Annals of Pure and Applied Mathematics
Vol. 21, No. 1, 2020, 63-68

Annals of
ISSN: 2279-087X (P), 2279-0888(online) .
Published on 19 March 2020 Plll'e alld Applled
www.researchmathsci.org :
DOI: http://dx.doi.org/10.22457/apam.v21n1a8657 Mathe—n‘atlcs

On the Diophantine Equations
2+5¥=Zand 7"+11"=7
Nechemia Burshtein

117 Arlozorov Street, Tel — Aviv 6209814, Israel
Email: anbl7@netvision.net.il

Dedicated to Ali Burshtein
Received 28 February 2020; accepted 17 March 2020

Abstract. In this article, we consider the two equatiodist 5 =7 and 7+ 1Y =7
when X, y, z are positive integers. The first equation coss@ftone odd prime, the
second equation consists of two odd primes. Thatan 2 + 5 = Z was already
studied by Acu [1]. The purpose of this articleasprovide a new approach, shedding
new light on the process of finding solutions tai@ipns of the formp* + ¢ = 7 We
offer a complete new view relying totally on baaitd very elementary arguments.
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1. Introduction
The field of Diophantine equations is ancient, yvastd no general method exists to
decide whether a given Diophantine equation hasahyions, or how many solutions.

The famous general equation
g =7
has many forms. The literature contains a vergelatumber of articles on non-linear
such individual equations involving particular peshand powers of all kinds. Among
them are for example [1, 2, 3, 8, 9, 11].

In this article, we consider the two equagio
2+5 = 7,
7+ 1Y =27

Acu [1] investigated the solutions of the equatigh + 5 =Z when x, y, z are non-
negative integers. He obtained the two solutigrsy, 2 = (3, 0, 3) and (2,1, 3). In
this paper, the equation* 2 5 = Z with positive integers, y, z is considered.
Without Catalan's Conjecture as in [1], but vatimew elementary technique and basic
facts, we establish the unique solutiox W 2) = (2, 1, 3). Our method totally relies on
the last digits of the powers” 2nd 8. With positive integer, y, z, and the same
argumentation used before, it is shown that thexgou 7+ 12 = Z has no solutions.
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This is respectively done in Sections 2 and TBe theorems in each section are self-
contained.

2. Thesolutionsof theequation 2*+5' =7

In this section, we consider the equatioch+® = Z whenx, y, z are positive integers.
We shall establish that the equation has a uniqugien by using elementary methods
only.

First we observe some trivial facts concerningeteation. For all valueg, the power

2* has a last digit which is equal to one of theugal 2, 4, 6, 8. For all valueg the
power 5 has a last digit which is equal to 5. The squzr is always odd. Therefore
Z cannot have a last digit which isequal to 3eqmal to 7. These facts and the last
digits of the powers2 5" are summarized in the following Table 1.

Tablel.

case | last digit of 2° | last digit of 5 | last digit of 2+ 5 | solutionsof 2* + 5 = 7

1 2 5 no solution

to be determine

to be determine

Wik

2 4 5
3 6 5
4 8 5 no solution

We now investigate the two undetermined casesn@ & This is done in the respective
Theorems 2.1 and 2.2. Both theorems are sathated.

Theorem 2.1. If 2*+ 5 ends in the digit 9, then*25 =7 has a unique solution.

Proof: If 2* ends in the digit 4, ther=2 + 4n wherem > 0 is an integer. When
m=0 thenx =2, and withy=1,z= 3, we obtain

Solution 1. 2p5=3%F =7
One could easily see fan= 0, that this is the only possible solution.

Let m > 1. We shall assume that for some valnethe equation Z *" + 5 =7 has a
solution and reach a contradiction.

By our assumption, we havé*2"+ 5 =7 or
=72z 20 = (g4 ),
Denote
z-2""=5" z+ 2= A<B, A+B=y,
where A, B are non-negative integers. Theh 5 B' yields

@+ =5%58"A - 1). (1)

If A > 0, the power 5 does not divide the left side of (1), and tfeme A = 0.
When A=0, thenB=y, and (1) results in
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dtam=-p_1. 2)

We shall now consider two cases with respedf.to

If y iseven,ley=2R whereR>1 is an integer. Then (2) implies
pm—gR_1=F)?-7= 57-1)(5+1), m>1. (3)

It is easily seen that the equalifa + 2) = 2 which follows from (3) is valid only
whena=2 andG = 3. Sincem>1, (3) is impossible, ang# 2R.

If y isodd, lety=2R+ 1. Then from (2) we obtain

2pM -5 ¢ = (5-1)(8 '+ 9%+ OO0+ 5 + 1). (4)
In (4), the value (5-1)Z% 2*™ sincem >1, whereas the factor(5' + 52+ [
OO0+ 5 + 1) is an odd integer since it contajnss 2R + 1 odd integers. Thus (4) is
impossible, andy # 2R+ 1.

For all valuesm > 1, we have shown that there does not exist aewaluvhich
satisfies (2). This contradiction implies that assumption that for some value > 1,
the equation 2" *"+ 5 = Z has a solution is false. As faon=0, 2"+ 5 = Z has
exactly one solution, namelgolution 1.

The proof of Theorem 2.1 is complete. O
In the following theorem we consider casen3J able 1.
Theorem 2.2. If 2*+ 5 ends in the digit 1, then*2 5 =Z has no solutions.

Proof: From Table 1, the power 2ends in the digit 6. Them = 4m wherem > 1 is
an integer. We shall assume that for some vatyethe equation %2 + 5 =7 has a
solution and derive a contradiction.

By our assumption, we havé"2 5 =7 or
5 =7-2"=Z - (2" =@2-2"z+2").
Denote
2_22m:5C, Z+22m:50, C <D, C+D =y,
where C, D are non-negative integers. Thell-55° results in

" = 5°(5°~C-1). (5)

If C> 0, the power % does not divide the left side of (5), and tiis 0. When
C=0, thenD =y, and (5) yields

p AN (6)
For all valuesm > 1, the last digit of Z'** ends either in the digit 8 or in the digit 2.
Thus from (6), 2"**+ 1 ends either in the digit 9 or in the digit but not in the digit
5 as required. Hence®? ' # 5 — 1. This contradicts our assumption that for some
value m, the equation “?+ 5 =7 has a solution.
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When 2+ 5 ends in the digit 1, the equatiori +25' = Z has no solutions.

This concludes the proof of Theorem 2.2. O

Remark 2.1. In [1], using Catalan's Conjecture, Acu foundttthe equation 2 5 =
Z has the unique solutionx,(y, 2) = (2, 1, 3) namelgolution 1. In this section, via
basic facts only with a new elementary technid@oiytion 1 has been established.

3. Thesolutionsof theequation 7*+11Y = 7
In this section, we consider the equatiot ¥ 1¥ = Z when X, y, Z are positive
integers. We shall establish that the equatiombasolutions.

Some basic facts on the equation are: Bheep 7 has a last digit which is equal
to one of the values 1, 3, 7, 9. For all valyeshe power 11 has a last digit equal to 1.
The squareZ is always even, and as such cannot have talitasequal to 2 or equal
to 8. These facts and the last digits of the pewg 1T are now summed up in the
following Table 2.

Table 2.
case | last digit of 7 | last digit of 11” | last digit of 7+ 11’ | solutionsof 7+ 11Y = 7
1 1 1 2 no solution
2 3 1 4 to be determine
3 7 1 8 no solution
4 9 1 0 to be determine

In accordance with Table 2, we shall now invedggthe two undetermined cases 2
and 4. This is done respectively in the self-aov#d Theorems 3.1 and 3.2.

Theorem 3.1. If 7+ 12 ends in the digit 4, then*¥ 17 =7 has no solutions.

Proof: If 7° ends in the digit 3, ther=3 + 4n wherem >0 is an integer. We shall
assume that for some value, the equation %7 "+ 12 = Z has a solution and reach a
contradiction.

Since Z is even, therefore = 2T where T is an integer, and® = 4T 2. The primes 7
and 11 are of the formN4+ 3. For all valuesn the power " " is of the form ¥ +
3. In order that ¥ "™+ 12 = 4T 2, it follows that 11 clearly has the form G+ 1.
This is possible only whery is even. Lety=2K (K > 1) whereK is an integer.

We then have® ™+ 1% = Z or
3 = 21 = Z2- (119 = 2-119@Ez+119. ()

Denote in (7)
z-11=7, z+11=7, E<F, E+F =3+ 4m,
where E, F are non-negative integers. Theh—77 yields
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21 = F7FE-1). (8)
In (8) 7+ 21, and thereforeE ¥ 0. HenceE=0 andF =3 + 4n. Then (8)
implies
mi =721 (9)
One could easily show for each and every vatne 0, 1, 2, . . ., that®7 " -1 isa
multiple of 3. Butin (9), 3 2[11¢. Thereforey # 2K, and N1 #73*"—1.

We have shown that there does not exist a valuahich satisfies the equatiod 7™ +
12 = Z. Hence, our assumption that for some vafyethe equation 7 "+ 1¢ = 7
has a solution is false.

The equation®*7*"+ 12 =Z has no solutions.

The proof of Theorem 3.1 is complete. O
Theorem 3.2. If 7+ 12 ends in the digit 0, then*¥ 1 = Z has no solutions.
Proof: If 7 ends in the digit 9, them =2 + 4n where m > 0 is an integer. We
shall assume that for some value the equation 7" + 17 = Z has a solution and

derive a contradiction.

By our assumption, we havé* 7"+ 12 =7 or

11y — ZZ_ 72(2n+ 1) :ZZ_ (72m+ 1)2 — (Z— ?2m+ l)(Z+ 72m+1)'

Denote
z-7" =115 z+ 7" i=1T G <H, G+H=y,
where G, H are non-negative integers. Then™ 14 1F results in
20/t =11°(11"-%-1). (10)

If G>0, then 1% 27*"*! in (10). HenceG =0 and accordinghH =y. Thus (10)
yields

=1 1. (11)

Since for all valuesy, 17 has a last digit equal to 1, hence’ 211 has a last digit
equal to 0. It therefore follows in (11) that’ — 1 is a multiple of 5. But the left side
of (11) is not a multiple of 5. Hence,[@Z™** # 17— 1.

Our assumption that for some valme the equation 7* ™ + 12 = Z has a
solution is therefore false.

The equation 7 *" + 12 = Z has no solutions.
This concludes the proof of Theorem 3.2. O

Remark 3.1. It has been shown that cases 2 and 4 of Talde 2ot yield solutions
to the equation 7+ 12 = 2 Together with cases 1 and 3 of Table 2js itow
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established that the equation* # 17 = Z with positive integersx, y, z has no
solutions.

Final remark. In our arguments, we have employed only basic dementary methods
to establish that 2+ & = Z has a unique solution, and thdt+ 12 = Z has no
solutions when x, y, z are positive integers. The results were achievedabyew
elementary technigque which uses the last digithefpowers involved, namely”,25,
7%, 17 together with other basic simple properties.

We may suggest that this new elementarynigcle be used in other equations in the
process of finding solutions.

Referring to Euclid's elementary yet ingenious prob the infinitude of primes, an
anonymous once said: "the beauty of a proof ligsigimplicity".
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