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Abstract. We introduce new topological indices, the first aedond Dakshayani indices,
general Dakshayani index. The second Dakshayaekiigla linear combination of the
modified first Zagreb index and inverse degree. Whtiate a study of these new
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1. Introduction

Let G = (V(G), E(G)) be a finite, connected graph. The degilg@) of a vertexu is the
number of vertices adjacent to The complemenG of G is the graph with vertex set
V(G) in which two vertices are adjacent if they aret moljacent inG. Clearly
dé(u):n—l— dg (u), wheren is the number of vertices i®. For other undefined

notations and terminology, the readers are refetoefil]. A topological index is a
numerical parameter mathematically derived fromgitsoh structure.
In [2], Milicevi¢ et al. proposed the modified first Zagreb indekiol is defined as

1
"™, (G)= > >
uev(e) dg (u)
This index was studied in [3].
The inverse degree is defined as

1
ID(G) = :
2 de
This index has attracted through a conjecture @fi@[4]. The name inverse
degree was proposed in [5].
We now introduce the first and second Dakshayatices, defined as

DK, (G Z ds de ( 7 (1)

ueV(G
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DK,(G)= 3 dgl)—1—. @
uev(G) dg (u)
We continue this generalization and defined theege Dakshayani index of a

graphG as
Z ds ()
ueVv(G

wherea is a real number.
Clearly,DK™(G) = DK4(G), DK™4G) = DKy(G).

Recently, many new topological indices watelied, for example, in [6, 7, 8, 9, 10].

In section 2, we obtain exact value of thst fand second Dakshayani indices for
some standard graphs. In section 3, we determime $@asic properties @K, and DK,.
In section 4, the first and second Dakshayani exliand general Dakshayani index of
polycyclic aromatic hydrocarbons and jagged redeabhgnzenoid systems are computed.

2. Resultsfor some standard graphs
The following are the first and second Dakshayaudides for paths, cycles, complete
graphs, bipartite graphs.

Proposition 1. Let P, be a path witm > 3 vertices. Then

. 1 . 1

(i) DKl(Pn)zz(n—Z)(M—ZD. (ii) DKZ(Pn):Z(n—Z)(nJrS).
Proof: Let G = P,. The vertex partition o& is given in Table 1.

de(W) \u O V(G) 1 2
ds(W\ueV(G) n-2 n-3
Number of vertice: 2 n-2

Table 1. Vertex partition o,

() DKy(R)= > ds 1 __(n- 2)2+(”_3(”_2=—](n—2>(n+1>.

ueV(G) dG(u) 1 2
(i) DKy (R)= 3 dglu)—t =N 22, (02022 Ky 50y
uev(G) dg (u) 1 2

Proposition 2. Let C, be a cycle witn = 3 vertices. Then

. 1 . 1

(i) DKl(Cn):En(n—S). (ii) DKZ(Cn):Zn(n—S).
Proof: Let G = C,.. The degree of each vertex@fis 2. Thus the degree each vertex of
C,is (n—3). Thus

, B 1 (n—3n
(i) DKl(cn)_ug(:G)dé(u)dG 0= 2
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i) DKy(C)= 3 dg(w—2 2_(“;23)“_Zln<n_3>.

Proposition 3. LetK, be a complete graph with= 3 vertices. Then
() DKy(K,)=0. Also DK, (K,)=0.
(i) DK,(K,)=0. Also  DK,(K,)=0.

Proposition 4. LetK,, , be a complete bipartite graph witeIn< n. Then

(1) DKy (Kpnn) = nin-1 , mm-1

m n
Y UM ELERLLE)

Proof: Let G = K, n. The vertex partition of is given in Table 2.

de(u) \u O V(G) m n
ds(W\ueV(G) n-1 m-1
Number of verties n m

Table 2: Vertex partition oK, ,

: B ) 1 (n-Dn (m-—2Im
(I) DKl(Km,n> - UGEV(G)dG (U) dG (U) - m + n :
) 1 (n—Dn (m-2m
DK, (Kmn)= 3 dg (W) = .
(i) 2(Kmn) 2 u 3 ()2 2 + 2

Corollary 4.1. LetK, ,_1be a star witln > 2 vertices. Then
Proposition 5. Let Gbe anr —regular connected graph witte 2 vertices. Then
() DK,(G)=n(n—1-r). (i) DK,(G)=-=n(n—1-r1).
r r

Proof: The degree of every vertex of einegular graplG isr. The degree every vertex
of Gisn—1-r.

(i) DK, (G)= Y ds(u)

1 (n—=1-r)n
( .

uev(G) dg (u) r
i) DK,(G)= 3 dglu)—t = N=1-0n
uev(G) dg (W) r
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A double stafs, 4 is the graph obtained from joining the centerswaf starsK; - 1
andKy, 4-1 with an edge.

Proposition 6. Let S, 4 be a double star witht+q vertices. Then

. -1 -1
() DKy(Syq) ==+ E = +(p+a-27, (4)
i, -1 -1
(ii) DK2<Sp’q):q?+ pqz +(p+g—272. 5)
Proof: Let G =S, ;. The vertex partition db is given in Table 3.
ds(u) \u O V(G) p q 1
dg (W\ueV(G) q-1 p-1 p+ag-2
Number of verties 1 1 p+q-2

Table 3: Vertex partition of§, 4

() DK,y (Spq)= 3 dgl—— ==L Py (22,
uev(G) dg () p
. 1 qg-1 p-1 2
(i) DK ds = + +(p+q-2)°.
#(Soa) = ue%(:G dG(u>2 P2 g’

Corollary 6.1. Let Sn n be a double star with vertices. Then,

0) DKl( -

n) 4n—g+6
2

M\:

n)_ 4n+f—%+4.
- n
2

(ii) DKZ( -

N\:
I:

Proof: (i) Put p= q:g in equation (4), we get the desired result.

(ii) Put p=

I\JIDN

q:g in equation (5), we get the desired result.

Proposition 7. Let G be a graph witm vertices. Then (i) & DKy(G) and (ii) 0<
DK,(G). In (i) and (ii), equality holds if and only =K, or K_n

3. Results on Dakshayani indices
In this section, we investigate some mathematiagbgrties of Dakshayani indices.

Proposition 8. Let G be a simple connected graph. Then
DK, (G)=(n-1ID(G) -
Proof: Follows from equation (1).
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Proposition 9. Let G be a simple connected graph. Then
n<(n-1I1D(G).
Proof: This follows from propositions 7(i) and 8.

Proposition 10. Let G be a simple connected graph. Then

DK, (G)=(n—1"M,(G) - ID(G).
Proof: We have

1 1
DK, (G) = d= (u) = n—1—de. (u)
’ uevz<e> © dg (2 uevz@[ © ]dGm)Z
1 1
= (n-1) -
ue%(:G) " d(;(u)2 dg (u)

Thus DK, (G)=(n—1"M,(G) - ID(G).
Therefore the second Dakshayani index is a lineanbination of the modified first
Zagreb index and inverse degree.

Proposition 11. Let G be a simple connected graph. Then

(i) li(G>:ni_l[DK2(G>+|D(G)].

(i) ID(G)=(n—1"M,(G)—DK,(G).
Proof: These follow from propositions 7(ii) and 10.

4. Resultsfor some chemical compounds

4.1. Resultsfor polycyclic aromatic hydrocarbons

In this section, we focus on the chemical graphcstre of the family of polycyclic
aromatic hydrocarbons, denoted B&H,. The first three members of the fami®aH,
are given in Figure 1.

Figure 1:

Let G=PAH, be the chemical graph in family of polycyclic aratio
hydrocarbons. By calculation, we obtain tBahas &° + 6n vertices. There are two types

of vertices inG and henceG has two types of vertices as given in Table 4.
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dg(u) \u O V(G) 1 3
ds(W\ueV(G) 6n°+6n-2 6n°+6n-4
Number of verties 6n 6n2

Table4: Vertex partitions ofs and G .

Theorem 1. The first and second Dakshayani indices of thalfaof polycyclic aromatic
hydrocarbon$AH, are

(i) DK,(PAH,)=12n" + 4&°+ 2&° - 12

100

(i) DK,(PAH,)=4n" + 40n° + ~1n

Proof: Let G = PAH, be the chemical graph in the family of polycycliomatic

hydrocarbons.
Q) From equation (1) and using Table 1, we deduce
DK, (PAH, )= > dg (u

ueVv(G) ( )

=|(6n? +6n— 2)1) -+

(624 61— z)?l)j %
=12n* 4+ 483 + 282 — 12
(i) From equation (2) and using Table 1, we deduce

DK, (PAH,)= > dg
ueVv(G) dG (U)

—|(6n*+ 6n— 2)—2} -+
1

(@2+ &1 z)—l &2
32

100

=4n* + 40n®+ —1h

Theorem 2. The general Dakshayani index of the family of pgblic aromatic
hydrocarbon®AH,, is

DK?(PAH, ) =6n(6n?+ &n— J+ 6< 3n?( &2+ 6— 4
Proof: Let G = PAH,. By using equation (3) and Table 1, we obtain

DK?(PAH,)= ) dg
uev(G)

:[(6n2+6n_2)f}61+[( 6%+ 6— 4 3] 62
(6n’+6n—2 e+ (6% + 61— 4 62

4.2. Resultsfor Benzenoid systems

In this section, we focus on the chemical grapbcstire of a jagged rectangle benzenoid
system, denoted bB,,, for all m, n 0 N. Three chemical graphs of jagged rectangle
benzenoid systems are presented in Figure 2.
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%@j
- \,jr{r

B,

Flgure2

Let G=B,, be the graph in the family of a jagged rectangiezenoid system. By
calculation, we obtain th& has 4nn + 4m + 2n — 2 vertices. The grapB has two types

of vertices and henc& has two types of vertices as given in Table 5.

de(W) \u O V(G) 2 3
ds(W\ueV(G) 4mn+4m+2n—3  4mn+4m+2n—4
Number of verties 2m+4n + 2 Amn + 2m—2n—4

Table5: Vertex partitions ofs andG.

Theorem 3. The first and second Dakshayani indices of theilfaaf jagged benzenoid
system®B,,, are

() DK (Bp, )—%Sm n? +12m°n+ 8m?+ am+ 230m — T+ snz— 41+—;
- 16 , , 42 26 , 13 14, 5
) DK,(B =—m"n m?n+4mn?+ 3mn+-—m?-—=m+-=n’- n+—
(if) 2(Brnn) 3 +g MmN+ +3m+ s+ g

Proof: LetG = By, -

® From equation (1) and using Table 2, we derive
DKy (B )= Z ds RO
ueVv(G G

=[(4mn+4m+ n-— 3%‘( m+ b+ 2

+|(4mn+4m+ 21—4)%(4mn+ - 2 3

m?n? +12m°n+ 82+ 2nn+ 230m — T+ sn — 41+_;

16

(ii) From equation (2) and using Table 2, we derive

Ky(Bnn)= > dgU)——

uev(G) (u)

=|(4mn+ 4m+ 2n— 3 s|(+ 4+ 2
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+|(4mn + 4m+ 2n—4)3—12(4rnn+ m- 22— 4

16 s o 42 5 26 , 13 14 , 5
=m?n? + ="mn+4m 2+ 3m+ =m?-=m+-—=n’- n+—.
9 9 9 6 9 18

Theorem 4. The general Dakshayani index of the family of @gectangle benzenoid
systemsB,, is

DK( ) 22 (4 + 4m+ h— 3(2n+ 4— 2

+3*(4mn+ dm+ h— 4(4n+ In— 2— &
Proof: Let G = By,,. By using equation (3) and Table 2, we deduce

DK? ( ) 22(4mn+ 4m+ h— 3(2n+ 4— 2
+3(dm+ 4m+ h— 4(4n+ In— 2— 4
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