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Abstract. Recently Yehuda Rav has given the concept of Semi-prime ideals in a
general lattice by generalizing the notion of 0-distributive lattices. In this paper we
have included several characterizations of Semi-prime ideals. Here we give a
simpler proof of a prime Separation theorem in a general lattice by using semi-prime
ideals. We also studied different properties of minimal prime ideals containing a
semi prime ideal in proving some interesting results. By defining a p-algebra L
relative to a principal semi prime ideal J, we have proved that when L is 1-
distributive, then L is a relative S-algebra if and only if every prime ideal
containing J contains a unique minimal prime ideal containing J, which is also

equivalent to the condition that for anyx,ye L, x Ay e J implies x" v y*" =1.

Finally, we have proved that every relative S-algebra is a relative D- algebra if L is
1-distributive and modular with respect to J .

Keywords. Semi-prime ideal, O-distributive lattice, Annihilator ideal, Maximal filter,
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1. Introduction

In generalizing the notion of pseudo complemented lattice, J. C. Varlet [7]
introduced the notion of O-distributive lattices. [1] has given several
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characterizations of these lattices. On the other hand, [4] have studied them in meet
semi lattices. A lattice L with 0 is called a O-distributive lattice if for all a,b,c € L

with a Ab=0=aAc imply aAn(bvc)=0. Of course every distributive lattice

with 0 is O-distributive. 0-distributive lattice L can be characterized by the fact that
the set of all elements disjoint to a € L forms an ideal. So every pseudo
complemented lattice is O-distributive. Similarly, a lattice L with 1 is called a /-
distributive lattice if for all a,b,ce L, avb=1=avc imply av(bnrc)=1.

Y. Rav [5] has generalized this concept and gave the definition of semi prime ideals
in a lattice. For a non-empty subset / of L, I is called a down set if for a € I
andx <a imply x €. Moreover I is an ideal if avbel for all a,bel.
Similarly, F' is called a filter of L if for a,be F', anbe F and for a € F' and
x> aimply x € F'. Fis called a maximal filter if for any filter M O F implies

either M = F or M = L. A proper ideal (down set) [ is called a prime ideal (down
set) if for a,be L, a nb e limply either aelorbel. A prime ideal P is

called a minimal prime ideal if it does not contain any other prime ideal. Similarly, a
proper filter Q is called a prime filter if avbe Q (a,be L) implies either

aeQor beQ. It is very easy to check that F is a filter of L if and only if

L —F is a prime down set. Moreover, F' is a prime filter if and only if L —F isa
prime ideal.

An ideal [ of a lattice L is called a semi prime ideal if for all x,y,z € L,
xAyel and xAzel imply x A(y Vv z)el. Thus, for alattice L with 0, L is
called O-distributive if and only if (0] is a semi prime ideal. In a distributive lattice
L, every ideal is a semi prime ideal. Moreover, every prime ideal is semi prime. In
a pentagonal lattice {0, a,b,c,1;a<b}, (0] is semi prime but not prime. Here
(b] and (c] are prime, but (a] is not even semi prime. Again in
M, :{O,a,b,c,l;a/\b:bAc:a/\c:O;avbzavc:bvc:l}

(0], (a], (b],(c] are not semi prime.

Following lemmas are due to [2].

Lemma 1. Every filter disjoint from an ideal I is contained in a maximal filter
disjoint from I .

Lemma 2. Let [ be an ideal of a lattice L. A filter M disjoint from I is a
maximal filter disjoint from [ if and only if for all a & M , there exists b € M such
that anbel
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Let L be alattice with 0. For 4 — L, We define

At = {x eL:xnra=0 forallae A}. A" is always a down set of L but not
necessarily an ideal.

Following result is an improvement of [2, Theorem 6].

Theorem 3. Let L be a O-distributive lattice. Then for AC L, At is a semi-
prime ideal.

Proof: We have already mentioned that 4 is a down set of L. Let x,y € A™.
Then xAa=0=yAa forall ae L.Hence an(xvy)=0 forall a € A. This

implies x\v y € A" and so A" is an ideal.

Now let xAye A" and xAze A". Then xAyAra=0=xAzAa for all
a € A. This implies X/\a/\(yvz)zo for all aeL as L is O-distributive.

Hence x A(y Vv z) € A" andso A" is a semi prime ideal. o

Let Ac L and J be an ideal of L. We define
A = {xeL:xnaeJ forall ae A}. This is clearly a down set containing J .

In presence of distributivity, this is an ideal. A is called an annihilator of A4
relative to J .

Following Theorem due to [2] gives some nice characterizations of semi prime
ideals.

Theorem 4. Let L be a lattice and J be an ideal of L. The following conditions
are equivalent.

(i) J is semi prime.

(i) {a}" ={xeL:xAnaeJ} isasemiprime ideal containing J .

(iii) A = {xeL:xnaeJ forall ae A} is a semi prime ideal containing J .

(iv) Every maximal filter disjoint from J is prime. @

Following prime Separation Theorem due to [5] was proved by using Glevinko
congruence. But we have a simpler proof.

Theorem 5. Let J be an ideal of a lattice L . Then the following conditions are

equivalent:
(i) Jis semi prime
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(ii) For any proper filter F disjoint to J there is a prime filter ) containing F’

suchthat ONJ =¢.

Proof. (i)=>(ii). Since ' NJ = ¢, so by Lemma I, there exists a maximal filter
Q o F suchthat Q NJ = ¢. Then by Theorem 4, Q is prime.

(i))=>(i). Let F' be a maximal filter disjoint to J . Then by (ii) there exists a prime
filter QD F suchthat QNJ =¢. Since F is maximal, so Q = F. This

implies /' is prime and so by theorem 4, J must be semi prime. ®

Now we give another characterization of semi-prime ideals with the help of Prime
Separation Theorem using annihilator ideals. This is also an improvement of the
result

[ 4, Theorem 8].

Theorem 6. Let J be an ideal in a lattice L. J is semi- prime if and only if for all
filter F disjoint to A~ (A< L), there is a prime filter containing F disjoint

10 A" .

Proof. Suppose J is semi prime and F' is a filter with F' M At = ¢ . Then by

Theorem 4, A s a semi prime ideal. Now by Lemma 1, we can find a
maximal filter Q containing F and disjoint to 4™/ . Then by Theorem 4 (iv), O
is prime.
Conversely, let xAyeJ,xAnzeJ . If xA(yvz)gJ,then yvzeg {x}LJ.
Thus [yv z) N {x}"" = @. So there exists a prime filter O containing [y V z)
and disjoint from {x}" . As y,ze{x}™,50 y,z¢ Q. Thus yvzeQ,as Q is
prime. This implies, [y Vv z) [ Q a contradiction. Hence x A(y Vv z) € J, and
so J is semi-prime. ®

Let J be any ideal of a lattice L and P be a prime ideal containing J . We
define J(P) = {x eL:xAnyed for someyel —P}. Since P is a prime ideal,
so L—P is a prime filter. Clearly J(P) is a down set containing J and
J(P)cP.

Lemma 7. If' P is a prime ideal of a lattice L containing any semi prime ideal J ,
then J(P) is a semi prime ideal.

Proof. Leta,be J(P). Then anveJ and baseJ for some v,seL—P.
Thus aAvaseJ and bAvaseJ. Since J is semiprime, so
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vAsA(avb)eJandvAaselL —P asitis a filter. Hence av b e J(P) and so
J(P) is an ideal as it is a down set.

Now suppose X A y,x Az € J(P).

Then x Ay Av,xAzAseJ for some v,s € L—P . Then by the semi primeness
of J,[(xAy)vV(xAz)]Avase] where vAseL—P.

This implies (x A ) vV (x A z) € J(P), we have J(P) is semi prime. ®

Lemma 8. Let J be a semi prime ideal of a lattice L and P be a prime ideal
containing J . If Q is a minimal prime ideal containing J(P) with Q < P, then
forany y € Q — P, there exists z & Q such that y Az € J(P).

Proof. If this is not true, then suppose forall z¢ O, yAz¢ J(P).
SetD=(L—-Q)v[y). Weclaimthat J(P)"D =¢ . Ifnot,let t € J(P)N D.
Then t € J(P) and t>a A y forsome ae L - Q.

Now a A y <t implies a A y € J(P), which is a contradiction to the assumption .
Thus, J(P)ND =¢.

Then by Lemma 1, there exists a maximal filter R © D such that, RNJ(P) =4¢.
Since J(P) is semiprime , so by Theorem 4, R is a prime filter. Therefore L — R
is a mminimal prime ideal containing J(P) . Moreover L — R < Q and
L—-—R#QasyeQ but y¢ L — R. This contradicts the minimality of Q.
Therefore there must exist z & O such that yAz e J(P). ®

Lemma 9. Let P be a prime ideal containing a semi prime ideal J. Then each
minimal prime ideal containing J(P) is contained in P .

Proof. Let O be a minimal prime ideal containing J(P). If Q] P, then choose
y€Q—P.Thenby lemma 8, yAze€0(P) forsome z¢ Q. Then yArzAaxeJ
for some x¢ P.As P isprime, y Ax¢ P. This implies z € J(P) < Q, which
is a contradiction. Hence Q < P .e

Proposition 10. [fin a lattice L, P is a prime ideal containing a semi prime ideal
J, then the ideal J(P) is the intersection of all the minimal prime ideals containing

J but contained in P .

Proof. Let O be a prime ideal containing J such that Q < P . Suppose x € J(P)

Then x A y € J forsome ye L — P.Since yg P,so y¢ Q.
Then x Ay eJ < Q implies x€ Q.
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Thus J(P) < Q. Hence J(P)is contained in the intersection of all minimal prime
ideals containing J but contained in P. Thus J(P)< N{Q, the prime ideals
containing J but contained in P} < M {Q, the minimal prime ideals containing J
but contained in P } = X (say).

Now, J(P)c X . If J(P)# X, then there exists x € X such that x¢ J(P).
Then[x) N J(P)=¢. So by Zorn’s lemma as in lemma 1 there exists a maximal
filter F ©[x) and disjoint to J(P). Hence by Theorem 4, F is a prime filter as
J(P) is semiprime. Therefore L — F'is a minimal prime ideal containing J(P).
But x¢ L — F implies x ¢ X gives a contradiction. Hence J(P) = X = N{Q, the

minimal prime ideals containing J but contained in P }.®

An algebra L = <L; AV, EO, 1> of type <2, 2,1,0, O> is called a p-algebra if
(i) <L; AV, EO, l> is a bounded lattice, and

(ii) forall a € L, there exists an a” suchthat x<a ifand onlyif xAa=0.
The element @ is called the pseudo complement of a .

Let J be an ideal of a lattice L with 1. For an element a € L, a” is called the
pseudo complement of a relativeto J if ana” € J andforany be L, anbeJ

implies b<a'. L is called a pseudo complemented lattice relative to J if its
every element has a pseudo complement relative to J .

Theorem 11. For an ideal J of a lattice L with 1, if L is pseudo complemented
relative to J , then J must be a principal semi prime ideal.

Proof. Let L be pseudo complemented relative toJ. Now for all ae L,
1 Aa=a. So the relative pseudo complement of 1 must be the largest element of
J . Hence J must be principal. Now suppose a,b,c € L with anb,anceJ.

Then b,c<a”,andso bvc<a'. Thus an(bvc)eJ, and hence J is semi
prime. o

An algebra L = <L; AV, + 1> is called a p-algebra relative to J if

@) <L,‘/\,\/,J ,1> is a lattice with 1 and a principal semi prime ideal J , and

(ii) forall a € L, there exists a pseudo complement a* relative to J .

Suppose J =(¢]. An element a € L is called a dense element relative to J if

at =t.
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We denote the set of all dense elements relative to J by D, (L). It is easy to check
that D, (L) is a filter of L.

Lemma 12. Let L = (L;/\,V,+,J,l) be a p-algebra relative toJ and P be a prime

ideal of the lattice L containing J . Then the following conditions are equivalent.
(i) P is a minimal prime ideal containing J .

(ii) x € P implies x* ¢ P.

(iii) x € P implies x** € P.

(iv) PnD;(L)=4¢.
Proof. (i) implies (ii). LetP be minimal and let (ii) fail, that is, a* € P for some
acP.Let D=(L-P)v [a). We claim that J "D =¢. Indeed, if jeJND,
then j > g A a for some g € L — P, which implies that g Aa € J,andso g<a™.
Thus g € P gives a contradiction. Then a* ¢ D, for otherwise ana” € JND.
Hence DN (a]" =DM {a}l" = ¢ . Then by Theorem 35, there exists a prime filter
F o D and disjoint to (a]". Hence Q=L — Fis a prime ideal disjoint to D .
Then Q< P, since 0N (L - P): ¢ and Q#P, as a¢Q, cotradicting the
minimality of P.
(ii) implies (iii). Indeed x™ Ax™" € J < P forany x €L ;thusif x € P, then by
(i), x* ¢ P, implying that x™" € P.
(iii) implies (iv). If ae PN D,(L) for some acL, then a'" =1¢P, a
contradiction to (iii). Thus PND,(L)=¢.
(iv) implies (i). If P is not minimal prime ideal containing J , then Q — P for
some prime ideal Q of L containing J .let xe P—Q.Then x Ax" € J < Q and
x ¢ Q; therefore x* € Q P, which implies that x v x* e P. But
xvx" eD,(L);thus we obtain xvx* € PN D, (L), contradictiong (iv). ®
A relative p-algebra L = <L,’/\,V,+,J ,1> is called a relative S-algebra if
a*va™ =1. L is said to be a relative D-algebra if for all a,belL,

(anb)" =a" vb". Of course every relative D-algebra is a relative S-algebra, but
the following example due to [3] shows that the converse need not be true.
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1
w
p
a
0
L

Here, L is an S-algebra, but (q A r)* =c =w= p=bva= q* v 7 shows that
it is not a D-algebra.

Two prime ideals P and Q are called co-maximal if Pv Q = L.
Following result on 1-distributive lattices is due to [6].

Theorem 13. Let L be a lattice with 1. Then the following conditions are
equivalent.

(i) L is I-distributive.

(i1) Every maximal ideal is a prime ideal.

(iii) Each a #1 of L is contained in a prime ideal. ®

Theorem 14. In a relative p -algebra L = (L;n,v,+,J,1) where L is I-
distributive the following conditions are equivalent

(i) L isarelative S -algebra.

(ii) Any two distinct minimal prime ideals containing J are co-maximal.

(iii) Every prime ideal containing J contains a unique minimal prime ideal

containing J .

(iv) For each prime ideal P containing J, J(P) is a prime ideal .

() Forany x,yeL , xnyeJ, implies x* v y* =1.
Proof. (i) implies (ii). Suppose L is a relative S -algebra. Let P and Q be two
distinct minimal prime ideals containing J . Choose x € P — (. Then by Lemma

12, x" ¢ P but x™" e P.Now xAx" €J < Q implies x* € 0, as Q is prime.

Therefore, 1=x%"vx* e PvQ. Hence Pv(Q=L. That is P,Q are co-

maximal.
(i1) implies (iii) is trivial.
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(iii) implies (iv). By Theorem 11, J is a semi ptrime ideal. So by Proposition 10,
(iv) holds.
(iv) implies (v). Suppose (iv) holds and yet (v) does not. Then there exists x, y € L

with x Ay eJ but x* v y* #1. Since Lis 1-distributive, so by Theorem 13(iii),
there is prime ideal P containing x* v y*. If xe J(P), then xAreJ for

some 7 € L — P. This implies # <x* € P gives a contradiction. Hence x ¢ J(P).
Similarly y ¢ J(P). But by (iv), J(P) is prime, and so xAyeJ cJ(P) is
contradictory. Thus (iv) imples (v).

(v) implies (i). Since x Ax" €J,soby (v) x*"vx" =1,and L is an S -algebra
relative to J .e

A lattice L with 0 is called 0-modular if for all x,y,z€ L with z<x and
xAy=0imply x A(yV z) =z . Now we generalize the concept. Let J be an ideal
of a lattice L. We define L to be modular with respect to J if for all x,y,ze€ L
withz<x and x Ay eJ imply xA(yvz)=z.

We conclude the paper with the following result.

Theorem 15. Let <L AN, S, 1> be a relative P-algebra such that L is both

modular with respect J and 1-distributive. If L is a relative S-algebra, then it is a
relative D- algebra.

Proof. Suppose L is an S-algebra and a,be L. Now a* va ™ =1=b" vb™".
Thus (a+ vb*t )v b =1= (a+ vb+)v a*™. Since L is I-distributive, so
a*vb* v(a++ /\b++)=1. Now anbaa” eJ and anbab® e€J imply
a®, b" <(anb)", and SO a*v bt <(anb)'. Also,
(a Ab)F /\(a++ /\b++): (anb)" Alanb)™ €J. Thus by J-modularity of L,
(anb) =(anb) Al=(anrb) /\[(a++ /\b“)\/(a+ vb*)]ch vb*, and so

L is a relative D- algebra. @
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