J— S by p(r, & (r)
+K) =g () +kThen R<1# J /({0} x J) U R and R<1# J /( ¢ 1(J) x {0}) U & (R)+J.
According to proposition 2.4, R argl(R) +J are weakly p-clean rings.

The converse of the above proposition is not true.

Proposition 3.2.Let & R —» S be a ring homomorphism, and J be an ideal 8&Sume
that (@ (R) +J)/J is uniquely weakly p-clean and S ismtedral domain. Then Bi# J is

a weakly p-clean ring if and only if R ag#l(R) +J are weakly p-clean rings.

Proof. According to proposition 3.1, Bi# J is a weakly p-clean ring, which implies R
and g (R) +J are weakly p-clean rings. Conversely, asstimat R andg (R) + J are
weakly p-clean rings. Since R is weakly p-clean,car write x = p + e or X = p — e with
p € Pu(R) and & Id(R). Similarly, sincep(R) + J is weakly p-cleam(X) + j =o(p) + h
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+¢(e) + pord(x) +j=9¢(p) +j1—d(e) + g, whered(p) + 1 andd(e) + p are respectively
pure and idempotent elements ofR) + J. It is clear thaw(p,)=¢(p,)+ i,

(resp.g(p)) andg(e) = @(e)+ |, (resp.gp(e)) are respectively pure and idempotent
elements of #R) + J)/J. Then, we haves(x)=g(p)+g(e) = @(p,)+¢(e) or

#(x)=¢(p)-9(e) = p(p)-¢(e) - Thus, ¢(p)=¢(p.) and ¢(e) = ¢(e) since
(6(R) +3)/J is a uniquely weakly p-clean ring. Cossif, j»' € J such thad (p1) = ¢ (p)

+ 1" and¢ (e) = ¢ (€) + . Then, we have ((X)+]) = (p, d(p)+ir’ +j1)+(e, d(e)+i’ +j2)

or (X, d(Xx)+j) = (p, d(p)+ ji' +j) — (e,d(e)+)’ +j2). Itis clear that (e (e) +p' +j2) is an
idempotent element of B¢ J. Since¢(p)+ji'+j1 is pure ind(R)+J, there exists an
elementp(co)+jo such thatd(p) + jr’" + j» = @(p) + o’ + j1)(¢(0o) + jo). Since pe Pu(R),
there exists q € Pu(R) such that p = pg. Then, we have

o(p)@(a)=¢(p)=¢(p)@(d,) . Since S is an integral domaig(q) = (g, ). Then
®(qo) = ¢(a) +jo" and henceé(go)+jo = ¢(q)+jo'+jo. Thereforep (p) +i' +j1 = (¢ (P) +i'
+j1) (¢ (@) +jo" +jo). Hence (pg, d(p)+jr' +j)(@(@)+io'" +jo)) = (p, @(P)*' +iv) (q,
(d(q)+jo’ +jo)). Therefore, (pdh (p) + i’ + ju) is a pure element in Bi# J and hence (X,
o(X) +]) is a weakly p-clean element. Hence;d® J is a weakly p-clean ring.
Remark 3.3.Let¢: R — S be a ring homomorphism, and J be an ideal of S.
(1) If S =J, then R<# S is a weakly p-clean ring if and only if R andaf®
weakly p-clean ring since RIS =R x S.
(2) If $1 (J) = 0, then R<i# J is weakly p-clean ring if and onlydf(A) +J is
weakly p-clean ring, as follows from [[6], propadsit 5.1(3)].

Corollary 3.4. Let R be a ring and | be an ideal such that RA isniquely weakly p-
clean ring. Then, R« | is a weakly p-clean ring if and only if R is a&akly p-clean
ring.

Theorem 3.5.Let ¢: R — S be a ring homomorphism and J an ideal of S thatlp (p) +

j € Pu(S) for each g Pu(R) and g J. Then R<1¢ J is weakly p-clean ring if and only if
R is a weakly p-clean ring.

Proof. According to Proposition 3.1, Ra# J is weakly p-clean, which implies R is
weakly p-clean. Conversely, assume that R is wepldlean and (p) + j€ Pu(S) for
each pe Pu(R) and g J. Since R is weakly p-clean, we can write X =@erx=p —-e
with p € Pu(R) and & Id(R). Since pe Pu(R), then there existsggPu(R) such that p =
pg. Therefore (po(p) + (@, ¢(@) = (pd, 6(p) + ))6(A) = (P, d(P)P(A) + j) = (pa,
o(pa) +J) = (p.¢(p) + j)- Thus, (po (p) + ) is pure in R<# J. Also, (e, (€)) is an
idempotent element in B¢ J. Then, we have, (§(X)+j) = (p, ¢(p)+)+(e, ¢(e)) or (X,
0()+) = (P, ¢(P)+) = (e,4(e)) with (p.¢(p) +) in Pu(R><# J) and (ed(e)) in Id(R>a7
J). Hence (x¢(x) +j) is weakly p-clean in R«# J. Therefore, R4 J is a weakly p-clean
ring.
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Theorem 3.6.Let &2 R — S be a ring homomorphism, and J be an ideal &eBR =
R/Nilp(R),S= S/Nilp(S). 77: S - S, the canonical projection, add= 77(J) . Consider
a ring homomorphisng: R - Sdefined bx_o(;<) = @(X) . Then R<1#J is weakly p-clean

(resp., uniquely weakly p-clean) if and onlyﬁ ba¢ J s weakly p-clean (resp.,
uniquely weakly p-clean).

Proof. @is well defined. Consider the mgp(R ><¢ J)/Nilp(R><# J) — R1# J defined
by )(((x, AX) + ])) = (?(5(?() +T) .To prove R<1#J is weakly p- clean (resp., uniquely

weakly p-clean) if and only iR7 J is weakly p-clean (resp., uniquely weakly p-
clean), it is enough to prove that the above ddfifinctiony is an isomorphism.

If (%, @x)+ i) =(y,@(y)+ ), then (x - yo(x - y) +j - ) €Nilp(Re<t#J). Therefore,
x =y € Nilp(R) and j — j € Nilp(S). Then x =y and j =.j Hencey is well defined. We

can easily check thatis a ring homomorphism. Moreov Q_((;(X) +T)= (0, 0) implies

that x € Nilp(R) and je Nilp(S). Consequently, (x(x) + j) € Nilp (Rr<2J). Hence,

(x, @(X) + j)= (0, 0) and sgq is injective. Clearly, by the constructionis surjective and
S0y is an isomorphism. Hence proved.

Proposition 3.7.Let ¢: R — S be a ring homomorphism, and let (e) be an idé&
generated by the idempotent element e of S. Thew(B) is weakly p-clean if and only
if R and(R) + (e) are weakly p-clean. In particular, ifsean element of R, then>Re
(e) is weakly p-clean if and only if R is weaklycfgan.

Proof. According to Proposition 3.1,0R¢# (e) is weakly p-clean, which implies R and
o(R) + (e) are weakly p-clean. Conversely, assurae Bhandd(R) + (e) are weakly p-
clean. Let (x,0(x) +se) be an element ofbR? (e) with xe R and se S. Since R is
weakly p- clean, there exists a pure element paanidempotent element v such that x =
p+v or x = p — v. Furthermore, sing¢R) + (e) is weakly p-clean, there exists a pure
element pand an idempotent elemeritsuch thaty(x) + se = p+ V or ¢(x) + se = p—

V. We have, (xp(x)tse) = (p+v, prv') = (p,o(p)+(P = ¢(p))e) + (V,¢(V)+(V' = ¢(v))e)

or (x,¢(x)tse) = (p-v, V) = (p,d(P)*+(P — d(p))e) — (V,op(vV)+(v' = ¢(v))e). Now, B(p)

+ (0 = o(p))ello(a) + (d —d(a))e] = p(p)(1 — e) + pel[d(a)(1-e) + ge] =¢(pa)(1- e)
+p de=op)(l-e)+pe=4(p) + (F - d(p)e. Also h(v)+(v' - d(v))ef = [o(v)(1-
e)+vef = ¢o(v)(1 - e)+ve = (vV)+(v' - d(v))e. Then (p,o(p)+(P — ¢(p))e) and (v,
o(V)+(V-d(v))e) are the pure and idempotent elementsrinsfe) and hence (4(x) +
se) is a weakly p-clean element in<®(e). Hence, B«# (e) is weakly p-clean.
Moreover, if R = S and = ida, then B<i# (e) = R<i(e) and$(R) + (e) =R. ThenR is a
weakly p-clean ring.

4. Weakly p-clean properties in bi-amalgamated ring along ideals

In this section, we study the transfer of the notad weakly p-clean rings to the bi-
amalgamation of rings along the ideal.
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Proposition 4.1.[7] Let f: A—B and g: A>~C be ring homomaorphisms, J aridé ideals
of B and C, respectively. Then we have the follapganonical isomorphism:

Apdis (J, J) / ({0} X J) O f(A)+J and Axife (3, J) / (I X{0}) 0 g(A)+ J.

Theorem 4.2.Let¢ : R — S andy : R—T be two ring homomorphisms, let J an'che
two ideals of S and T respectively, such @#id¢d) = v (). If Rt *V (J, J) is a weakly
p-clean ring, thew(R) + J andy(R) + J are weakly p-clean rings.

Proof. According to Proposition 2.4, a homomorphic imafe weakly p-clean ring is a
weakly p-clean ring. Thus, by Proposition 4.1, vavé the following isomorphism of
rings R=<1*¥(J, J) / ({0} X ) U ¢(R)+J and R« *¥(J, J) / (3 X{0}) Uy (R)+ J.
Hence,0(R) + J andy(R) + J are weakly p-clean rings.

Remark 4.3.Let ¢: R— S andy: R —T be two ring homomorphisms, and let J ahble]
two ideals of S and T respectively.

(1) If 3 = (0) and' ¥ (0). Then R« ®Y (J, J) is a weakly p-clean ring if and only if
¢(R) + J andy(R) + J are weakly p-clean rings.

(2) If J =S and’ ¥ T. Then, if R« (J, J) is a weakly p-clean ring, then so are S
and T.
Proof. (1) According to Proposition 4.1, we have thddiwing isomorphism of rings
R<t®Y 3,9/ ({0} X ) O¢(R)+Jand B®Y (3, /(A X {0) Uy (R)+J IfJ=
(0) and J= (0). Then, the conclusion follows directly frahe above isomorphisms.
(2) Assume that J = R and 3 T. In this casep(R)+J = S andy(R)+J = T and so
R><1®¥(J, J) = SXT, and hence, by Theorem 4.2, S and T are wegaklgan rings.

Theorem 4.4.Let¢p: R — S andy: R —T be two ring homomorphisms, and let J ahd J
be two ideals of S and T, respectively, such #a(J) =y (J) = lo. Assume that the
following conditions hold:
(1) R is a weakly p-clean ring, and R4 a uniquely weakly p-clean ring.
(2) $(R) + J andy(R) + J are weakly p-clean rings, and at most one of tisenot a

p-clean ring.
Then R<1®V (J, J) is a weakly p-clean ring.
Proof. Without losing generality, we assunéR) + J to be a weakly p-clean ring and
y(R) + J to be a p-clean ring. Let& R and (j, ) € JXJ, then there exist pure
elements p and(p:) + j» of R and$(R) + J respectively and idempotent elements e and
o(e1) + j2 of R and¢(R) + J respectively such that x = p + e or x = p andp(x) + j =
(0(P1) + jo) + (@(€2) + j2) Or d(x) +j = (@(P1) + j1) = (@(€) + j2). Thereforep(x) = ¢(p) +
o(e) oro(x) = ¢(p) — ¢(e) andd(x) +j = (@(p2) +i1) +(@(er) +j2) or (x) +j = (¢(P1) +1) =
(9(e1) +j2). Then, in §(R) + )13 we havep(x) =¢(p) +¢(e)or ¢(x)=¢(p)-¢(e)
and  g(x)+j=0(x)=g(p)+o(e) o @(x)+j=¢(x)=¢(p)-¢(e)
Clearly,g( p,) (resp.g( p) )andg(e ) (resp.g(e)) are respectively pure and idempotent

elements ob(R) + J)/J.
On the other hand, sinc&R) + J)/J [1 R/lp is a uniquely weakly p-clean ring, it

is clear thatp( p,) = @( p)and ¢(e) = @(e)in (#(R) + I)/J. Therefore, there isy (k)
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€ J X J such thad(pz) = ¢(p) + kandd(el) = d(e) + k. Henced(x) +j = (d(p) + k + j2)
+(0(e) + ke + 2) 01 900+ = (@(p)+kutin) = (@(e)+heta). If 90+ = (@(p)+ka +1)+(0(e)+
ka + 2), then we writey(X) + ' = (y(p2) + 1) + (v(e2) + [2), wherey(pz) + j1' is a pure
element, andi(e) + j2’ is an idempotent element @{R) + J sincey(R) + J is a p-clean
ring. Thus, applying the same approach as the quewparty(x) + j' = (y(p) + k' + j1)
+ (v(e) + k' +j2) for some (K, k') € IX J since ((R)+J)/Y LI R/lp is an uniquely
weakly p-clean ring. This implies thab(K)+j, yv(X)+]") = (d(p)+ki +j1, w(p)+ki'+j1) +
(0(e)+ktja, w(e)tk'+2), where f(p)tkatjs, w(p)tki'+jt) = @(P2)+js w(p)tj2) €
Pu(R<1*" (3, J)) and f(e) + k + j2, w(e) + k'+ j2) = (@(e1) + j2, w(er) + j2) € Id(R>1 %Y
J, J)).

In the remaining caseé(x) +j = (¢ (p) +ku +j1) — (® (€) + k +j2). Lety(X) +' = (¢
(P2) +1) = (v (&) +i2). Thus,y(x)+]’ = (p(p)+ki' +ix) - (u(e)+hke+2) and so §(x)+]
v()+") = @)kt y(p)tka'+) = @(e)+ke +a, y(e)+k'+j2). In all cases,¢(x) +,
y(x) +j) is a sum or difference of pure and idempotenmelas of R<®" (J, J). Then
R % v (J, J) is a weakly p-clean ring. Hence the proof.

Theorem 4.5.Let¢: R— S andy: R — T be two ring homomorphisms, and let J ahd J
be two proper ideals of S and T, respectively, sihett¢p(J) =y *(J) = lo. Then the
following statements hold:

(1) If Rp®Y (3, J) is a weakly p-clean ring and\Jdd(S) = {0}, theny(R) + Jis

a weakly p-clean ring ands) Pu(S).
(2) If R (3, J) is a weakly p-clean ring andJld(T) ={0}, then ¢(R) + J is
a weakly p-clean ring and g Pu(T).

Proof. (1): By Theorem 4.2, it is enough to prove that Pu(R) if JN Id(R) = {0}.
Suppose thatJ1d(S) = {0} and je J. Without loss of generality, we may assume that O
+ j. Then, there are a pure elemedfp] + ji, ¢(p) + ') € Pu(R<t®" (J, J) and an
idempotent elementy(e) + g, y(e) + p' ) € Id(R>1®" (J, J)) such that (j, 0) =¢(p) + i,
y(p) + 1) + (@(e) + b w(e) +§) or (, 0) = 6(P)H, w(p)+y) — @(e)tk, w(e)+p).
Therefore, j =§(p)+) + @(€)+p) or j = @(p) +jr) — (@(e) +p) and 0 =(p) + ') +
(y(e) + ) or 0 =fy(p) + ') - (v(e) + ). The fact thatd((p) + ju, w(p) + ) is a pure
element of R< ¥ (J, J) and ¢(e) + p, w(e) + i) is an idempotent element obR"" (J,
J) respectively implies that(p) +ji, ¢(e) +p) € Pu@(R) +J) x Idp(R) +J) and y(p)+j1,
y(e)+) € Pufy(R)+J) x Id(w(R)+J). Moreover, since 0 ay(p)+ j1) + (v(e)+y) or 0 =
(w(p)*1) = (w(e)+i), we have(e)+p) = — (w(p)+ir) or (y(e) +k) = (w(p) +ir). Thus,
(v(e) +) € Pufy(R) +J) Nld(y(R) +J) = {0, 1}.
Case (1):If (y(e)+)) € Pufy (R)+J) Nld(y (R)+J) = {0}, theny(e)+' = y(p) + j’= 0.
Then (p,ee vy %(J) x y{(J) = ¢ ) xo(J) and sod(p), d(e)) € IxJ. Consequently,
(e) +p € INId(d(R)+J) < INIA(S) = {0}and thusd(e) + j2 = 0. Hence, j & (p) + L €
Pu@(R) + J)< Pu(S).
Case (2):f (y (e) + ') € Pufy (R) +J) N ld(y (R) +J) = {1}, theny (e) + p'=y(p) +
ji'= 1L Ify (e) + p'= 1, we havey (e) =1 -} & J. Suppose 1 j€ J, which is a
contradiction to the hypothesis.

(2): It is easy to prove that & Pu(T) if INId(T) = {0}. This could be attained
by using the same approach as the previous omeplgcing J for'Jand S with T.
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Theorem 4.6.Let¢: R— S andy: R — T be two ring homomaorphisms, and let J ahd J
be two ideals of S and T, respectively, such th&t) =y (J). Assume that J x&
Pu(S) x Pu(S). If R is a weakly p-clean ring, tier ®¥ (J, J) is a weakly p-clean ring.
Proof. Let xe€ R and (j, ) € J x J. Since R is a weakly p-clean ring, we have x = pre
x=p - e. Theng(¥)+), y(x)+]') = ©@P)*H, v(p)+)*+(d(e), y(e)) or H(X) + j, w(x) + )

= (@(p) *+ i, w(p) +]) — (9(e), w(e)). Since IXE Pu(S)xPu(S), we have(p)+), v(p)+j)

is a pure element oftR " (J, J) and ¢(e), y(e)) is an idempotent element obR.¥ (J,

J) because € Id(R). Then §(x) +j, y(X) +j) is a weakly p-clean iniRi %" (J, J), and
hence B« %" (J, J) is a weakly p-clean ring.

Theorem 4.7.Let¢: R— S andy: R — T be two ring homomorphisms, and let J ahd J
be two ideals of S and T, respectively, such $&0) =y (J). Assume that J x' &
Id(S) x 1d(S). If R is a weakly p-clean ring, thBna ® v (J, J) is a weakly p-clean ring.
Proof. Let xe R and (j, ) € J x J. Since R is a weakly p-clean ring, we have x =go¥
x=p = e. Then(x) +j, w(x) + ) = @(p), w(p)) + (@(e) +j,w(e) +]) or 4(x) + ], w(x) +

i = @), v(p)) - @(e) +j,w(e) + ). Since IxJC Id(S) x Id(S), we havep(e) + |, y(e)

+ j") is an idempotent element ofR> Y (J, J) and §(p), y(p)) is a pure element oftR

v (J, J) because g Pu(R). Theng(x) + j, w(x) + j) is a weakly p-clean iniR " (J, J),
and hence R %" (J, J) is a weakly p-clean ring.

5. Conclusion

In this study, we introduce the notion of weaklyclpan rings and extends it to the
amalgamation and bi-amalgamation of rings alondgdaal. Specifically, the study deals
with the conditions that must be satisfied for agaalation and bi-amalgamation to be
considered as weakly p-clean rings. We also prowddsditional characterizations of
weakly p-clean rings. This study will assist inthar investigating the properties of other
ring structures, such as the A + XB [X] and A + ¥K]] constructions.

Acknowledgements. The first author would like to thank Ramco Ins#tdf Technology,
Rajapalayam, for providing excellent facilities atmhstant support towards carrying out
this research work. We also express our sincergtigia to the reviewer for taking the
time and effort to review this paper and providiogmments that have improved its
quality.

Conflicts of Interest: There is no conflict of interest among the authors

Author’s Contributions: All authors contributed equally.
REFERENCES

1. M.S.Ahn and D.D.Anderson,Weakly clean rings and aalimclean rings.Rocky
Mountain J. Math. 36(3) (2006) 783-798.

2. A. Aruldoss, C. Selvaraj, and B. Davvaz, Coheremamerties in bi-amalgamated
Modules,Gulf Journal of Mathematics, 14 (1) (2023) 13 24.

3. A. Aruldoss and C. Selvaraj, Weakly SIT-ring prdjss in bi-amalgamated rings
along idealsVietnam J. Math, (2023).

4. A. Aruldoss and C. Selvaraj, Symmetric and revégsiooperties of bi-amalgamated
rings,Czech. Math. J., 74 (2024) 17 — 27.

117



10.

11.

12.

13.

14.

15.

16.

17.

Selvaganesh Thangaraj and Selvaraj Chelliah

N. Ashrafi and E. Nasibi. Rings in which elements the sum of an idempotent and
a regular elemenBull. Iran. Math. Soc., 39 (3) (2013) 579-588.

D’Anna, C. Finocchiaro, and M. Fontana. Amalgamatdgebras along an ideal,
Commutative Algebra and its Applications (2009) 155 — 172

S. Kabbaj, K. Louartiti and M. Tamekkente, Bi-ammakjed algebras along ideals,
Commut. Algebra 9 (1) (2017), 65-87.

A. Majidinya, A.Mousavi and K.Pakyan, Rings in whithe annihilator of an ideal is
pure Algebra collog. 22 (spec 01) (2016) 947 — 968.

Mohamed S.Akram, Ahamed S.lbrahim, Assad H.SamaliySf the rings in which
each element express as the sum of idempotent anel imt. J. Nonninear
Anal.Appl. 12 (2021) 1719 — 1724.

W.K.Nicholson, Lifting idempotents and exchangegsnTrans. Amer. Soc. 229
(1977) 269 — 278.

V.Saravanan, Feebly r-clean ring and feebtyclean ringRatio Mathematica, 48
(2023) 176 — 188.

V.Saravanan, Feebly r-clean ideal and feeblyclean ideal Annals of Pure and
Applied Mathematics, 29 (1) (2024) 1 - 7.

T.Selvaganesh and C. Selvaraj, p-clean propertieanalgamated ringsRatio
Mathematica, 47 (2023) 375 — 384.

T.Selvaganesh, Feebly p-clean properties in amaltghrings Annals of Pure and
Applied Mathematics, 29 (1) (2024) 73 — 81.

V. Vijayanand and C. Selvaraj, Amalgamated ringth\wemi nil-clean properties,
Gulf Journal of Mathematics, 14 (1) (2023) 173-181.

V. Vijayanand and C. Selvaraj, Bi-amalgamated rimgh m-nil clean properties,
Far East J.Math.Sci, 140 (3) (2023) 209 — 226.

J. von Neumann. On regular ring®oceedings of the National Academy of Sciences
of the United States of America, 22 (12) (1936) 707—-713.

118



