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Abstract. A (p, q) graph G is said to admit a seventh (gh#i) order triangular sum
labeling if its vertices can be labeled by non niggaintegers such that induced edge
labels obtained by the sum of the labels of entiogs are the seventh (or eighth) order
triangular numbers. A graph G which admits a sdvéot eighth) order triangular sum
labeling is called a seventh (or eighth) ordemgiglar sum graph. In this paper we prove
that double star K,,, Tg, and Coconut tree admit seventh and eighth ordangtilar
sum labelings.
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1. Introduction

The graphs considered here are finite, connectadiracted and simple. The vertex set
and the edge set of graph are denoted by V(G) &8yl Eespectively. For various graph
theoretic notations and terminology we follow Harg8] and for number theory we
follow Burton [1]. We will give the brief summaryf definitions which are useful for the
present investigations. In [8] they have proved atal bistar related graphs are divisor
cordial graphs. Some authors in [10] have discussed in Coloring of some star
familes.For a dynamic survey of various graph labeling f@obalong with an extensive
bibliography we refer to Gallioan [4].

Definition 1.1. [2,7 ] A triangular number is a number obtained by additgositive
integers less than or equal to a given positiveget n. If the # triangular number is

denoted by A then A, =1+2+ ... +n 2n (n+1).
2
The triangular numbers are 1, 3, 6, 10, 15, 21388. . .

Definition 1.2. [6, 9] A triangular sum labeling of a graph G is a oneme function f:
V(G) - W (where W is the set of all non-negative integéng} induces a bijectiori
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EG) — {Ay A, . . ., A} of the edges of G defined by *(uv)=f(u)+f(v)
Oe= uvO E(G). The graph which admits such labeling is callédssmgular sum graph.

Definition 1.3. [5] A second order triangular number is a number obthi by adding
all the squares of positive integer less than oaktp a given positive integer n. If th8 n
second order triangular number is denoted bytBen

B=T+2+3+...+1
:%n(n+1) (2n+1)
The second order triangular numbers are 1, 51,853 ...

Definition 1.4. A second order triangular sum labeling of a gré&plis a one to one
function f: V(G) -~ W that induces a bijection:fE(G) -~ {B4, B,, . . ., B} of the edges
of G defined by fuv) = f(u) + f(v), J e = udd E(G). The graph which admits such
labeling is called a second order triangular suapig.

Definition 1.5. A seventh order triangular number is a number abthby adding all the
seventh powers of positive integers less than oalep a given positive integer n. If the
n" seventh order triangular number is denoted pyti@&n

G =1+2+3+...+1

:2—14 n*(n+1)? [3n4 +6n°—n®-4n+2

The seventh order triangular numbers are 1, 1296,218700, 96825, 376761,
1200304, 3297456, 8080425, 18080425, 37567596, . .

Definition 1.6. A seventh order triangular sum labeling of a gréplis a one to one
function f: V(G) — W that induces a bijectiori:fE(G) - {G1, G,, . . ., G} of the edges
of G defined by f(uv) = f(u) + f(v), J e = udd E(G). The graph which admits such
labeling is called a seventh order triangular suapk.

Definition 1.7. An Eighth order triangular number is a number otgdiby adding all the
eighth powers of positive integers less than oraktpua given positive integer n. If the
n" eighth order triangular number is denoted hythien

Ho=1+2+ ...+

- n(n+ 2é2”+1) [Bn® +15n° +5n* —15n° —n? +9n -3
The eighth order triangular numbers are 1, 2578682354, 462979, 2142595, ....

Definition 1.6. An Eighth order triangular sum labeling of a graphis a one-to-one
function f: V(G) - W that induces a bijection:fE(G) — {H1, H,, ..., Hy} of the edges
of G defined by fuv) = f(u) + f(v), Je = uMl E(G). The graph which admits such
labeling is called a eighth order triangular surmpdr.
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2. Main result
Theorem 2.1. The star graph K, admits seventh order triangular sum labeling.
Proof: Let u be the central vertex and lgt w, .. ., u, be the pendant vertices of the star
K1 » Then the vertex set V(K) = {u, u/ 1<i < n} and the edge set E(l) = {uy; / 1<i
<n}. Clearly Ky , has n + 1 vertices and n edges. Define f : \M[Kk> W by
fluy=0

- 2 - + 2
f(u) =G = %[&‘w 6i°—i2-4i +2], 1<i<n.
Then f induces a bijection’f: E(G) — {G4, G,, . . ., G} given by
. i%(i+1)°
f7(uu) =f(u) +f(u)=0+G=G= o4
Clearly, the induced edge labels are the firstueistn order triangular numbers. Hence
K1, admits a seventh order triangular sum labeling.

[3i*+6i°-i"—4i +2],1<i<n.

Example 2.2. A seventh order triangular sum labeling of Kis shown in figure 2.1.

Uz

129 2316
Figure 2.1: K 1 swith a seventh order triangular sum labeling

Theorem 2.3. The double star K, ,admits seventh order triangular sum labeling.
Proof: Let G be the double star K, Let V(G) ={u, y, vi / 1<i < n} be the vertex set
and E(G) = {uy uv/l <i < n} be the edge set of l{, Then G has 2n + 1 vertices and
2n edges. Define f: V(G W by

fluy=0

flu) =G, 1<i<n

f(Vi) = Gui— f(Ui), 1<i<n

Then f induces a bijection’f: E(G) — {G4, G,, . . ., G} given by

f'(uu) =f(u) +f(u)=0+G=G, 1< i< n

fr(uvi) = f(w) + f(vi) = f(u) + Guwr - () = Gy, 1<i <,

Thus, the induced edge labels are the first 2nrdbvarder triangular numbers. Hence G
admits a seventh order triangular sum labeling.

Example 2.4. A seventh order triangular sum labeling of Kis shown in figure 2.2.
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129 376761

376632
Vo

129

2316
2316

1200304
1197988
\'&!
3297456

Vg

3278756

Figure2.2: K 1 4 4 with a seventh order triangular sum labeling

Theorem 2.5. The bistarR, , admits seventh order triangular sum labeling.

Proof: Let u and v be the vertices 06.KJoin m pendent vertices, w, . . ., W, at u and
join n pendent vertices;ws, . . ., \ at v. The resultant graph is the bistar Gz Riith
vertex set V(G) = {u, v,uv; / 1<i<m, 1<j<n}and edge set E(G) {ywv, uv / 1
<i<m, 1<j<n} Clearly G has m + n + 2 vertices and m + nedges. Define f: V(G)
- W by

fluy=0

fvy=1

f(u) = Giy, 1<i <m

f(vj)) = Guersj- f(v), 1<) <n

Then f induces a bijectiod fE(G) - {G1, G,, ..., Gn+n+ 9 given by

ff(uu) = f(u) +f(U) =0+ G = Gsy, 1<is<m

ffluv) =flu) +f(v) =1 =G

F'(vWi) = f(v) + f(v)) = (V) + Gressj - (V) = Grersy 1 j< 1.

Thus, the induced edge labels are the first m +Inseventh order triangular numbers.
Hence B, nadmits a seventh order triangular sum labeling.

Example 2.6. A seventh order triangular sum labeling af;& shown in figure 2.3.

3767¢
3767¢
3316 129 :
z 1200304 V2

2315\ 1 v 1200303
0 1
’ 96825 Vs
Uy 329745

96825
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Figure 2.3: B4 3with a seventh order triangular sum labeling
Theorem 2.7. Y, . ;admits a seventh order triangular sum labelingsifh
Proof: Let P, be the pathau, . . . u. Let v be the vertex adjacent ta The resultant
graph G is Y., with vertex set V(G) = {4 v/ 1<i < n} and the edge set E(G) ={u,
VU,/ 1<i<n - 1}. Clearly the graph G has n + 1 vertices ardiges. Define f : V(G)}»
W by

f(ul) =1= Q
fv)=129 = G
f(Uy) = 0

f(u) = Gi1 - f(Uiy), 3<isn

Then f induces a bijectio:fE(G)— {G1, G, . . ., G} given by

i (uau) = f(u) + (W) =1=G

f(upv) =f(w) +f(vV) =0+129=G

f +(U2U3) = f(Uz) + f(U3) =0+ 23161 = 6

fT(Ulier) = f(U) + f(Us1) = F(U) + G - f(U) = Gy, 3<i<n

Thus, the induced edge labels are the first n sbvemler triangular numbers. Hence G
admits seventh order triangular sum labeling.

Example 2.8. A seventh order triangular sum labeling gf.\¥s shown in figure 2.4.

v 129
129
Uy u\ 2316 Y 18700 U4+ 96825 Us
1 1 0

2316 16384 89441

Figure 2.4: Y5, with a seventh order triangular sum labeling

Theorem 2.9. Tg, admits seventh order triangular sum labeling.

Proof: Let wu, . . . y, be the path of length n. For<lj < n — 2, let yand whbe the
vertices adjacent to.4. The resultant graph is called a Twig graph, Wgth vertex set
V(Tgn) ={ui, vj, W/ 1<i<n, 1<j<n -2} and the edge set E(J& {Uilis1, Vi1, Willsq
/1<i<n-1, 1<j<n-2}. Clearly the graph T.das 3n - 4 vertices and 3n - 5 edges.
Define f: V(G)— W by

f(up) = 0

f(us) = G,

f(ui) = G_2—f(u.1), 4<i<n
f(ul) = G3n—5

f(vi) = Grasi— f(Us1), 1<i<nN -2

f(WI) =Ggn-5-i— f(U+1), 1<i<n-2.

Then f induces a bijectiorl f E(G)— {Gi, G,, . . ., G,.s} given by
7 (uUp) = f(uy) + f(Up) = Gans

(W) = f(u) + f(Usy) = Gy, 2<i<n-1

' (Villisg) = f(V) + f(Uis1) = Grzsi — f(Uer) + f(Uis2) = Grzwiy 1Si<N =2

211



C. Jayasekaraand C. Sunitha

f*(Williss) = f(W) + f(Ui1) = Ganst f(Wi) — f(w) = Gayo5.5 1<i<n-—2.
Thus, the induced edge labels are the first53seventh order triangular numbers. Hence
Tg,admits a seventh order triangular sum labeling.

Example 2.10. A seventh order triangular sum labeling of Tgshown in figure 2.5

18080425
llul
18080425
1870( 8080425
1870( o 0 + 8080425
Vi Uz W1
1
9682¢ 3297456
9682 o 1 3297455
\') Us Wa
129
37663 o 37676: 128 1200304 1200176
V3 Uy W3
231¢
oUs
218¢

Figure 2.5: Tgs with a seventh order triangular sum labeling

Theorem 2.11. The Coconut tree T(m, n) admits a seventh ordengrilar sum labeling.
Proof: Let u, W, ..., U, be the end vertices of stag Kwith central vertex u. Let;yv,,
...,Vmbe the path R Identifying v with u. The resultant graph G is a coconut tree,jm
with vertex set V(G) = {y u/l<i<m, 1<j<n}and edge set E(G) = {1, viu; /1< ]
<n, 1<i<m-1}. Clearly G has n + m vertices and n + edges. Define f: V(G)-
W by

f(v) =0
f(vi) = G—f(vi-1), 2<i<m
f(u) = Gusjr,  1<j<sn.

Then f induces a bijectiofl f E(G)— {G1, G,, . . ., Gy+n-1}given by

" (Vivied) = (i) + (Vi) = f(v) + G - f(v) =G, 1<ism-1

fvau) = f(v1) +(U) =0 + Gruj1 = Gn+jop 1Sj<n.

Thus, the induced edge labels are the first n+Imseventh order triangular numbers.
Hence G admits a seventh order triangular sumitabel
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Example 2.12. A seventh order triangular sum labeling of T (Missshown in figure 2.6.

3297456
Us

129

1289y,

2316

2188y,

Figure2.6: T (4, 5) with a seventh order triangular sum ladzgl

Theorem 2.13. The star graph K, admits an eighth order triangular sum labeling.

Proof: Let u be the central vertex and lgt w. . ., u, be the pendant vertices of the star
K1 Then the vertex set V(K) ={u, u / 1<i<n}and the edge set E{l) ={uu; /1<

i <n}. Clearly K;, has n + 1 vertices and n edges. Define f : k> W by

f(u) = 0
flu)=H, 1< i<n.

Then f induces a bijection’f: E(G) — {H4, H,, . . ., H} given by
fuu) =f(u) +flu)=0+H=H, 1<i<n.

Cleary, the induced edge labels are the first hteigrder triangular numbers. Hence K
admits an eighth order triangular sum labeling.

Example 2.14. An eighth order triangular sum labeling of; kis shown in Figure 2.7.
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257
Figure2.7: K 1 4with an eighth order triangular sum labeling

Theorem 2.15. The double star K, ,admits an eighth order triangular sum labeling.
Proof: Let G be the double stan K » Let V(G) ={u, uy, v/ 1<i < n} be the vertex set
and E(G) = {uy uv; / 1<i < n} be the edge set of i, Then G has 2n + 1 vertices and
2n edges. Define f: V(G W by

fuy=0

f(Ui):Hi, 1< |S n

f(vi) = Hnsi - f(w), 1< i< n

Then f induces a bijection’f: E(G) — {H1, H,, . . ., K} given by

ff(uy) =fu) +f(u) =0+H=H, 1< i< n

fr(uvi) = f(u) + f(vi) = f(U) + Howr - f(U) = Howi, 1<i<n,

Thus, the induced edge labels are the first 2ntieighder triangular numbers. Hence G
admits an eighth order triangular sum labeling.

Example 2.16. An eighth order triangular sum labeling of doubiar ¥, 3 4s shown in
figure 2.8.

U o

v 6818

2142595
72353 462979

Vo
462722

2135777

Figure 2.8: Double star K 5 swith an eighth order triangular sum labeling
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Theorem 2.17. Y ., admits an eighth order triangular sum labeling.

Proof: Let P, be the pathu, . . . . Let v be the vertex adjacent tg@ The resultant
graph G is Y. with vertex set V(G) = {y v/ 1<i < n} and the edge set E(G) ={u,
VU,/1<i<n—1}. Clearly the graph G has n + 1 vertices ardiges. Define f: V(G)-
W by

f(ul) =1
f(Uz) =0
f(v) = 257

f(Ui) =H,- f(Ui.l)y 3<i<gn.

Then f induces a bijectionl f E(G)— {H4, H, . . ., H} given by

(i) = f(l) +f (W) =1=H

f(uv) = f(w) +f(v) =257 =H

f(uaus) = f(p) + f(us) = 0 + 6818 =

f(Wliea) = (W) + f(Uea) = f(U) + Hi— f(U) = Hig, 3<i<n.

Cleary, the induced edge labels are the first hteigrder triangular numbers. Hence G
admits an eighth order triangular sum labeling.

Example 2.18. An eighth order triangular sum labeling\od,is shown in figure 2.9.
257

Uy 6818 72354 y, 462979 g

1 1 o

Uz
6818 66536 396443
Figure 2.9: Y., with an eighth order triangular sum labeling

Theorem 2.19. Tg, admits an eighth order triangular sum labeling.

Proof: Let wu, . . . y, be the path of length n. For<lj < n — 2, let yand whbe the
vertices adjacent to.u. The resultant graph is called a Twig graph, Wgth vertex set
V(Tgn) ={ui, v, W/ 1<i<n, 1<j<n -2} and the edge set E(J& {Uilis1, ViUir1, Willsq
/1<i<n-1, 1I<j<n-2}. Clearly the graph Tdas 3n- 4 vertices and 3r 5 edges.
Define f: V(G)— W by

f(UZ) =0

f(us) = Hy

f(u) = Hi_2- f(ui.1), 4<i<n
f(u1) = Hans

f(vi) = Hozsi— f(Us), 1<i<n—-2

f(W|) =Hs,.5.i— f(u+1), 1<i<n-2.

Then f induces a bijectiofl f E(G)— {Hq, H., . . ., H,_4 given by
' (Utz) = f(uy) + f(Up) = Hans

' (W) = f(u) + f(Usr) = Ha, 2<i<n-1

f+(Viui+1) = f(Vi) + f(ui+1) = Hn-2+i, 15 [ <n- 2.

' (Wille1) = f(W;) + f(Us1) = Hanos.y 1<i<n-2.

215



C. Jayasekaraand C. Sunitha

Cleary, the induced edge labels are the first53gighth order triangular numbers. Hence
Tg,admits an eighth order triangular sum labeling.

Example 2.20. An eighth order triangular sum labeling of,Tig shown in figure 2.10.

790739¢ U
7907391

\Y; W1

6818 el 6818 - Uy 2142595 ¢ 9142594

1

V2 72354 Us 462979 W2

72353 o 1 ® 462979
257
o Uy

256
Figure 2.10: Tg, with an eighth order triangular sum labeling

Theorem 2.21. The coconut tree T(m, n) is an eighth order tridagsum labeling.

Proof: Let w, W, ..., W, be the end vertices of stan K with central vertex u. Let
Vi, Vz, ...,Vmbe the path R Identifying v with u. The resultant graph G is a coconut tree
T(m,n) with vertex set V(G) = {y u/L<i<m, 1<j < n} and edge set E(G) = {W.1,
v,/ 1<j<n, 1<i<m-1}. Clearly G has n + m vertices and n + medbes. Define f:
V(G) - W by

f(vy)) =0
f(vi) = Hia - f(via), 2<is<m
f(U) = Hyja, 1<i<n.

Then f induces a bijectiorl f E(G)— {H4, Hy, . . ., Hun1} given by
f (v ivie)) = f(vi) + f(Vier) = H, 1<ism-1
fval) = f(va) +f(U) = Hpjg, 1<j <0

Cleary, the induced edge labels are the first n + Ineighth order triangular numbers.
Hence G admits an eighth order triangular sum lapel

Example 2.22. An eighth order triangular sum labeling of T(4, ig)shown in Figure
2.11.
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46297¢ 214259

1 o Vo

257

256 ¢ V3

6818

6562° v,
Figure 2.11: Coconut tree T(4, 4) with an eighth order triangsliam labeling

3. Conclusion
In this paper, we prove the seventh and eighthrdr@engular sum labeling of star graph
Ky, double star K, ,, bistar B,, Y+ 1, Tg, and Coconut tree T(m, n).

1.
2.

3.
4.
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