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Abstract. The set of all ideals of the forfx]", x 0 L are known as annulets lof These

have been studied extensively by Cornish in [4ob]distributive lattices. In this paper
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1. Introduction

Varlet [8] has given the definition of a O-distrtiue lattice to generalize the notion of
pseudo complemented lattices. According to [8],attide L with O is called a O-
distributive lattice if for alla,b,c0L with aCb=0=alc imply alC(bCc)=0.

In other words, a latticé with Ois O-distributive if and only if for eacla[J L , the set
of elements disjoint t@ is an ideal of L. Of course, every distributive lattice with 0 is
O-distributive. Also every pseudo complementedidatis O-distributive. In fact, in a
pseudo complemented lattide, the set of all elements disjoint 8L, is a principal

ideal(a’]. Many authors including Balasubramani and Venkatsimhan [2], Jayaram

[6] and Pawer and Thakare [7] studied the O-distile and O-modular properties in
different context and has included several charaetons to study a large class of non-
distributive lattices with 0. Moreover, [9,10] stad on O-distributive property for near
lattices. Annulets in distributive lattices haveebdirst studied by Cornish in [4, 5]. Then
[1] extended the concept for Near lattices. In g@per our intension is study the annulets
for a distributive lattice.

We know that it is a O-distributive lattice, theh(L) is pseudo complemented.
The set of all ideals of the forifx] ; xJ L are called the annulets &f.

For an ideal) of a latticeL we defined” ={x0OL: xJj =0 for all jOJ}.
This is of course an ideal df if L is O-distributive and it is called the annihilatdeal.
In fact whenL is O-distributive J” is the pseudo complement df in | (L). Any ideal

| is called an annihilator ideal If = 1. We denote the set of annihilator ideallofby
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A(L). This can be made into a Boolean Algebra with sesalkelement (0], largest

element L, set theoretical intersection as the infimum ahd tmap J - J" as
complementation. The supremum off and K in A(L) is given by
JOK =(J" n K")". This is no more than De-morgan’s law.

Call an ideal of the forn(x]*,xD L, an annulet. Each annulet is an annihilator
ideal and hence for two annulet]” and (y]', their supremum inA(L) is

1OV =X n(y]) =((xOy]") =(xOy]. Also their infimum in A(L)
is (X" n (y]" =(xOy] . The set of annulets is denoted By(L).

For a distributive latticd_ , we know thatl (L) is pseudo complemented. So throughout
the paper we always consideras a O-distributive lattice.

2. Annuletsin alattice
In this paper we have given several characterigataf Annulets for a 0-distributive
lattice. We start the paper with following propasit

Proposition 2.1. Let L be a O-distributive lattice. ThefA,(L); n, ) is a lattice and
a sublattice of the Boolean Algeb(&(L); n, L1 *, (0], L) of Annihilator ideals ofL .
A,(L) has a smallest element if and onlylif possesses an elemetht] L such that
(dl" = O
Proof: We have already shown th#&{ (L) is a sublattice ofA(L). If there is an element
d 0L such that(d]” = (0]. Then clearly(0] is the smallest element i (L).
Conversely, if there is an elemedt] L such that(d]" is the smallest element
then for any xOL,(X]" =(x]"0(d] =(xOd]’. Thus xCd=0 implies
(X]" =(0]" =L, so thatx =0 and hencgd]” = (0]. m

In a P-algebra (L;C,,*,0,2) for all a,bdL, (adb) =a Ob always
holds, but the other De-Morgan identifa Jb)" =a Ob" may not hold in general.
Chandrani in [3] has called R -algebra as @M -algebra if(aOb)" =a Ob’ for all
a,bOL. A lattice L with 0 is called a generalizeDM -algebra if for eachx, y O L,

(1" Oyl =(xOyT".

Proposition 2.2. A lattice L with O is generalizedM -lattice if and only if A,(L) is a
sublattice of the lattice of(L).

Proof: A,(L) is a sublattice of (L) if and only if for anyx, yO L, (x]" O(y] = (2]’

for somezOL. Since (x]" O(y]" =(2]" implies (zZ]" = (X" n (y]" =(x0Oy]", so
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that (2" =(xOy]" =(X]"O(y]" in A(L), we see thath,(L) is a sublattice ofl (L)
if and only if (x]" O(y]" = (xOvy] for eachx,y L. By the definition of DM-algebra,
this is equivalent td_, being a DM-algebram

A lattice L with O is called Disjunctive if for anya,b0L,a<b implies
alLc=0 and c<b for some0 # c. However, it is easy to see that a latticewith 0
is disjunctive if and only if (a]" = (b]" impliesa=b for anya,bL. We thus have
the following corollary:

Corollary 2.3. A disjunctive lattice L with generalized De-Morgan property is dual
isomorphic to its lattice of annulets. Henkehas a largest element if and only if there is

an elemend O L such that(d]” = (0]. m

A lattice L with 0 is called a quasi-complemented latticoifédachx [1 L, there
exists y O L such thatx Cy =0 and (] O(y])" =(X]" n (y]" = (.

A O-distributive latticel is called quasi-complemented if for eaghl L, there
exists X' O L such thatx C X' =0 and (x] O(x])" = (0.

A lattice L with O is called sectionally quasi-complementecedith interval
[0,x], xOL is quasi-complemented.

Theorem 2.4. A O-distributive latticeL is quasi-complemented if and only if for each
x[JL, there existsy L such that(x]" = (y].
Proof: Let L be a quasi-complemented. SuppeogeL, there existsy[lL such that

xCy=0and(x]" n(y] =(0]. Thisimplies(y]" O (X]".

Again, XCy=0 implies (xX]n(y]=(], so (xXO(y]. Therefore,
(4" O (" =(y]" and hencdx]” = (y] -

Conversely, let xOL implies (X]” =(y]T for some yOL. Then
xO(X]" =(y]" impliesxCy=0.Also (x| =(y]" implies
(X]" n (y]’ =(X]" n (X]" = (0], and so L is quasi complemented.m

Theorem 2.5. Let L be a O-distributive lattice. Theh is quasi-complemented if and
only if it is sectionally quasi-complemented andsgesses an elemeik such that

(dI' =(].

Proof: SupposeL is quasi-complemented. Then there exists an elerdesuch that
0Cd=0and(d]" =(0]0(d])" = (0]. We now show that an arbitrary intervid, x|
is quasi-complemented. Leg (1[0, x]. Then there existy/' JL such thatyCy' =0
and ((y]O(Y'])" =(@Q]. Putz=xLCy. Then zCy=(xCy)Cy=xC(yCy)=0
and zO[0,x]. If wI[0,x] and(w] C ((y] C (z]) = (0],
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then (WL y] = (0] =(wL z] = (WL xCyT=(wLy]. Thus (W] C((yIC(y]) = (]
as L is O-distributive and sd (L) is O-distributive. Hencav = O, and so[0, X] is quasi-
complemented.

Conversely, supposé& is sectionally quasi-complemented and there exsts

elementd OL with (d] =(0]. Let xOL and consider the intervel0,d]. Then
xCdO[o,d].

Since L is sectionally quasi-complemented, so there exats element
X' 0[0,d] with xCdCx =0 and{yOo0, d]| yO((xOd) Ox =0} =(0]. Now let
zO((X]O(x])". ThenxCr =0 forall r O(x] C(X].
Since(xCd)Cx' O(X]C(x], sozC((xCd)Cx')=0. Thus

zCdC((xCd)Cx)=0andzCdO[0,d];

so z[Cd =0. This implies zO(d]" = (0]. Hencez=0 and xCd C X' =0 implies
xC x' = 0. ThereforeL is quasi-complementedm

Theorem 2.6. A O-distributive lattice is quasi-complementedaifd only if A (L) is a
Boolean subalgebra oA(L) .
Proof: SupposelL is quasi-complemented. Then by Theorem 2.5has an element
such that(d]” = (0]. Then by proposition 2.1, (L) has a smallest element and so it is
a sublattice ofA(L). Moreover, for eachx[JL there existsx' J L such thatx C x' =0
and (x]" n (X1 =(0]. Then(x]"O(x] =(xOX] =(0] = L. ThereforeA,(L) is a
Boolean subalgebra oA(L).

Conversely, if A,(L) is a Boolean subalgebra @&(L), then for anyx[L
there exists yOL such that (x] n(y] =] and (x]'O(y] =L. But
(xX]"D(y]” =(xOy]" andxC y = 0. Therefore,L is quasi-complementedm

Let us introduce the following lemma, whose praoffrivial.

Lemma2.7. Let | =[0,x], 0< X be an interval in a O-distributive lattice. For
all, (@] ={yOl| yOa=0} is the annihilator ofa] with respect td. Then
() If a,b01 and(a]” O (b]* then(a]” O (b]’
) f wOL, (W nl=(wOx]*. =

The above lemma is useful to prove the generabimatif the proposition 2.5 in [5] by
Cornish. Let | =[0,x],0<x be an interval in a distributive lattice with OorF

all, (@] ={yOl| yOa=0} is the annihilator of(a] with respect tol. Then
() If a,bOl and(a]® O (b]* then(a]” O (b]’
(i) If wOL, (W] nl=(wOx]".
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Theorem 2.8. For a O-distributive latticel, A (L) is relatively complemented if and

only if L is sectionally quasi-complemented.
Proof: SupposeA, (L) is relatively complemented. Consider the intervat [0, x] and

let al; then (X]" O(a]’ O (0] =L. Since[(X]',L] is complemented inA,(L),
there exists WOL such that (a]' n (W] =(x]°” and (a]' 0w =L. Then
(a]' Ow]" =(aOw]" gives aCw=0. Then aCwLCx=0 and wCx0Ol.
Moreover, intersectinga]” n (W] = (x]" with (x] and using the Lemma 2.7, we have
@" n (wox]* =(].
This shows thalt is quasi-complemented.

Conversely, supposé is sectionally quasi-complemented. Sindg(L) is O-

distributive, it suffices to prove that the intenfga] ,L] is complemented for each
alL. Let (b]" O[(a]’,L]. Then(a]’ O(b] O L, so (b]" =(a]’ O(b]” =(alb]".
Now consider the intervall =[0,a] in L. Then alCb[l. Sincel is quasi-
complemented, there  exists will such that wlCalCb=0 and
(wW]" n(adb]* =(00]=(a]*. This implies (wO(aOb)]" =(a]’. Then
(@ =(wO(adb)] =] n(adb] =w] n (b]". also wCalCb=0 we have
wCb=0, hence (W] O(b]" = L. Therefore,A, (L) is relatively complementecs

By Chandrani in [3], a P-algebid_;[,[.,*,0,1) is called aS-algebra if for each
aldL, a 0da =1. Thus, a O-distributive latticé is called a generalized S-lattice if

for each xOL, x OX =L. By [2], every DM -algebra is anS-algebra but the
converse need not be true.

We conclude the paper with the following result:

Proposition 2.9. The lattice of annulets of a latticewith 0 is relatively complemented if
and only ifL is quasi-complemented.

Proof: SupposeA, (L) is relatively complemented. We must show that [0, x] is a

guasi-complemented lattice for eacld<xOL. Let ab0Ol and suppose

(a]* O (b]* O1 =(0]*. From the lemma(a]” O (b]" O L. The interval[(a],L] is

complemented ind, (L) so that there is an elemewtl] L such that(b]” n (w]" = (a]’

and (w]" O(b]” = L. Then(b]' O(w]" = (b Ow] givesbCw=0.

Then bC (WL X)=0 so (b]*O(wOx]" =(a]’” due to lemma 2.7. It follows that

A, (L) is complemented and so by proposition 2.6s quasi-complemented.
Supposel is sectionally quasi-complemented. To proRg(L) is relatively

complemented it suffices to prove that each infefa , L] is complemented a# (L)

is distributive (Proposition 2.1). Lef]” O[(a]’,L] O A,(L) and consider the interval
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| =[0,aCb] in L. Then (a]" =@ n1 O®] nl=(b]" 01 so there is an
element w1l such that(b]* n (w]" =(a]" and (w]"O(b]" =1 as| is quasi-
complemented and soAy(L) is complemented by Proposition 2.7. Then
(wOb]* =(w]" n(b]" =(a]*. =

3. Conclusion

Cornish [5] has studied Annulets and- ideals in a distributive lattice. In order to sgud
these for non distributive lattices we studiedpplg these results i@-distributive lattice.
Recently, Ayub and Podder have introduced the qarafen-distributive lattices whem

is a central element. Of course the set of allgipal n-ideals of a lattice is again a lattice
whenn is a central element. Therefore, our specific sstjgn is one can extend the

results of this paper fol, (L ).
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