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Abstract. In this article, we introduce the concept of feeblylean ideal and feeblyr-
clean ideal. An idedl of a ringR is called a feebly-clean ideal if for every € I, there
exists a regular elemente R and orthogonal idempoterdsf of R suchthak =r + e —
f. An ideall of a ringR is called feebly-r-clean ideal if for every € I, there exist a
regular element € R and two orthogonal projectign g of R such thar =n+p —q.
Further we discuss some interesting propertieseblfr-clean ideal, feebly-r-clean
ideal and their relation with feebtyclean ring and feebly-r-clean ring respectively have
been discussed.

Keywords: r-Clean rings, feebly clean ring, feebiyclean rings, power series rings.
AMS Mathematics Subject Classification (2010): 13B30, 13H05

1. Introduction and preliminaries

Throughtout this paper, all rings are assumed tskeciative with identity. As defined by
Nicholson [5], an element in a ringR is clean, if there exist a unite R and an
idempotent € R such thak = u + e. R is clean ring, if each of its element is clean. H.
Nitin Arora and S. kundu [1] defined feebly cledevery element € R, there exist unit
u € R and there exists orthogonal idempoteregfse R such thakk = u + e — f. Recall
that, an element of a ring R is a regular (Von Neumann), if thexé&stsy € R such that
r = ryr. Ashrafi and Nasibi [3] defined, an elementf a ringR is r-clean if each of its
element ig-clean. We call a ring is feeblyr-clean if for everye in R such thate = r +

e — f, whereu is a unit inR ande, f are orthogonal elementsin Chen and M. Chen [4]
defined, an ideal of a ringR to be clean ideal if for eveny € I, there exist a unit € R
and an idempotert € R such thatt = u + e.

In this paper we introduce the concept of feebbtlean ideal and feebhr-clean
ideal. Recall that, a ring is *-ring if there exists an operatienR — R such tha(x +
y)'=x"+y", (xy)' =y*x" and(x*)" = x, for allx,y € R. An elemenp of ax*-ring is
projection ifp? = p = p*. L.Vas [6] defined, A~ring Ris called a=clean ring if for every
element ofR is the sum of a unit and a projection. We defined an elemeitt a*-ring
R is feeblyx-clean ifx = u+ p — q whereu is a unitu in R andp, q are orthogonal
projections inR and an element in ax-ring R is feebly+-r-clean ifx = r + p — q where
r is a regular ang, g are orthogonal projections fn We define, an idedlof a ringR is
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feeblyr-clean ideal if for every € I, there exist a regualr elemen& R and orthogonal
idempotentg, f € R such thaik = r + e — f and anideal of aringR is feeblyx-r-clean
ideal if for everyx € I, there exist a regular elemen€E R and orthogonal projections
p,q ER suchthax =r+p —q.

Further, LeR be a commutative ring ardd be aR-module, Then the idealization of
R andM is the ringR (M) with underlying seR x M under coordinatewise addition given
by (r,m)+(p,my)=0y+1r,m +m,) and multiplication given by
(ry, mqy) 1y, my) = (1 1y, yMy + r,my) for allmy, m, € M andry, r, € R. Also If I is an
ideal ofR then for any submoduld’ of M, I(M") ={(i,m"):i € I, m' € M} is an ideal of
R(M). A Morita context denoted bR, S, M, N, ), ¢) consists of two ringR andS, two
bimodulesM4 andMZ%, a pair of bimodule homomorphinjs N ® M — R andy: M ®
N — S which satisfies the following associativity2(n @ m)n' = np(m Q n,) and
dp(m @ nym' = myp(n @ m,), foranym,m’ € M andn, n’ € N. These conditions ensure

that the set of matrice(s:n ?) wherer e R, s € S, m € M andn € N, forms a ring

denoted by, called the ring of the context. Further we inigede the properties of feebly
r-clean ideal and feebkr-clean ideal.

For a rin@R, the set of regular elements, the set of unitsstt of jacobson radicals,
the set of idempoptents and set of projectionslarmted byReg(R), U(R), J(R), Id(R)
andP(R) respectively.

2. Feebly r-clean ideal
Some basic definitions and terminologies are pteskemere.

Definition 2.1. An ideall of a ringR is called feebly-clean ideal oR, if for everyx € I,
there exist a regulare Reg(R) and orthogonal idempoterdsf € Id(R) such thaik =
r+e—f.

Proposition 2.2.Every homomorphic image of feebhclean ideal of a ring is feebty
clean ideal.

Theorem 2.3.Let {R;} be a family of rings anfj’s are ideals oR;. Then the ideal = []J;
of R =T]R; is feeblyr-clean ideal if and only if eadhis feeblyr-clean ideal ofR;}.
Proof: (=) This is immediate since the homomorphic imageaofegular (resp.,
idempotent) is a regular (resp., idempotent).

) Suppose each is feeblyr-clean ideal oR;. Letx = (x;) € [1/;. For each i,
there exist unit; € Reg(R;) and orthogonal idempotents f; € Id(R;) such thate; =
r,+e —f;. Thenx =r+e—f wherer = (r;) € Reg([IR;) ande = (e;), f = (f;)
are orthogonal idempotents|ifR;. Hence]/; is feeblyr-clean ideal.

Proposition 2.4.Let R be a ring with no zero divisor. Théns feebly clean ideal if and
only if I is feeblyr-clean ideal.

Proof. (=) Supposd is a feebly clean ring. Fer € R, then there exist € U(R) and
orthogonal idempotents f € Id(R) such that = u + e — f. Sinceu € Reg(R), hence
1 is feeblyr-clean ideal.
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) LetI be a feebly-clean ideal. Fox € I, there exist € Reg(R) and orthogonal
idempotentse, f € Id(R) such thatt =r +e—f. Letr(# 0) € Reg(R), then there
existsy € R such that = ryr, which impliesr(1 —yr) = 0, thusr is a unit, sa €
Reg(R). Therefore] is a feeblyr-clean ring.

Lemma 2.5.Let R be aring. If every proper ideal of a riRgs feeblyr- clean ideal then
the ringR is feeblyr-clean ring.

Proof: Since every unit of a ring R is feebhyclean, so take € R\U(R). Then the ideal
I =< r > is proper ideal oR. Hencer is feeblyr-clean inR

Corollary 2.6. R is feeblyr-clean if and only if every proper ideal Bfis feeblyr-clean.

Lemma 2.7.1f I is S-feeblyr-clean ideal ok thenJ(R) < I.

Proof: Letr € J(R), then there exist, f € Id(R) such that + e — f € I. If f = 0 then
x =1+ e. Also (x — r)?=x — r, which shows-(1 — ) € I. But1 — r is unit. Hence €
I.1fe =0, thenx =r + f. Also(x — r)? = x — r, which shows-(1 —r) € I. Butl —r
is a unit. Hence € I.

The converse of Lemma 2.6 is not true. Tlake3Z in Z, J(Z)= {0}, Also {0} < 3Z,
But I = 3Z is not feeblyr-clean ideal.

Proposition 2.8.Let I be an ideal of a commutative ring. Theis feeblyr-clean ideal of
R if and only if the ideal[[x]] is feeblyr-clean ideal oR[[x]]
Proof: (&) Suppose I[[X]] is feebly clean ideal Bf[x]], as a homomorphic copy Hfix]],
thenl is a feebly clean ideal &.

©) Let! be a feebly-clean ideal of rin@R. Letf(x) = ¥ a;x' € I[[x]], then fora,
€ I, there exist a regulag € Reg(R) and orthogonal idempotendg, f, € Id(R) such
that ag =19+ ey — fo. Thenf(x) =3 a;x! = eq — fo + 19 + a;x + ax?+... where
To + a1x + a,x?+...€ Reg(R[[x]]) andey, fo € Id(R) < Id(R[[x]]) with eyf; =
foeo = 0. Hencel[[x]] is feeblyr-clean ideal oR[[x]].

Theorem 2.9.Let] be an ideal of a rin§ containing/(R) and idempotent can be lifted
moduloj(R), thenl is feeblyr-clean ideal oR if and only ifI/J(R) is feeblyr-clean
ideal ofR/J(R).

Proof: (=) Suppose is feeblyr-clean ideal oRk. Letx € I, then there exist a regulaie
Reg(R) and orthogonal idempotentsf € Id(R) such thatx =r+e—f. Forre
Reg(R), thenr + J(R) € Reg(R/J(R)). Sincee, f are orthogonal idempotents Bf then

e+ J(R) € Id(R/J(R)) andf + J(R) € Id(R/J(R)) are orthogonal idempotents Bf
JR). Letx=x+J(R)EI/J(R), thenx+J(R)=r+]JR)+e+J(R)—f+]J(R),
which impliesx =7 + e — f. Therefore]/J(R) is feeblyr-clean ideal oR/J(R).

&) Supposé/J(R) is feeblyr-clean ideal oR/J(R). Letx € I, thenx =7 +e — f,
whereT € Reg(R/J(R)) ande, f € Id(R/J(R)) withef = fe = 0. Hencex —r + e —
f€J(R). Sox =r+e—f +j, wherej € J(R). Since idempotents can be lifted modulo
J(R), I is feeblyr-clean ideal oR.
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Proposition 2.10.LetI; andl, be two feebly-clean ideal of a rin@ and eithetd; <
J(R) orl, € J(R) thenl; + I, is feeblyr-clean ideal oR.

Proof: Supposd; andl, are feeblyr-clean ideal oR. Without loss of generality we
assume that, € J(R). Takex € I; + I, thenx = x; + x, wherex; € I; andx, € I, S
J(R). Sincel; is feeblyr-clean ideal o, we can writex; = r; + e, — f;, Wherer; €
Reg(R) andey, f; € Id(R) with e, f; = fie; =0. Sox =1, + (e; — f1) + 1p, thusx is
feeblyr-clean element ak. Therefore/; + I, is feeblyr-clean ideal oR.

Proposition 2.11.Let R be a commutative ring amt{M) be the idealization a® andR-

moduleM, Then an ideal of a ringR is a feeblyr-clean ideal oR if and only if for any
submodulev’ of M, I(M") is a feeblyr-clean ideal oR (M).

Proof: (<) Supposée be feeblyr-clean ideal oR. Consider an ided(M") of R(M) for

some submodulBM") of M. Take(x,m) € I(M"), then there exist a regular elemerg

Reg(R) and orthogonal idempotents f € Id(R) such thatx =r+e—f . Then
(x,m) = (r,m) + (e,0) — (f,0) , where (r,m) € Reg(R(M)) and (e, 0),(f,0) are
orthogonal idempotent dti(R(M)).

(=) Supposd(M") is a feeblyr-clean ideal oR(M). Takex € I, then(x,0) €
I(M"). Sincel (M") is feeblyr-clean ideal, there exist a regu{@r0) € Reg(R(M)) and
orthognal idempotentge, 0), (f,0) € Id(R(M)) such that(x,0) = (r,0) + (e, 0) —
(f,0). Thereforex = r + e — f wherer € Reg(R) ande, f are orthogonal idempotents
of Id(R)

3. Feebly=-clean ideal and feebly-r-clean ideal
Definition 3.1. An ideall of ax*-ring R is called feebly-clean ideal if for every € I
such thatx = u + p — g whereu € U(R) andp, g are orthogonal projections Bt

Proposition 3.2.Homomorphic image of feeblyclean ideal is feebly-clean ideal.

Theorem 3.3.Let R be a ring and, be an ideal containing the feebhclean ideal, then
I, is a feeblyr-clean ideal ofk if and only ifl; /I is a feebly«-clean ideal oR/I.

Proof: (=)Let [, is a feebly-clean ideal oR, then clearly, /I is feebly+-clean ideal of
R/I.

&) Letl,/I be a feebly-clean ideal o/l andx € I, thenx =u +p - q, where
p,q € P(R/I) andu € U(R/I). Since idempotents can be lifted modulo idealjfs@ to
e€l, andf tof € R. Thenx — e + f is a unit in; modulol. Hencex + e — £ is unit in
L.

Theorem 3.4Let {R;} be a family of rings anf]’s are ideals oR;. then the ideal = ]2,

I; of R =TI, R; is feeblyx-clean ideal if and only if eadhis feeblyx-clean ideal of
{Ri}.

Proof: (=) This is immediate, since the homomorphic imaga ahit (resp., projection)
is a unit (resp., projection).

&) Suppose eadh is feebly+-clean ideal oR;. Letx = (x;) € []I;. For each i there
exist nilpotent; € U(R;) and two orthogonal idempoterts f; € Id(R;) such thak; =
ui+e —fi. Thenx=u+e—f whereu = (w;) € U([IR;) ande = (e;),f = (f;) €
Id(T]R;). Hencel]; is feeblyx- clean ideal.
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Theorem 3.5.1f I ba an feebly ideal of a rir®. ThenM,,(I) is a feebly clean ideal of
My (R).
Proof: Clearly, the resul holds for n=1. Assume that telsalds forn = k — 1, (k > 2).

Suppose thatl € M, (I), write A = (? ;) wherer € I, B € My_,(I). Sincel is a

feebly clean ideal o, for r € I then there exist unitt € U(R) and orthogonal
idempotentse, f € Id(R) such that- =u + e — f. SinceB —su™t € M,_,(I), there
exist orthogonal idempotent = E? € My_;(R), F = F? € Mj_,(R) and unitV €

—_ -1 —_ — r o __ e 0 o f 0
GLk_l(R)tsuch thaB —su~t =V + E — F. Setk’ = (0 E), F' = (0 F) and
_(u 1 _ 12 r_ 2
U= (S V+Su_1t). AlsoE' = E'% F' = F'* and
w4+ utv-tsu? u 1
v (—V‘lsu'1 y-1 )
_ (u‘1 +u 1tV 1sy™t u‘ltV‘l) U
—V1lsy1 y-1

(o 1) emam.

Thus,U € GL,(R). Clearly,A = U + E' — F', whereE', F' are orthogonal idempotents of
M, (R) andU is a unit ofM, (R). ThereforeM, (I) is feebly clean ideal d¥, (R). By
induction, we complete the proof.

Proposition 3.6.Let I be an ideal of a commutative ring. THeis feebly=-clean ideal of
R if and only if the ideal[[x]] is feebly+-clean ideal oR[[x]]

Proof: (<) Suppose [[[X]] is feeblyclean ideal oR[[x]], as a homomorphic copy of
I[[x]], thenl is a feeblyx-clean ideal oR.

(=) Supposé be a feebly-clean ideal of ring. Letf(x) = ¥ a;x' € I[[x]], then
for a, € I, there exist unityy € U(R) and orthogonal projectiong, g, € P(R) such that
ag = Uy + Py — Go- Thenf(x) =¥ a;x! =py — qo + up + ayx + ax?>+... whereu, +
a;x + ax*+... € UR[[x]]) andp,, g0 € P(R) € P(R[[x]]) with poqo = poqo = 0.
Hencel[[x]] is feeblyx-clean ideal oR[[x]].

Definition 3.7. An ideall of ax-ring R is called feebly-r-clean ideal if for every € I
such thatx = r + p — q wherer € Reg(R) andp, q are orthogonal projections 8f

Proposition 3.8.Homomaorphic image of feebktr-clean ideal is feebly-r-clean ideal.

Theorem 3.9.Let {R;} be a family of rings anfj’s are ideals oR;. then the ideal =[]},
I; of R =T, R; is feeblyx-r-clean ideal if and only if eadh is feeblyx+-r-clean ideal of

{R:}.

Proof: Similar to the proof of Theorem 3.4.

Proposition 3.10.Let M =5 M, be a bimodule. If = (‘;1/1 g) a formal triangular matrix

ideal is feebly-r-clean them andB are feebly-r-clean ideal.

5
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Proof: LetxeA,yeBandmeM.Takea=<x 0)61,Thena=<x 0>=
m 'y m y

(rl 0 ) + <p1 0 )— <q1 0 ) where(r1 0) € Reg(T) and(p1 0 ) (ql 0 )
r, T3 P2 P3 q2 Qg3 r, T3 P2 D3 q2 q3

are orthogonal idempotents bfClearly,p,, g, are orthogonal projections ihandps, g5
are orthogonal projections B respectively. Alsay, r, regular element il andB
respectively. Thex =r, +p; —q; andy =13 + p; —q;. Henced andB are both
feebly*-r-clean ideals.

Theorem 3.11.Let M, (R) be a 2x2 upper triangular matrix ring ov@&. Then an ideal

I, R

0 1

ideal ofR.

. i R I, R

Proof: Supposd, andl, are feebly-r-clean ideal oR. LetA = (61 ; ) € (01 I )
2 2

Sincel, is feeblyx-r-clean ideal oR, then there exist a regular elemegn€ Reg(l;) and

orthogonal projectiong,, q; € P(R) such that; = r; + p; — q,. Sincel, is feeblyx-r-

clean ideal oR, then there exist nilpotent, € N(I,) and orthogonal projections, g, €

T T
Id(R) SUCh thatz = Tz + pz - qz. ThenA = (01 TZ) + (gl 22> - (gl 22>| Where

T r
(6 7,) € NO(R) and (gl 22) , (gl 22) € I1d(M,(R)) with (gl gz)
(gl 22>:<gl 22> (gl 22): (g g) Therefore(g1 i) is a feebly«-r-clean ideal
of M, (R).
Conversely, Suppose riptandl, are not feebly-r-clean ideal oR, AsI; is not a
feeblyx-r-clean ideal oR, then there exists € I, such that; # r; + p; — q;, wherer;
€ Reg(R) and orthogonal projections, g; € P(R), the same argument, Asis not a

feebly+-r-clean ideal oR, then there exists € I, such thai, # r, + p, — q,, where

r, € Reg(R) and orthogonal projections, g, € P(R), which shows(é)1 ?) is not a
2

) of M, (R) is a feebly-r-clean ideal if and only if, andl, are feebly-r-clean

feeblyx-r-clean element a¥/, (R).

3. Conclusion

In this paper, we introduce the feebly r-clean lidesgebly x-r-clean ideal and investigate
its properties. The future scop of this study imt@stigate its properties in an amalgamated
ring
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