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Abstract. An injective function f from vertex setV’(G) of a graphG to the set
{Fy, Fy, Fy, -+, E,}, whereF; is thei® Fibonacci numbe(i = 0,1,++-,n), is said to be
Fibonacci cordial labeling if the induced functigii from the edge seE(G) the set
{0,1} defined by f*(uv) = (f(w) + f(v))(mod 2) satisfies the conditiorje;(0) —
er(1)] < 1, whereer(0) is the number of edges with lab@land ef(1) is the number of
edges with labell. A graph that admits Fibonacci cordial labelingc@led Fibonacci
cordial graph. In this paper we discuss Fibonacedial labeling of the families of
complete graph,,, pathsP,, cyclesC,, and corona product af,, and K, for p = 1,2,
and 3.
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1. Introduction
AssumeG to be a simple connected graph withvertices.

Definition 1.1. A function f:V(G) — {0,1} is said to be Cordial Labeling if the induced
function f*: E(G) — {0,1} defined by
fruw) =|f(w) - f(v)]

satisfies the conditionfr;(0) — v (1)| < 1, as well aglef(0) — ef(1)| < 1, where

v¢(0): = number of vertices with labe,

vr(1): = number of vertices with labell,

er(0): = number of edges with labél,

er(1): = number of edges with labél

Fibonacci Cordial labeling is an extension of Galrthbeling, where we label the
vertices with Fibonacci numbers insteadlofind 1.

Definition 1.2. The sequence F, of Fibonacci numbers is defined by the recurrence
relation:
Fy=Fy 1 +F,_5;Fg=0F =F, =1,
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Definition 1.3. An injective function f:V(G) — {Fy, Fy, -, F,} is said to be Fibonacci
cordial labeling if the induced function f*: E(G) — {0,1} defined by

fruv) = (f(w) + f(v))(mod 2)
satisfies the conditiofer (0) — e (1)| < 1.

For other definitions and graph theoretic termigas we follow [1]. Variations
of graph labelings using Fibonacci numbers werestigated by various researchers over
the last decade [3, 6, 7]. Reader may refer téoj2dn extensive and upadted survey. This
particular labeling was first introduced by Rokad &hodasara [3] in 2010. Later in 2017,
it was explored for more families of graphs by RbK2]. We have considered the families
of complete graph&,,, pathsp,, cyclesC,,, and corona product df,, andC,,.

2. Fibonacci cordial labdling for complete graphs

In this section we will provide a complete list @dmplete graphs those are Fibonacci
cordial. We begin with the observation that placdfithe labeling (Fibonacci numbers) are
immaterial forK,,. As every Fibonacci numbédi, is even if3|k, we will consider three
different casesn = 3m,3m + 1, and3m + 2 for all m € Z*.

Lemma 2.1. The only Fibonacci Cordial complete graphs of the form K;,, are
K3, K¢, Ko, and K g.
Proof: First note that the vertex labeling can be chdsem F,, F, -+, F3,,,, Out of which
2m labels are odd and remaining+ 1 are even. Since we only ne&in many
labeling, we drop either an odd or an even Fibamaamber from the list.

First we assume that we use all of the Fibonactilrars, except an even one. As
there are2m many odd andn many even vertex labels,(1) = 2m?, andef(0) =
(Zm

5 ) + (r;) Hence in order to Fibonacci cordial we must have

2m m
[am? - (57) - ()| =1
It simplifies to |m? — 3m| < 2, which is only possible fom = 1,2,3.
Now if we consider all Fibonacci numbers, excepbdd one, similar argument
leads us to the conclusion that the graph will ib@facci cordial form = 1,6.
Similar argument can be applied to the cases3m + 1, and3m + 2, and we
get next two lemmas.

Lemma 2.2. The only Fibonacci Cordial complete graphs of theform Ks,,,., are K,, K-,
and K.

Lemma 2.3. The only Fibonacci Cordial complete graphs of the form Ks,,,, are K, and
K11

The next theorem follows immediately from the poer lemmas.

Theorem 2.4. The complete list of Fibonacci cordial complete graphs are
K1, K3, K3, Ky, K6, K7, Ko, K11, K1 @nd Kp,.
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3. Fibonacci cordial labding for cyclesand path graphs

In this section we will provide a list cyclic grephi,,, as well as introduce an iterative
method that will produce Fibonacci cordial labelfog C,,,; from C,.. As a consequence
we will inherit the Fibonacci cordial labeling fpathsP,. Let us denot&; = |ef(0) —

er(1)| andé,; = |e4(0) — e4(1)|. We begin this section with this following resuilt.

Theorem 3.1. For any two Fibonacci |abeling (injective) f:V(C,) — {Fy, Fy,-++, F,} and
g:V(Cy) = {Fo,F1, .}, & — €, =0 (mod 4).
Proof: Without loss of generalityf and g are same Fibonacci labeling except at
v € V(Cy). Thatisf(vg) = g(vo). Let us considees(0) = m, and hencees(1) =n —
m. Also consider; andvg are two adjacent vertices of.

Now f*(v,vy) = 1(mod 2) and f*(vyvg) = 0(mod 2), then it is clear that

éf = ég
Otherwise without loss of generality, we may asstimg
fr(wLve) = f*(vovg) = 0(mod 2)

In this case, clearlg,(0) will be eitherm or m — 2. Respectivelye, (1) will be either
n—m,orn—m+ 2. Thus

€y — & = leg(0) — ey (1) — |er(0) — e (1)| = 0(mod  4)

Corollary 3.2. For any injective function f:V(G) — {Fy, Fy1,**, F,;y} On cyclic graph
Com, if |ef(0) —ef(1)| =2 (mod 4), then C,,, can not be converted FC.

Lemma 3.3. If the cyclic graph C, is Fibonacci Cordial with ef(0) = ef(1), then Cy, 44
will aslo be Fibonacci Cordial with ef(0) = ef(1) + 1.

Proof: First note thath must be even, and heneg(0) = ef(1) =n/2. FromC, we
choose any edgev € E(G) such thatf*(uv) = 1. Now we delete that edge and add
another vertexw, and then connediu,w} and {v,w}. Note that as a consequence
er(0) =n/2+1, andes(1) = n/2 which shows that;,,, is also Fibonacci Cordial
with ef(0) = es(1) + 1. We also conclude that this is the only case (iba&;(0) =
ef(1) — 1 is not possible), using Theorem 3.1.

Lemma 3.4. If the cyclic graph C,, is Fibonacci Cordial with ef(1) = ef(0) + 1, then
Cn+1 Will aslo be Fibonacci Cordial with ef(0) = ef(1).

We omit the proof of Theorem 3.4, as it will beywesimilar to the previous one.

Lemma 3.5. If the cyclic graph C, is Fibonacci Cordial with ef(0) = ef(1) + 1, then
Cn+1 Will be Fibonacci Cordial.

Theorem 3.6. For m being an positive integer,
1. Cum+r is Fibonacci cordial, for alk € {0,1,3}
2. Cym+2 is not Fibonacci cordial
Proof: We start with the following function that providad-ibonacci cordial labeling for

Cam.
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F, ifi € {12k, 12k + 1,--,12k + 5,12k + 10,12k + 11}
(F12k+7, ifi =12k +6

Fiosrer ifi =12k +7

Fiokso ifi =12k +8

tFlzm, ifi = 12k +9

f@ =

Now note that forCy,,, e;(0) = ef(1). Thus by applying Lemma 3.3, we know
immediately thatC,,,, is Fibonacci cordial witke;(0) = ef(1) + 1, and therefore (by
Lamma 3.5 and Theorem 3.1),,,, is not Fibonacci cordial. Now it only remains to
show thatC,,, .5 is Fibonacci cordial.

We consider the Fibonacci cordial gra@h,,.,. Now there are two possibilities
that we need to consider, that is both¥gf,,, and F,,,,s; are odd, or one of them is even.
For the former case, first we make an observatiahthere are edges € E(G), where
both f(u) and f(v) are even. Otherwise (if an even vertex label llaklabels on it both
sides)ef(1) = 2m = 2(4m + 2)/3, which is impossible. Now ify,,.; by replacing
the edgeuv by a pathuxyv we produce the Fibonacci cordial labeled gréph.,; with
ef(0) =2m+1 andes(1) = 2m + 2.

For the latter case, choose any edgec E(G), such that both of (u) and f(v)
are odd. Now again by replacing the edge by a pathuxyv in the same fashion, which
also produce the Fibonacci cordial labeled gra@ph.; with ef(0) =2m +1 and
er(1) =2m+ 2.

Theorem 3.7. All Paths are Fibonacci cordial.

Proof: Forn € {4m,4m + 1,4m + 3}, we know thatC, is Fibonacci cordial. Thus by
deleting the appropriate edge we can get the Fimbreordial labeling of the patR,.
Otherwise ifC,, is not Fibonacci cordial (that is = 4m + 2) then first achieve the
labeling with |ef(0) — es(1)| = 2. Without loss of generality let us assumg0) =
er(1) + 2. Now by delete one of the edges with even labasobtain the Fibonacci
cordial path graptP,,,,», for m being an integer.

4. Fibonacci cordial labeling for corona graphs
ThecoronaG, © G, of two graphs is the graph obtained by takingaogy of G,, andp,
copies ofG, (where|V(G,)| = p;), and then joining thé'® vertex of G, by an edge to
every vertex in theé'™ copy of G,.

The number of vertices of, O K, is n(p + 1), and number of edges are
n(p(p + 1)/2 + 1). In the graphG = C, © K, let V = {vf|i € N}, wheret = 0 denote
the vertices ofC,,, andt € Z, denote the pendant vertices.

Theorem 4.1. C,, © K; isFibonacci cordial for all n € N.

Proof: First we show that’; O K; is Fibonacci cordial. Now we show that by induitio
that if C,,, © K; is Fibonacci Cordial, thert,, © K, will be Fibonacci cordial. Let
fiV(Cn © Ky) = {Fy, Fy,-, F,} assign a Fibonacci cordial labeling to the graph
Cm O K;. Let Fy, is the unused label amoddy, Fy, -+, F»,}. Now we will consider two
cases based on the set of lalfélg F,,41, Fona2 ), all are odd, or at least one is even.
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Case 1. First we consider the case at least one of thelddlsy, F,,11, Fone2} iS even.
We choose any edg{e:jo — v]-OH} € E(G). Without loss of generality let us assume that
both f(v) and f(v/,,) are odd. Now replace that edge by the fath—u —v},,},
and add anothew as pendant vertex af. Now labelu by an odd andv by an even
Fibonacci Number from the list dfFy, F2,,41, F2ne2}- HeNce the resultant corona product
Cn+1 O Ky is also Fibonacci cordial withs(0) = ef(1) =n + 1.

Case 2. Next we will consider the case, where all{6},, F5,+1, Font2} are odd. First
note that there is there is at least one pendayet g — vi} € E(G), such that both have
even labels off (v?) is odd andf (v}) is even.
Subcase (a).
If there is a pendant edde? — v} such thatf(v?) and f(v;i) both are even. Let us
choose an edgej0 — v}’ﬂ € E(G). Without loss of generality let us assume thahbot
f(@)) andf(v},,) are even. Now replace that edge by the gafh—u —v/,,}, and
add anothew as pendant vertex af. Now we relabel in the following manngfu) =
Fi, f(V) = Fons1, f (V1) = Fanea
Subcase (b). Now we will consider the subcase thw?) is odd andf(v}) is even.
Note that at least one edde’ —v,,} € E(G), such thatf*(v{v,,) = 1, because
otherwisef(vjo) are either all even or all odd, and both are imjids. We replace that
edge by the patlﬁv]-0 —u-— v]-OH}, and add anothewr as pendant vertex af. Now we
relabel in the following manngitu) = Fy, f(W) = Fopi1, f (Vi 1) = Fango-

Hence in both (sub)cases we produce the Fibowracdial labeling of the graph
Cnt1 O K.

Now we iteratively produce a Fibonacci cordial ladmgfor the C,,.; © K, from

the Fibonacci cordial labeling af, © K,. First we show that; © K, is Fibonacci
cordial.

Theorem 4.2. C,, ©® K, isFibonacci cordial.

Proof: We prove this by induction. We have already obsgthatC; O K, is Fibonacci
cordial. Now we assume thét, © K, is Fibonacci cordial, and we show ti@t,; © K,

is also Fibonacci cordial. Note that in the Ilist dfie Fibonacci numbers
{F3n41, Fany2, Fanys}, there are two are odd and one is even. Now welstahoosing an
edge (vv},,), wheref*(vv,,) = 1. Now we replace that edge by a p&thl —u —
vj0+1} and add a triangle graph with be its one vertex. Let andy be the other two
vertices of that triangle graph. now by labelimgoy the even number angy by the odd
numbers from the Fibonacci s@itz, 11, Fznt2, Fanes}, We produce a Fibonacci labeling of
the €11 O K.

Theorem 4.3. C,, © K5 isFibonacci cordial.

Proof: Following the pattern, we need to show thgt; O K; has a Fibonacci cordial
labeling whenever,, © K5 is Fibonacci cordial. Considering that @y © K3, we have
used all Fibonacci number excepf, , note that in C,.; ©®K; we have
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{F, Fans1, Fana2) Fant3, Fanya}- NOW in this list there are three possibilitiesenms of the
numbers of odd and even, \f¢4,1), (3,2), (2,3)}. Without loss of generality we consider
the first case, and second case follows similaNg. start by choosing an edgejpvfﬂ),
where f*(v/v/,,) = 1. Now replace that edge by the pgtf —u —v7,,}, and add a
Complete graptk, with u be its one vertex. Let,y andz be the other three vertices of
that K, graph. Finally we labed by the even number andy,z by the odd numbers
from the Fibonacci sefFy,, Funt1, Fans2, Fants, Fanva}, We produce a Fibonacci labeling
of the C,,;; © K;.

If there are three even numbers in the{$®t Fup 11, Fans2, Fanasr Fanta}, then we
label u, x, andy by the even numbers ardby an odd number.

5. Conclusion

In this paper we have provided the complete listahplete graphs that are Fibonacci
cordial and prove that the remaining are not. Weehalso investigated the Fibonacci
Cordial-ness of paths and cycles. At the end, waddly proved that the corona product of
the cycles and complete graphs, giventhy® K, is Fibonacci graceful fop = 1,2, and

3. In future we would like to extend our work to @stigate whethe€,, © K,, for p > 4.

As well as, we wish to verify the the Fibonacci @al labeling for some other known
graphs.
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