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Abstract. Topological indices are numerical parameters usestudy the physical and
chemical residences of compounds. Degree-basetbtgal indices have been studied
extensively and can be correlated with many pragedf the compounds. In the factors of
degree-based topological indices M-polynomial piayen important role. Using M-
polynomial we can derive several degree-based agpea! indices of a graph. In this
article, we have obtained 18 different topologiaalices of the Barbell graph, Pan graph
and Sun graph.
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1. Introduction

All graphs considered here are finite, nontrivialthout isolated vertices, undirected,
without loops or multiple edges. Undefined term&iatations in this paper may be found
in Harary [10]. Vertex set is denoted ByG), edge set is denoted BYG) for a graphG.
The degred, (v) of a vertexe V(G) is the number of edges incident to itinAn isolated
vertex or singleton graph is a vertex with dege®zLet{v,, v,, ... v,,} be the vertices of
G and letd; = d;(v;) . The n-barbell graph denoted bB(p,n)is the simple graph
obtained by connecting two copies of a completetyfg, by a bridge. The pan graph
denoted by, is the graph obtained by joining a cycle graph wirgleton graph with a
bridge. Then-sun graph denoted I$yn) is a graph witt2n vertices consisting of a central
complete graph withK,, an outer ring ofn vertices, each of which is joined to both
endpoints of the closest outer edge of the ceotnra. In graph theory, information about
a graph can be encoded in the form of a polynomui@ many such polynomials are
available in the literature. One of the most comipamsed polynomials called M-
polynomial denoted by(x, y) throughout the article, makes use of a degreedices of
the graph. The illustration of the M-polynomial wdene by Deutsch and Klavzar in the
year 2015 [8]. We denote the degree of a vartby d,,. The degree of an edge is defined
to bed,, =d, +d, — 2. In the year 1947, the first topological index iraghs was
introduced by Weiner which is known as the Weimgle [1]. In the year 1972, the first
and second Zagreb indices were introduced [13hdryear 2003, modifications to Zagreb
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indices were introduced [14]. Many topological itel are studied in the literature. In
1975, the Randic index was introduced [34] andreegd Randic index was introduced in
the year 1998 [7]. In the same year Atom Bond Cotiviey index was introduced [15].
Kulli introduced a series of indices namely Ban&hatlices, hyper Banahatti indices and
their modified versions [32-34]. Khalaf et al olntadl different topological indices using
the M-polynomial of Book Graph [3] in the year 202®this article, we have obtained the
M-polynomial of 3 different graphs and hence vasitapological indices associated with
these graphs. The barbell graph denote lpyn) is a graph witt2n vertices andv(n —

1) + 1 edges which is a simple graph obtained by conmgdtvo copies of a complete
graphk,, by a bridge. The pan graph denotedP’pys the graph witl{n 4+ 1) vertices and
(n + 1) edges which is obtained by joining a cycle graph $ingleton graph with a bridge.
The sun graph denoted Byn) is a graph witt2n vertices an@ edges consisting of
a central complete graph wiff), an outer ring ofr vertices, each of which is joined to
both endpoints of the closest outer edge of th&r@erore. The M-polynomial of a graph
is denoted byf(x,y) or M(G:x,y) and is defined ag(x,y) = Yscicjcam;;(G) x'y’
whered andA are the minimum and maximum of degree of vertinghe graphz and
m;;(G) is the number of edges with end vertieesand v and (d,,, d,,) = (i,j). This
polynomial was introduced in 2015 by Deutsch anév&Zarin and it is useful in

determining many degree-based topological inditdss motivates us to study the M-
polynomial of some complete and cycle-related gsaph

Table 1. Definitions of different topological indices

Topological Index Definition Formulato deriveindex
by applying M-
Polynomial with
x=y=1
First Zagreb Inde M, (G) = Z (dy +d,) (Dx + Dy)f(x,y)
uveE(G)
Second Zagre M,(G) = Z d, .d,) (Dx .Dy)f (x,¥)
Index
UVEE(G)
Modified Seconc o (G) = 1 (Sx-Sy)f(x,y)
Zagreb Index M, .d
. UveE(G) u v
Genere Randic R (G) = z (d,. d,)* (Dg.D5) f(x,)
Index
UveE(G)
Inverse Randi 1 \* S2.52) f(x,
Index RR,(G) = (d P ) (5857 f&x.)
u v
uveE(G)
i 2
Harmonic Inde H(G) = (d - ) 28] f(x,y)
UVEE(G) u v
Symmetric Divisior SSD(G) = Z du v (DxSy + SxDy) f (x,¥)
Index d, dy
UVEE(G)
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Augmented Zagre

3

d,.d S3Q_,JDED3) f(x,
|ndex A(G)= ( u i ) (xQ 2] X y)f( }’)
dy+d, — 2
UVEE(G)
Inverse Sum Inde 16) = Z (du -dv> (Sx JDxDy)f (x,y)
UVEE(G) du+du
Atom-bond dotd. —2
Connectivity Index = i A— 1 Yyt
y ABC(G) i (DX/ZQ_2 ]Sx/zsy/2> Flx,y
i UveE(G) - -
Geometric 2./d, .d /22
Arithmetic Index | GA(G) = (#) (25 /D "Dy ) (%)
u v
UVEE(G)
First K-Banahatt (Dy+ D
B,(G) = (dy +du) x + Dy
Index o6 v +2D,Q-2))f (x,y)
Second -Banahatt _ (D, Q_,J(D
|ndex BZ (G) EE(G)(du . duv) + By))f(x'xy)
uv
First K-hyper _ 2 D? + D2 + 2D2Q_,]

. HB(G) = Y (dyt+dy) ( i + Dy +2D:Q ) ;
Banahatti Index W) +2D,Q_5J (D + D,) fC
Second -hyper _ 2 D2 D2
Banahatti Index HB(6) (dy: duy) ( 20 (23

uveE() +D3))f ()

Modified First K- 1 (5Q_2J (Ly

hyper Banahatti | ™B1(6) =

P Index weE(G) dutuy +Ly)f ()

Modified Second I- B 1 (SxQ_2J(Sx + S))f (6, »)
hyper Banahatti mB,(6) = du.dw) ’ Y
Index UVEE(G)

Harmonic k- H, (G) = ( 2 ) (285,Q-2] (Ly

: ,(G) =
Banahatti Index e dy,+dy, +L,))f (%)

Table 2: Notations used in computing indices
D _xi J=f(xx) 1 of
* = Y ox D/? = |x=— .f(xy)
of Qo =xf(x,y)
Dy =y “ 1y of
] D/ * = — . f(x,
y ) Y3y f(y)
L, = f(xz,y) fxf(t:y) x
Se=| —=dt 1 f&y)
* 0 t Sx/2 J; ¢ Sy
Ly = f(x,y?%) fyf(x, t) y
S, = dt 1 f(x,t)
Yoyt 5,% = fo — [y
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Different notations used in the formulae are exmdiin Table 2.

2. Main results
Theorem 2.1. If B(p,n) is the barbell graph, then

fOy) = (n— D —2)x" Tyt 4 2(n — D™ Ly + xmyn
Proof: By definition of the barbell graph and by compuatiwe find thak (p, n)has2n
vertices and(n — 1) + 1 edges. Based on the degrees of end vertices,dtiee set of
B(p,n) can be tabulated ihable 3.

Table 3: Details of the degrees of vertices and number gég@B(p, n)

(dy, dy,) n—-1,n-1) n—1,n) (n,n)
Total number o n—1,n-2) 2n—2 1
edges

The M-polynomial ofB(p, n) is given as

MBE XY =fE@y) = ) my(6)xy)
&<i<j<A
FG0y) = (1= D(n— 2™ 1y™1 4 200 — a1y 4 xmy"

=
- -
"-.-:_____ T ’ _‘___'\-.-"._
E}{ T——e— }{;
i ..\_-: -___r' "'-ﬂ_x :;.d.__"'\-
— i "-_-

Figure 1: The n-Barbell Grapl® (p,n)

Theorem 2.2. Topological indices of barbell graBlip, n) are given by the following.

ABPM) =5 @n-3* | (2n-2)°

(n-1)3(n-2 2n(n—-1)>2 2
1B(,m) =" B2+ B

1. M;(B(p,n)) =2n3—4n?+6n-—2
2. My(B(p,n)) =n*—3n3+6n?—-5n+2
3_p
3. my,(B(p,n) ="
4. R,(B(p,n)) = (n?—3n+2)(n—1)%* +2(n — 1)**n% + n2@
n2—3n+2 2n-2 1

S. RRa(B(p' 7’1)) = (n—-1)2¢ + n*(n-1)« + n2a
2n3-n?-1

6. HB(p,n) = Zznz——n

7. SSD(B(p,n)) = ;(n3 -n’+n-1)

8 n-1)7"(n-2) , 2n3(n-1)* n®

9.

2n
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10. ABC(B(p,m)) = (n — 2)VZn— 4 + ll7n — 3 + 222
3_7,.2 _ _ —
11 GA(B(p, n)) — 2n°-7n“+9n 23n+_(;1,n 4)m

12. B{(B(p,n)) = 6n3 — 16n% + 22n — 10

13. B,(B(p,n)) = 4n* — 16n3 + 32n2 — 30n + 10

14. HB,(B(p,n)) = 18n* — 78n3 + 164n? — 160n + 58

15.HB,(B(p,n)) =2(n—1)3(n—2)2n—4)> +2(n—1)(2n? - 2n +
1D (2n —3)? + 2n?(2n — 2)?

16. mBl(B(p, n)) — 2(n-1)(n-2) , 2(n—-1)

3n-5 3In—4 + 3n-3 3n—-2
17. mB,(B(p,n)) = M3 @n-2)+2@n-1)@n-2)+2@2n-3)
18. H,(B(p,n)) = 4m-D(M-2) | 4n-1) , 4(n-1) | 4

2(n-1) 2

n(2n-3)(2n-2)
+

3n-5 3n—4 3n-3 3n-2

Proof:

1. First Zagreb Index
Dof (x,y) = (n— 1)2(n—2)x" 1y" 1 + 2(n — 1)2x™"" 1y™ + nx"y"
Dyf(x,y) = (n—1)*(n—2)x"" 1y + 2n(n — D™ 1y" + nx"y"
ThusM,(B(p,n)) = (Dx + Dy)f(x, y)atx =1andy =1 gives
M;(B(p,n)) = 2n3 —4n? + 6n—2

2. Second Zagreb Index
Dyf(x,y) = (n—1)*(n —2)x" ty™ 1 4+ 2n(n — Dx""1y™ + nx"y™
(Dy .Dy)f(x,y) = (n— D2(n—2)x"1y™ ! + 2n(n — Dx""y™ + nx"y"
ThusM,(B(p,n)) = (Dx .Dy)f(x, y)atx =1andy =1 gives
M,(B(p,n)) = n*—3n3+ 6n% —5n+2

3. Modified Second Zagreb Index

Sy(f(x,y)) = (n—2)x""ty" 1 + "
n,,n
(Sx. Sy)f(x,y) = %x"‘lyn‘1 + 2x" iy + xn)zl
Thusmy, (B(p,n)) = (Sx .Sy)f(x, y)atx =1andy =1 gives
n-n-1
my, (B(p,n)) = P
4. General Randic Index
DI(f(x,y) = (n—D(n—2)(n— D*x™ 1y" 1 + 2(n — Dn% "1y
+ naxnyn
(D . DY)f(x, )
=(Mn—1(Mn-2)(n—1)?*x"1yn1
+2(n — Dn%(n — 1)%x™"1y" 4 n2exnyn
ThusR,(B(p,n)) = (D,‘C’ . Dj‘j‘)f(x, y)atx =1andy =1 gives
Ry,(B(p,n)) = n? =3n+2)(n—1)?* + 2(n — 1)%*1n% + n?@

Z(n _ 1)xn—1yn—1 N xnyn

5. Inverse Randic Index
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_ _ n-1,,n-1 _ n-1.,n Nna,n
S}O,‘(f(x,y))= m—DMm-2)x""y 2(n—1)x"y +x y

(n—1) n¢ n%
m—1Dn—2)x" 1y 2(m—Dx" Iy  x"y"
S¥. SY =
(S¥. S§)f (. y) (n— 1) ni(n—1)a n2a
ThusRR,(B(p,n)) = (S,? . Sf,‘)f(x, y)atx =1andy =1 gives
n?—3n+2 2n—2 1

RR,(B(p,n)) = (n—1)2@ + n%(n — 1)« + n2a

. Harmonic Index
Jf(6y) = (= 1)(n = 2)x2"2 +2(n — Dx?"1 + 2"
25, Jf (i,y) = (n— 2yen-2 4 B DX X8
x]f x'y =n X Zn — 1 ”

2n® —n? -1
HBEM) =—F———

Symmetric Division Index
(DxSy)f (x,¥) = (n = D) (n — 2)x" 1y +xmy"

n
(S¢Dy)f(x,y) = (n— 1)(n— 2)x™ 1y 4 2nx""1y™ 4 xy"
(DySy + SxDy)f (x, %)

n—1)>2
=2n—-1Dn—-2)x"1y" 142 [% + n] xiyn

2(n — 1)2x""1yn
+( ) y

+ 2x™y"
ThusSSD(B(p,n)) = (DxSy + Sny)f(x, y)atx =y =1 gives

2
SSD(B(p,n)) = E(n3 -n2+n-1)

Augmented Zagreb Index
Di(f(x,y)) = (n—D(n—-2)(n—1)3x"1y" 1 +2(n — Dn3x""1y"

+ n3xnyn
DED3(f(x,y)) = (n—1)7(n—2)x"1y" 1 + 2(n — 1)*n3x""1y™ + nbx"y"
JDED3(f(x,¥)) = (n— 1) (n — 2)x?"2 + 2(n — 1)*n3x?""1 4 nOx2"
Q-2JDED3(f(x,y)) = (n —1)7(n — 2)x** + 2(n — 1)*n3x?""3 4 nbx "2
(52Q-2JDID3)f (x,¥)

(Tl _ 1)7(7’1 _ 2)x2n—4 Z(Tl _ 1)4n3x2n—3 n6x2n—2

(2n—4)3 (2n—3)3 (2n—2)3
ThusA(B(p,n)) = (S3Q_2/DiD3)f(x,y) at x = 1 gives
m—1)"(n-2) 2n3(n-1)* n®

ABem) =— =55t Gn=3p T@n-2°
Inverse Sum Index
(DyDy)f (x,y) = (n— 1)3(n — 2)x""1y™ 1 + 2n(n — 1)2x™ 1y™ + n2x"y™
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(]D Dy)f(x y)=(n—-1)31n—2)x?""2 + 2n(n — 1)%x2"1 4 n2x2"

2n—2 x2n 1 x2n
(/DD )f(x,y) = (n—1)*(n — 2) 5+ 2n(n — 1)2 —+ n? =
ThusI(B(p,n)) = (S JD, Dy)f(x v) atx = 1 gives
1B ~ (m=1)’(n-2) 2n(n-1)>
BEm) == =3 m—1 @ 2n

10. Atom-bond Connectivity Index
(51/2>f(x, ) = n—-1Dn-2) niynei 4 2(n—1) - x"y™
Vn—1 Vn [

/ S / j— ] n— ( ) Tl— n :
/ S' / J— n— ( ) n—
2n-2

Z(n -1 L3 4 x

Jnn— 1) n

(05,25 /Z)f(x y) = (n— DAt +
(p D,/2q_,Js,/25 /Z)f(x »)
= —DV2n—4x2"* 4 —= 2(n - 1) m x2n-3

1/7’1 n—
+ V2n—2 (212
ThusABC (B( ="< /2 /2 1/2> =1gi
p,n)) D, “Q_,JS,'*S, | f(x,y) at x = 1 gives
ABC(B(p,m)) = (n—2)V2n—4 + \/n(ni—i\/ ' 27;_ :

11. Geometric Arithmetic Index

(,/2) £y = (1= D = 2T = D™y + 24 — Dy

+ n2x"y"

(0./20,/2) r. )
= (n—1)2Mn—2)x""1y" 1 4 2(n — 1)/n(n — Dx™1y"
+ nx"y™

(10.20,"2) £

=(n-1)>2?m-2)x*"2+2(n- 1)Mx2”_1 + nx?"
1. 1
(250,20,/2) Fx,)

=2(n—1)?%*(n- 2) +4(n—1)ynn—-1)

( 1)
+ x2n
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ThusGA(B(p,n)) = (25x]D;/2D;/2)f(x, y) at x = 1 gives

2n3 —7n?+9n -3+ (4n—4)yn(n—-1)
2n—1

GA(B(p,n)) =

12. First K-Banahatti Index

(2DxQ-2Df (x,¥)
=2n—-1D(n-2)2n— x> * +4(n—-1)(2n — 3)x?"3
+2(2n — 2)x?n2
(Dx + Dy)f(xr y)
=2(n—-1)2%(n—-2)x"ynr1
+2n—-1)R2n—1Dn - 1)?(n—2)x"1yn
+2n(n — 1)%(n — 2)x"y"
ThusB, (B(p,n)) = (D, + D, + 2D,Q_,])f(x,y) at x = y = 1 gives
B;(B(p,n)) = 6n3 — 16n? + 22n — 10

13. Second K-Banahatti Index

(Q—Z](Dx + Dy))f(x: y)
=2(n—1)?(n—-2)x>"*+2(n-1)(2n — 1)x?"3
+ 2nx?n2
(DxQ—Zj(Dx + Dy))f(x: y)
=2(n—-1%(n—-2)(2n — 4)x?"*
+2(n—1)2n—1)(2n — 3)x2"3 4+ 2n(2n — 2)x?" 2
ThusB,(B(p,n)) = (DyQ—,J(Dy + D,))f (x,y) at x = 1 gives
B,(B(p,n)) = 4n* — 16n3 + 32n%2 — 30n + 10

14. First K-hyper Banahatti Index

(D + D3)f (x, )
=2(n—1)3(n—-2)x"1y" 1 + 2(n - 1)[n?
+ (n _ 1)2]xn—1yn + anxnyn

(2D:*Q-2))f (%, )
=2n—-1D(n-2)2n—4)*x*"* +4(n— 1)(2n — 3)%x?"3
+2(2n — 2)%x?n2

(2D4Q-2/ (Dx + D)) f (x,¥)
=4(n—-1)%*(n—-2)(2n — 4)x?"*
+4(n—1)2n—1)(2n — 3)x2"3 + 4n(2n — 2)x2"2

ThusHB; (B(p,n)) = (D2 + D} + 2D,2Q_,] + 2D,Q_oJ (D, +

Dy)) f(x,y) at x = 1 gives
HB;(B(p,n)) = 18n* — 78n3 + 164n% — 160n + 58

15. Second K-hyper Banahatti Index
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(DZ + D3)f (x,y)

=2(n—1)3(n—-2)x"1y" 1 + 2(n - 1)[n?
+ (n— D2y 4 2n2xy"

(/(DZ + D)) fx,7)
=2n—-1)3m—-2)x*""%2+2(n—1D[n?+ (n — 1)?|x?"?
+ 2n%x2n

(0-2/ (D2 +D2)) f(x, %)
=2n—-13m—-2)x"*+2(n— 1)[n? + (n — 1)?]x?"3
+ 2n%x2n—2
(p2Q_2J (D2 +D3)) f(x,3)
=2(n—1)3(n—-2)(2n — 4)?x?"*
+2(n — 1[n* + (n — 1)?](2n — 3)2x*"3
+ 2n?(2n — 2)%x 22
ThusHB,(B(p,n)) = (DZQ—2J(DZ + DF)) f(x,y) at x = 1 gives
HB,(B(p,n)) =2(n—1)3(n—2)2n—4)? + 2(n
- 1)(2n? —2n+1)(2n — 3)% + 2n%(2n — 2)?

16. Modified First K-hyper Banahatti Index

(Q—Z](Lx + Ly))f(x: y)
=2n—-1DMm—-2)x3"5 +2(n—Dx3"* +2(n — 1)x3"3

+ 2x3n2
(SxQ—Zj(Lx + Ly))f(x: y)
_2m-D(n-2) .. . 2n-1) ., 2(n—-1) . .
-7 3n-5 3n—4 3n—3
n 2 5312
3n—2

ThusmB; (B(p,n)) = (SxQ_Z](Lx + Ly))f(x, y) at x = 1 gives
_2n—-1)(n-2) 2(n—-1) 2n-1) 2
mBi (B ) = = et o T Y 303 Tan—2
17. Modified Second K-hyper Banahatti Index
(Q-2J(Se +5,))f () = 20— 2)x* + 2
(5xQ-2J(Sx + $))f (x, ¥)

2n-1
— 2(n—-2) x2n—4 4 2( n ) 2n-3 4 2 x 22
2n—4 2n—13 n(2n—2)
ThusmB,(B(p,n)) = (SxQ_Z](Sx + Sy))f(x, y) at x = 1 gives

mB,(B(p,n)) = n(2n—3)(2n—-2)+2(2n-1)(2n—-2) + 2(2n - 3)

n(2n—3)(2n - 2)
18. Harmonic K-Banahatti Index

2n—1

2
) x2n—3 + _x2n—2
n
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(Q-2J(Lyx + L)) f (2, )

_ 2n-1D(n-2) , o 2(n—-1) , , 2(n-1) £33
3n—5 3n—4 3n—3
3n—2

(ZSxQ—ZI(Lx + Ly))f(x' y)
_4n-D(n-2) . . 4n-1) . . 4n-1) . .
=" 3n-5 © ‘T2 T3 ”
4 3n-2

e

Thudi, (B(p,n)) = (ZSxQ_zj(Lx + Ly))f(x, y) at x = 1 gives

4n—-1)n-2) 4n—-1) 4(n-1) 4
3n—5 3n—4 3n—3 3n—2

Hb (B(p' Tl)) =

Theorem 2.3. If B, is the pan graph, then
flx,y) = (n—2)x%y? + 2x%y3 + xy3
Proof: By definition of pan graph and by computation, \neltha®, has(n + 1) vertices

andn + 1) edges. Based on the degrees of end verticesjigfeeset of,, can be tabulated
in Table 4.

Table 4: Details of the degrees of vertices and number gésd@P,
(dy, dy) (2,2) (23) 3.1

Total number of edg (n—2) 2 1

The M-polynomial off, is given as

MEixy) = fEy) = ) my(Q)xy)
5<i=j<A
flx,y) = (n—2)x%y? + 2x%y3 + xy3

-,
e b

Figure2: The pan grapl®, forn=7
Theorem 2.4. Topological indices of pan gragh are given by the following.
1. Mi(P)=4n+6
2. My(P)=4n+7
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3. My, (P =22

4. Ry(P) =2%%(n—2)+29%13@ 4 3¢
5. RRo(B) ="+ ez 22

6. H(P) =22

7. SSD(p) =2+

8. A(Pn) — 17227112729

9. I(R) = 2"’21;23

10. ABC(P,) = —ﬁ("‘j);ﬁ”

11. GA(P,) = 10n—20+8v6+53

10
12.B,(P,) = 8n + 14

13. B,(P,) = 8n + 22
14. HB,(P,) = 32n + 92
15. HB,(P,) = 32n + 210

16. mB,(P,) = 15:0"8
17. mB,(P,) = 18:6"8
15n+8
18. Hy(R,) = —2
Pr oof:

1. First Zagreb Index
D.f(x,y) = 2(n — 2)x2y? + 4x2y3 + xy3
Dyf(x,¥) = 2(n — 2)x*y? + 6x%y3 + 3xy?
ThusM,(P,) = (Dx + Dy)f(x, y)atx =1andy =1 gives
My(P) =4n+6

2. Second Zagreb Index
Dyf(x,y) = 2(n —2)x*y? + 6x*y® + 3xy*
(D .Dy)f (x,y) = 4(n — 2)x2y? + 12x%y5 + 3xy3
ThusM,(B,) = (Dx .Dy)f(x, y)atx =1landy =1 gives
My(B) =4n+7

3. Modified Second Zagreb Index

-2 2 2,,3 3
S, (f () =(nz—)x2y2 +"3_3’+’%

-2 2,,3 3
(S $)fCry) = T2a2y? 4+ 2L+ 20
Thusmy, (P,) = (Sx .Sy)f(x, y)atx =1landy =1 gives

3n+2

mpy, (B) =
4. General Randic Index

DE(f(x,y)) = 2%(n — 2)x2y? + 2.3%x2y> + 3%y?

(D,‘j‘ ) Df,‘)f(x, y) = 22%(n — 2)x%y? + 29+1,3%x2y3 4+ 3%xy3

ThusR,(B,) = (D,‘é‘ . D;‘)f(x, y)atx =1andy =1 gives
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Rq(Py) = 2%%(n —2) + 2971.3% + 3@
Inverse Randic Index

2)
Sy(fey) =
-2) 2x%y3  xy3
(S8 S () =~y + S +

ThusRR,(BR,) = (5“. S“)f(x,y) atx =1andy =1 gives

n-2) 2 1
RRa(Pn) = 22a + Ja3a 3_6!

. Harmonic Index
Jf(x,y) = (n—2)x* + 2x° + x>
2
25, Jf Gey) = |22 2] e
ThusH(R,) = 2S ]f(x y) at x = 1 gives
5n+ 3
H(Pn) =

10
Symmetric Division Index

3

ny xy
x2y2
XYt R T3

4

2
(D )f(xy)—(n—Z)x2y2+43y oA

(S¢Dy)f (x,y) = (n — 2)x%y? + 3x%y® + 3xy*
10 4
(DySy + SxDy)f (x,¥) = 2(n — 2)x%y? + ?xy3 + [§ + 3] x2y3

ThusSSD(B,) = (DySy + S,D,)f(x,y) at x = y = 1 gives
6n + 11

SSD(B,) =
Augmented Zagreb Index

D3(f(x,)) = 8(n — 2)x%y? + 54x?y> + 27xy>
DiD3(f(x,y)) = 64(n — 2)x*y? + 432x%y3 + 27xy?
JDED3(f(x,y)) = 64(n — 2)x* + 432x° + 27x*
Q-2JDED3(f(x,y)) = 64(n — 2)x? + 432x3 + 27x?

5 5 B2, 27,
(S3Q_2JDED3)f (x,y) = 8(n — 2)x* + —— S+
ThusA(P,) = (S2Q-2/DED3)f (x,y) at x = 1 gives
Ay = 72814729

e 216

Inverse Sum Index
(Dny)f(x, y) = 4(n —2)x%y? + 12x%y3 + 3xy3
(JDxDy)f (x,y) = 4(n — 2)x* + 12x° + 3x*

4 12 5 3 4
(Sx]Dny)f(x,y) =Mn-2)x +?x +Zx

ThusI(P,) = (SxJDxDy)f (x,y) at x = 1 gives
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20n + 23

I(Pn) = 20

10. Atom bond Connectivity Index
_ (- 2)x2y?  2x%y3  xy®

( ”)m ) =SR2
(15,725, re ) = ﬂ+%+ﬁ
(0-215,/25,2) payy = E22 4 224 X
(0.20.215,/25,2) r ) = 22 aaw? + L2

ThusABC(P)—(D T2 ]S/Zsl/z)f(x =1gi
W) =D,/ ?Q-2JS, %S, ,y) at x = 1 gives
V3n—2)+vV6+2

NG

11. Geometric Arithmetic Index

(D;/Z)f(x,y) =2(n — 2)x%y? + 2v/3x%y3 + 3xy3
D;/ZD;/Z)f(x'y) =2(n—2)x*y* + 23/2\/§x2y3 +/3xy?
(]D;/ZD;h)f(x'Y) = 2(n — 2)x* + 2”/2v/3x5 + 3x*

5/ 5
(ZSx]D:/ZD;/Z)f(x, y) = (n —_ 2)x4’ + % + ?x‘l-

1 1
ThusGA(P,) = (ZSx]Dx/ZDy/2>f(x, y) at x = 1 gives
10n — 20 + 8V6 + 5V3
GA(Pn) = 10
12. First K-Banahatti Index
(2DQ_2Nf (x,y) = 4(n — 2)x? + 12x3 + 4x?
(Dy + Dy))f (x,y) = 4(n — 2)x2y? + 10x2y? + 4xy3
ThusB, (B,) = (D, + Dy + 2D,Q_,])f (x,y) at x =y = 1 gives
B,(P,) = 8n + 14

ABC(P) =

13. Second K-Banahatti Index
(Q_2J(Dy + D)) f (x,¥) = 4(n — 2)x? + 10x> + 4x?
(DxQ_Z](Dx + Dy)) f(x,y) =8(n—2)x? + 30x3 + 8x2
ThusB,(B,) = (DxQ-,J(Dy + Dy))f (x,¥) at x = 1 gives
B,(P,) = 8n + 22
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14. First K-hyper Banahatti Index
(D2 + D2)f(x,y) = 8(n — 2)x%y? + 26x%y3 + 10xy°>
(2D,2Q_2))f (x,¥) = 8(n — 2)x? + 36x> + 8x?
(2DxQ_2](Dx + Dy)) £, y) = 16(n — 2)x% + 60x3 + 16x2
ThusHB, (P) = (DZ + D} + 2D,2Q_5] + 2D,Q_J(Dy + D)) f(x,y) at x =
1 gives
HB,(P,) = 32n + 92

15. Second K-hyper Banahatti Index
(DZ 4+ D2)f (x,y) = 8(n — 2)x%y? + 26x%y*® + 10xy>
(](D,% + D}Z,))f(x,y) = 8(n — 2)x* + 26x° + 10x*
(Q_Z](D,§ + D}z,))f(x,y) = 8(n — 2)x2 + 26x3 + 10x2
(D,%Q_zj(Dg + Dg)) F(x,y) = 32(n — 2)x? + 234x3 + 40x2
ThusHB,(P,) = (D2Q-2J (D + D§)) f(x,y) at x = 1 gives
HB,(P,) = 32n + 210

16. Modified First K-hyper Banahatti Index
( (L + Ly))f(x y) =2(n — 2)x* + 3x° + 2x° + 3

(520l (Lo +1y)) flry) = S22t 20 20 2

ThusmB; (B,) = (SQ_oJ (Ly + Ly))f(x, y) at x = 1 gives
15n + 8

mBl(Pn) = 30

17. Modified Second K-hyper Banahatti Index
(0= (52 +5,)) fry) = (n— 22+ 4 2

(n— 2)x 5x x2 x?

(SxQ—Zj(Sx +Sy)) (x y) - +_+_+?
ThusmB,(B,) = (SxQ_2J(Sx + S ))f(x, y) at x = 1 gives
18n + 8
mBZ(Pn) =
18. Harmonic K-Banahatti Index
( —2J(Lx +Ly))f(x y) = o Z)x +%5+x?6+x3—3

2x®  2x3

(ZSQ 2](L +Ly))f(x y)—(n 2)x4+ A
Thus, (P,) = (25xQ-2/ (Lx + Ly))f (x,¥) at x = 1 gives
15n+ 8

15

Hb(Pn) =

Theorem 2.5. If S(n) is the sun graph, then
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n?—n
2 y
Proof: By definition of sun graph and by computation, \ivel fthats(n) has2n vertices

and
n%+3n

> edges. Based on the degrees of end verticesggfeeset of (n)can be tabulated in
Table 5.

n+1,n+1

flx,y) =2nx%y™1 + ( x

Table 5: Details of the degrees of vertices and number géedS(n)
(dy,dy,) 2Zn+1) n+1,n+1)

Total number of edg 2n n?—n
2

The M-polynomial ofS(n) is given as

MEMixY) = fry) = Y my(@) xiy)
nion

2

fx,y) =2n xzyn+1 + ( )xn+1yn+1

Figure 3: Then-sun grapts(n)

Theorem 2.6. Topological indices of sun graptin)are given by the following.
1. M;(S(n)) =n3+2n%+5n

n*+n3+7n2+7n
2. My(S(n)) -T2
3n2+4n
3. my,(S(n) = 2(n+1)2
2_
4. Re(S) = 2% n(n+ D + () (n + 1)
2l-aqy n?-n 1
5 RRq(S(m) = (n+1)@ + ( 2 )(n+1)2“
an n?-n\ 1
6. H(S(n)) __BT( : gm
2n(n“+n+2
7. SSD(S(n)) = n—Jr% .
_ (n“-n)(n+1)
8. A(S(n)) - 16n + 167’13
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_ n*+3n3+15n2+13n
I(sm) = 4(n+3)
2 1 2- 1
ABC(S(n)) = 22+ (2m) /2 (*7) =
_ an2yn+1 | (n®-n
GAS() = =2 + ()
B;(S(n)) =3n3+4n? +9n

B,(S(n)) = 2n* + 2n3 + 6n? + 6n
HB;(S(n)) = 9n* + 7n3 + 23n% + 25n
HB,(S(n)) = (n + 1)?(4n* — 2n3 + 4n? + 10n)

2_
mBl(S(n)) — 2n +Tl n 2n

2n+2  3n+l  n+3
mB,(S()) =

nn+3) n?-n
(n+1)2 =~ 2n(n+1)
n 2(n*-n) | 4n

Hy(S()) = — +

2n+2 3n+1 n+3
First Zagreb Index

2
D, f(x,y) = 4nx?y™1 + (n+ 1) (

n-—n

2

) xn+1yn+1

2-n
Dyf(x,¥) = 2n(n+ Dx*y™ ! + (n+ 1) ( >x"+1yn+1

n —
ThusM,(S(n)) = (Dx + Dy)f(x, y)atx =1andy =1 gives
M;(S(n)) =n3+2n% +5n

Second Zagreb Index

2
Dyf(x,y) = 2n(n+ Dx*y™1 + (n+ 1) (

ne —

n
> xn+1yn+1

n?—n
(Dx Dy)f(xr y) = 47’1(71 + 1)x2yn+1 + (n + 1)2 (T) Xn+1yn+1

ThusM,(S(n)) = (Dx .Dy)f(x, y)atx =1andy =1 gives
n*+n3+7n%2+7n
M,(S(n)) =

Modified Second Zagreb Index

anZ n+1 nZ —-n
Sy(f(x, y)) — y + < >xn+1yn+1

n+1) 2n+1)
2,,m+1 2 _
(SX' Sy)f(x:y) = n(); i 1) + (281 + f)Z)xn-'—lyTH—l
Thusmy, (S(n)) = (Sx .Sy)f(x, y)atx =1andy =1 gives
3n?+n
my, (S(n)) = 2+ 12

General Randic Index
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2

D;‘(f(x, y)) =2n(n+ 1)%2%y"*1 + (n + 1) (n n) xHLyntl

n?—n
(DZ . DS)f(x,y) = 2n2%(n + 1)*x2y™ ! + (n + 1)%* (—2 )x”“y’“r1

ThusR,(S(n)) = (D,‘j‘ . D}‘i‘)f(x, y)atx =1andy =1 gives
2

R (S(M)) = 21 n(n + 1) + (n + 1)2® (" ;")

5. Inverse Randic Index
znxzyn+1 n2 —-n xn+1yn+1
S}{}(f(x'y)) = a a
n+1) 2 (n+1)
znxzyn+1 n2—n xn+1yn+1
S, sa =
(5. 55 vy 2“(n+1)“+< 2 )(n+1)2“
ThusRR,(S(n)) = (S,? . S}O,‘)f(x, y)atx =1andy =1 gives
RR.(S(n)) = 21-ap N n®—n 1
«(SM) = ya 2 )+ 1)@
6. Harmonic Index

2

n-—n

2

4nxn+3 nz_n x2n+2
25 Jf0y) = =73 +< 2 >n+1
ThusH(S(n)) = 2S5, Jf(x,y) at x = 1 gives
Hes _ 4n N n?—n\ 1
() =173 2 Jn+1

2n+2

Jf(x,y) = 2nx™*3 + < x

7. Symmetric Division Index

4nx2 n+1 n2 —-n
(DxS,)f (o y) = ——2 4 < )x”“y"“

n+1 2
2,,m+1 n’—n n+1,,n+1
(Sny)f(x,y) =n(n+ Dx“y™* + X"y
(DuSy + 52Dy )f (e, y) = ((n FD 4 1)> X2y 4 (n2 = man iy

ThusSSD(S(n)) = (DySy, + SyDy)f (x,y) at x = y = 1 gives
2n(n? +n+2)

SSD(S(m) = ————

8. Augmented Zagreb Index

2
D}%(f(x:Y)) =2n(n+ 1)3x%y"*1 + (

n-—n

2

)(n + 1)3xn+1yn+1
n>—n

2

D703 (f(x,)) = 16n(n + 1)3*x?y™** + < >(n + 1)6xntiyntl
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2

n
> (Tl + 1)6x2n+2

2 _

JDED3(f(x,y)) = 16n(n + 1)3x™+3 + (n

n (n + 1)6x2"
2 _ +1 6
(S3Q_,JDiD3)f (x,y) = 16nx™?! + <n 5 n) ((Tézn)g) >x2”
ThusA(S(n)) = (S$Q_,/DiD3)f(x,y) at x = 1 gives
m?2—n)(n+1)°®
16n3

Q_oJDD3(f(x,y)) = 16n(n + 1)3x™*! + (n

A(S(n)) =16n+
9. Inverse Sum Index

(Dny)f(X, y) = 4n(n + 1)x2yn+1 + (n

2

2
(JDxDy)f (x,y) = 4n(n + 1)x™*3 + (n n) (n + 1)2x2n+2

dn(n+1) . n?-n\(n+1?% _ .
(Sx]Dny)f(x,y)=Wx 3+< 2 >(2n+2)x2 2
ThusI(S(n)) = (Sx]Dny)f(x,y) at x = 1 gives

n*+3n3 +15n% + 13n
I(S(m)) = 2(n+3)

n
)(n + 1)2xn+1yn+1
2

10. Atom-bond Connectivity Index
1 anzyn+1 nZ—n xn+1yn+1
(5,2)reey = +( )

Vn+1 Vn+1 )
VARY an n+1 n? — p\ x™Hiyn
( & Z)f( 2( n+1) +< 2 >(n+1)
/2 /2 _ 2nxn+3 (nz _ n) 2n+2
15:28,2) 1 = oD Uz Ja+D
5! /25 1/, 2nx™tl n?—n\ x%"
( -2 >f(xy) J2(n +1)+( 2 )(n+1)
/ / / 2n n+1 nz_n x2n
(0 0uarsil25)") re =2 a0 5

ThusABC(S(n))—(D /ZQ JS /ZSI/Z)f(x =1lgi
= | D,'2Q-2JS,"?S, ,y) at x = 1 gives

2n 1, (n?=n\ 1
ABC(S(n))=\/—§+(2n) /z< - >n+1

11. Geometric Arithmetic Index

2 _
(D;/Z)f(x, y) = 2ny/(n + Dx2y™*1 + <n n>w/(n + 1) xntlyntl
2 _
(D;/ZD;/Z)f(x, y) =2ny2(n+ Dx2y™tt + <n 5 n> (n+ 1) x™tiyntl
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2 _
(]D;/ZD;/Z>f(X, y) =2n/2(n+ Dx"*3 + (n 5 n) (n + 1) x2n+2
T (1)
X

(n+3) 2
ThusGA(S(n)) = (zs ]Dl/le/Z) Flx —1g
= «I Dy 2D, ,¥) at x = 1 gives

an2vn + 1 <n2 — n)
+
n+3 2
12. First K-Banahatti Index
(2D, Q_,Df(x,y) = 4n(n + Dx™?! + 2n(n? — n)x"
(D 4+ Dy)f(x,y) = 2n(n + 3)x2y™ ! + (n + 1)(n? — n)x™+1yn+l
ThusB; (S(n)) = (Dy + Dy + 2D,Q_5))f (x,¥) at x = y = 1 gives
B;(S(n)) =3n3+4n? +9n
13. Second K-Banahatti Index

(250,2D,%) Fx.3) =

GA(S(n)) =

(Q_zj(Dx + Dy))f(x, y) =2n(n + 3)x" + (n + 1)(n? — n)x2"
(PxQ-2/(De +Dy)) F ()

=2n(n+ D+ 3)x™?! + 2n(n + 1)(n? — n)x?"
ThusB,(S(n)) = (D,Q-2J(Dx + Dy))f (x,y) at x = 1 gives
B,(S(n)) = 2n* + 2n3 + 6n% + 6n

14. First K-hyper Banahatti Index

(D2 + D2)f(x,y) = 2n((n + 1? + Hx?y™?! + (n + 1) (n? — n)x"F1yn+!
(2D,2Q_2))f (x,y) = 4n(n + 1)2x™! + (2n)2(n? — n)x?"
(2D4Q-2J (D« + Dy)) F(x,7)

=4n(n+ 1)(n+ 3)x"! +4n(n + 1) (n? — n)x?"
ThusHB, (S()) = (DZ + D + 2D,* Qo] +2D,Q—5) (D +
Dy)) f(x,y) at x =1 gives
HB;(S(n)) = 9n* + 7n3 + 23n% + 25n

15. Second K-hyper Banahatti Index
(DZ + D2)f(x,y) = 2n(n® + 2n + 5)x%y™*! + (n + 1) (n? — n)x"1yn+!
(](D,% + Djz,))f(x, y) = 2n(n? + 2n + 5)x™3 + (n + 1)?(n? — n)x2"*2
(Q_zj(Df + Djz,))f(x, y) = 2n(n? + 2n + 5)x™! + (n + 1)?(n? — n)x2"
(p2Q_o(DZ +D3)) f(x,¥)

=2n(n+ 1)2(n? + 2n + 5)x™! + (n + 1)?(2n)? (n?
—n)x"
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ThusHB,(S(n)) = (DZQJ(DZ + D3)) f(x,y) at x = 1 gives
HB,(S(n)) = (n + 1)?(4n* — 2n3 + 4n? + 10n)

16. Modified First K-hyper Banahatti Index
(Q_zj(Lx + Ly))f(x, y) = 2nx?"*2 + (n? — n)x3"t1 4+ 2nx™t3

2nx2M2 (2 = p)E3ntl ppyn+3
S0 o) (L, + L ) = + +
(xQ zj(x Y))f(xy) 2n+2 3n+1 n+3

ThusmB;(S(n)) = (SxQ_Zj(Lx + Ly))f(x, y) at x =1 gives
B,(S(n)) = 2n +n2—n+ 2n
mB (S = i g3
17. Modified Second K-hyper Banahatti Index

(+3) n+1 (2_)2n
(Qa(5: +5,)) fxy) = =+

n
n(n+3)x™  (n? —n)x?"
(50215 52)) Fe ="+ G oo
ThusmB,(S(n)) = (SxQ-2J(Sx +S,))f (x,¥) at x = 1 gives
n(n+3) n?-n
(n+1)? 2n(n+1)

mB,(S(n)) =

18. Harmonic K-Banahatti Index
(0-/(Lx +Ly)) f(y) = 2002™42 + (2 = 3™ + 2na™3

4nx2n+2 2(n2 _ n)x3n+1 4nxn+3
25,Q_] (Ly + L y) = + +
( Q2] (L y))f(xy) 2n+2 3n+1 n+3

Thus, (S(n)) = (25,Q-2) (Lx + Ly))f (x,y) at x = 1 gives

H, (S() = 4n +2(n2—n)+ 4n
bSM) =5 53T a3

3. Conclusion

In this paper, we have obtained M-polynomial ofiif&rent topological indices of Barbell
graph, Pan Graph and Sun graph. We can find M-patyal on different graphs like honey
comb graph and its derived graphs etc.
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