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1. Introduction

In1965, Zadeh introduced the concept of fuzzy subka set as a way for representing
uncertainty [15]. Zadeh's ideas stirred the intedsresearchers worldwide. Moderson
and Nair discussed fuzzy graph theory fuzzy hymeigr[4]. Fuzzy graph is the
generalization of the ordinary graph. The formatheeaatical definition of domination
was given by Ore in 1962 [10]. In 1975, Rosenfelldduced the notion of fuzzy graph
and several analogs of theoretic concepts suchaths pycle and connectedness [11].
Somasundaram and Somasundaram discussed the domimatfuzzy graph using
effective arc[12]. Nagoorgani and Chandrasekaroudised the strong arc in fuzzy graph
[8,9]. Bhutani and Rosenfeld have introduced thecept of strong arcs in fuzzy graph
[1,2]. Several works on fuzzy graph are also don@#&l and Rashmanlou [5,6], Methew
and Sunitha [7], Samanta and Pal [14-20]. Befoseudis case study of non strong arc in
Cartesian product of fuzzy graph, we are placedgeliminary

2. Preliminaries[8, 13]
Definition 2.1. Fuzzy graph Gf, u) is pair of functiony — [0,1] andu:V x V - [0,1]
where for al, vin V , we haveu(u,v) < o(u) A o(v).

Definition 2.2. The fuzzy graplH (z, p) is called a fuzzy subgraph of &) if t(u) <
o(u) foralluin Vando(u,v) < u(u,v) forallu,vinV.

15



C.Y. Ponnappan and V.Senthilkumar

Definition 2.3. A fuzzy subgraptt (z, p) is said to be a spanning sub graph of,Gj if
T(u) = a(u) for all uin V. In this case the two graphs hale same fuzzy node set,
they differ only in the arc weights.

Definition 2.4. Let G(g, 1) be a fuzzy graph andbe fuzzy subset o#, that is,z(u) <
o(u) foralluin V. Then the fuzzy subgrpah of &) induced byr is the maximal
fuzzy subgraph of G(u) that has fuzzy node set Evidently, this is just the fuzzy
graphH(z, p) wherep(u,v) = 7(u) At(v) Au(u,v) forallu,vin V.

Definition 2.5. The underlying crisp graph of a fuzzy graphoG() is denoted by
G* =(o",u"), where
c"={u€eVicw>0}andy" ={(u,v) VXV | u(u,v) >0}

Definition 2.6. A fuzzy graphG(o,u) is a strong fuzzy graph f(u,v) = o(u) A
o(v) forallu,v € u* and is a complete fuzzy graph if

ulu,v) =oc(w)Ao() forallu,vinoc*.
Two nodes u and v are said to be neighbauguf v) > 0.

Definition 2.7. A fuzzy graph G =, p) is said to be Bipartite if the node set V can be
Partitioned into two non empty sets ¥nd \, such thatu(vl,v2) = 0 if vi,voe V; or
v1,V2eV,. Further ifu(vy,v,) > 0 for all vieV,; and eV, then G is called complete
bipartite graph and it is denoted Ky, ., whereol & o2 are respectively the restriction
of o to V; and \b

Definition 2.8. The complement of a fuzzy graph &) is a subgraphG =
(0, 5) whereg = o and g(u,v) = o(w) Aa(v) —pu(u,v) forallu,vinV.
A fuzzy graph is self complementarydf= G

Definition 2.9. The order p and size q of a fuzzy grapho@() is defined asp =
Yuev o(u) andg = Z(u,U)EE p(u, v).

Definition 2.10. The degree of the vertex u is defined as the surweifiht of arc
incident at u, and is denoted by d(u).

Definition 2.11. A Pathp of a fuzzy graph G{, 1) is a sequence of distinct nodes w,
Vs...Vy such thafu(v;_;,v;) > 0wherel <i<n . A path is called a cycle i, =
u, andn > 3.

Definition 2.12. Let u, v be two nodes in @(u). If they are connected by means of a
pathp then strength of that path i&j-; p(u;_1, v;) -

Definition 2.13. Two nodes that are joined by a path are said te@dmmected. The
relation connected is reflexive, symmetric and sitwe. If u and v are connected by
means of length k, theru*(u,v) = sup {u(w, vy) A vy, v2) o A u(Vi—1, vi) |

U, vq, vy, ... v in such patip }
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Definition 2.14. A Strongest path joining any two nodes u,v is d& matrresponding to
maximum strength between u and v. The strengtthefstrongest path is denoted by
p2(w,v). p*(w,v) = sup {u(w,v) 1k=1,2,3.}

Example 2.1.
u(0.8) 0.4 v(0.5) y(1)
0.6 0.3 0.5 40
w(0. x(0.5) z(0.5)
(@ (b)
Figure1:

In this fuzzy graph, Fig 1(a), u = w, v, x is a vpath of length 2 and strength is 0.3.
Another path of w-x isw, u, v, x of length 3idastrength is 0.4.
But strength of the strongest path joining w anslx°(w, x) = sup{0.3,0.4} = 0.4

Definition 2.15. Let G, u) be fuzzy graph. Let x, y be two distinct nodes @nbe the
fuzzy subgraph obtained by deleting the arc (xhattisG (o ,u") whereu'(x,y) =
0 and u' = pfor all other. Then (X, y) is said to be fuzzy bridge in Guif(u,v) <
u”(u,v) for someu,vinV

Definition 2.16. A node is a fuzzy cut node of &) if removal of it reduces the
strength of the connectedness between some otineaf pendes. That is, w is a fuzzy cut
node of Gg, ) iff there exist u,v such that w is on every strestgpath from uto v .

Definition 2.17. An arc (u, v) of the fuzzy graph G(u) is called an effective edge if
u(u,v) = o) Aa(v) and effective edge neighborhood ot U isN,(u) = {v €
V:edge(u,v) is ef fective}. N,[u] = N.(u) U {u} is the closed neighbourhood of u.
The minimum cardinality of effective neighborho®d G) = min{|N,(u)| u € V(G)}.
Maximum cardinality of effective neighborhodd(G) = max {|N, (w)| u € V(G)}.

Domination in fuzzy graphs using strong arcs

Definition 2.18. An arc (u,v) of the fuzzy graph @(u) is called a strong arc if
u(u,v) = u*(u,v) else arc(u,v) is called non strong. Strong neighbod of ue V is
Ns(u) = {v € V:arc(u,v) is strong} . Ng[u] = Ns(u) U {u} is the closed neighborhood
of u. The minimum cardinality of strong neighbookdad;(G) = min{|Ng(u)|:u €
V(G)} . Maximum cardinality of strong neighborhodd(G) = max {|N; (w)|:u €

V(G)}-

Definition 2.19. Let G(g, 1) be a fuzzy graph. Let u, v be two nodes of @&[j. We say

that u dominates v if edge (u,v) is a strong arsuBset D of V is called a dominating set
of G(o,u) if for everyv €V — D, there existax € D such that u dominates v. A
dominating set D is called a minimal dominating geho proper subset of D is a
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dominating set. The minimum fuzzy cardinality talerer all dominating sets of a graph
G is called the strong arc domination number anddesoted byy,(G) and the
corresponding dominating set is called minimumrgrarc dominating set.. The number
of elements in the minimum strong arc dominatirtgsdenoted by nf.(G)]

Example 2.20. In fig(i)(a), (u, v), (u, w), (v, X) are strongcs and (v, w) is non strong
arc. D; ={u, x} ,D, = {w, x}, D3z = {w, v} ,D4={u,v} are dominating sets. AlsoPD,,
D3 D, are minimal dominating sets. Therefd@® | = 0.8 + 0.5 = 1.3,|D,| = 0.7 +
0.5=1.2,|D3| =05+0.7=1.2and

|D,| = 0.8+ 0.5 = 1.3. Therefore, min{1.3, 1.2,1.2,1.3}=1.2.

Hence Qand B, are minimum dominating setsy, = 1.2 and ny, [G] = 2.

3. Case study of non strong arcin Cartesian product of fuzzy graph
Consider the Cartesian product G(V,X) £2GG, of G,and G. Then V= VixV, and
X: { ((UIUZ)!(ulVZ)) / ue Vl! (UZ 1V2) € X2} U {((u 1!W)1(V11W)) /WE VZl(UZlVl) € Xl} .

Definition 3.1. Let g; be a fuzzy subset of;¥nd lety; be a fuzzy subset of X= 1,2.

Define the fuzzy subsetg X o, of V andu; X u, of X as follows:

(01 X 03 )(ug, uz) = min{ oy (u1),02(uz)} V(ug, uz) €V

(1 Xﬂz)((u» uy), (u, Uz)) = min {0y (u1), p2(Uz, v2)}Vu € V1V (up,v2) € X, and

(X Hz)((upw): (UI'W)) = min{0, (W), (uy,v1)} Yw €V, and Vv (uy,v,) € X;
Then the fuzzy graphoG{ o,, u; X u,) is said to be the Cartesian product

of Gy (01, 41) andG, (o2, 142) -

Theorem 3.2. If any two vertices of fuzzy graph @) are connected by exactly one
path then every arc of @(u) are strong.

Proof: Let G(g, ) be a connected fuzzy graph and let n be the nuwdséces of G.

Take n =2 , there must be u and v adjoined ri®y arc (Since G is connected fuzzy
graph ) .Clearly u® (u.v) = sup{ u(u, v)} = u(u, v). Therefore , arc (u, v) is strong.
Assume that n > 2. In a fuzzy path, i&(u. v) of any arc in the path will be same
fuzzy valueu(u,v) of the arc(u,v) since connected by one path. By the above
argument ,evidently it is proved thaf (u.v) = u(u,v) for any number of arc in a
given path .Hence all the arc are strong.

Theorems 3.3. Let G, 1) be a fuzzy cycle in which lowest fuzzy value ofan occurs
at more than once ,then that arc must be strong.
Proof: Let G(g, 1) be a fuzzy cycle as in figure (ii) and l6t, v) < u(v,w) < u(u,w)

u

(u,w)
u(w,v)

u(w,w)
Figure2:

Suppose u(u,v) < u(v,w) < u(u,w) , then obviously arc (u, v) is non strong .

18



Case Study of Non Strong Arc in Cartesian Prodfietuazy Graphs

Ifnot  u(w,v) = p(v,w) then pu®(u.v) = sup{ u(w, v), u(v,w)} = u(u, v)
( Since there are two paths connecting u and wénw) = u(v, w))
Hence, arc (u, v) is strong ( by definition 3.1)

Example 3.1.
u
0.6
0 w
0.3
%

Figure3:

pw,v) = ulv,w) =03 , thenu®(u.v) = sup{ u(u,v), u(v,w)}
u®(u.v) = sup{ 0.3,0.3} = 0.3 =u(u, v) . Hence, arc (u,v) is strong .
Note that, In the above example, all arc are strong.

Theorem 3.4. Let G(gy X 0,, 1y X pp) be the Cartesian product of fuzzy graph
G1(oy, 1) andG,(oy, uy). If G,(01,1,) andG,(o,, u,) doesn't have any non strong arc
then G, X 0,, u; X u,) doesn’'t have any non strong arc.

In other words, if all the arcs of; @nd G are strong then all the arcs of, & G,

are strong.
Proof: Assume that; (g4, u;) andG, (o, u,) are as in Fig. 4 (a) ,(b)
01(v1) 02 (v2)
ty (ug, vy1) pa(uz, v2)
o1 (uy) o, (uz)
(a) (b)
Figure4:

The Cartesian product of fuzzy graphx@s, of G, and G are drawn as in fig (iv)

012 (U, Up) ta2{(uq, uz), (Uq, v2)} 012 (U1, V)
Pa2{(uq, uz), (v1,uz)} Paz2{ (U1, v2), (v1,v2)}
012(V1, Up) t12{(v1,Uuz), (v1,v2)} 012(V1,v7)
Figureb5:
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Here G and G are fuzzy path (or any fuzzy graph).
Clearly all the arcs of Gand G are strong arc.(by theorem 3.1)

We have to prove that all the arcs of X5G, are strong. It is enough that we prove all
the four arcs of fig (iv) are strong arc. The grobthe above hypothesis is discussed in
the three four cases below.
Casel:

Supposeo;(uy) < pa(Uz,v2) and 01 (v1) < pz(Uz, v7) 1)
By definition 2.1, u; (uq,v1) < 01(v1) A o1(uy) and py(uy, v,) < 0,(uy) Aoy (vy)
Now, 01(v;1) < pa(ug,v2) < 03(uz) Aoy (vy) (by (1)
Hence, we must have o (u;) < 0,(u,) and o;(uy) < o, (vz)} 5

Similarly, g, (v1) < 0,(u,) and g, (v1) < g, (v,) (2)
By definition of Cartesian product, a vertexaf a; (u;) of G; can contribute two new
vertices ofoy,(uq, uy) , 012(uq,v2) and pp{(uq, uyz), (U, v5)} in Gy X G,. Similarly,
v; can be done in the same method. As in fig (@lofving are the four arcs, whose
fuzzy values are to be found.

Now, 1y Xpp{(uy, uz), (Ug, v )} = min{ oy (wy), pz(uz, v2)} = 01(uy) (by (1))
i Xpg {(v1, uz), (vy,v2)} = min {0y (v1), ua(uz, v2)} = 01(v1) (by (1))
Xtz {(ug, uz), (1, uz)} = min { py(uy, v1), 02U} = pq(uy,vq)
s Xz {(ug,v2), (V1,v2)} = min { gy (ug, v1), 02(v2)} = pq(ug, v1)
{ Foruy(u, v1) < 01(uy) A 01(v1) < 02(uz) Aoz (v2) by (2)
Hencey; (ug,v1) < 02(u)  and py(uy,v1) < 02(v2)}

Now, the above arcs value are to be plottedjifi¥). The fuzzy graph &X G,
becomes

o1(uy)

pa(ug,v1) pa(uq, v1)

a1(v1)
Figure®6:

Sincey (ug,v;) < oy(uy) A o1(vy) and (by theorem 3.2, Let &) be a
fuzzy cycle in which lowest fuzzy value of an aocors at more than once ,then it must
be strong arc.) . Hence, all the arcs are strorg X G,

Case 2
Suppose oy (ug) > py(uz,v2) and oy (vy) > py(uy, v7) 3)
i Xpa{(ug, uz), (Ug,v2)} = min{ o3 (wq), U (uz, v2)} = pa(uz, v2) (by (3))
pa Xz {(vy, uz), (v1,v2)} = min {0y (v1), pz (uz, v2)} = pa(uz,v2) (by (3))
paXpa {(ug, uz), (v1,u2)} = min{ py(ug, v1), 02(uz)}
1 Xpz {(ug, v2), (v1,v2)} = min{ py (ug, v1), 02(v2)}
p2(uz, v2) (O )= pq(ug, v1).

For,

If wy(uq,v1) = Uy (uy,vy)  then we must have,(uy) = u, (uy,vy) , 0,(vy) =
Uy (uy,vy) and if py(uqg, v1) < pp(uy,v,) then we must haveo,(u,) = g (uq, v1),
02 (v2) = pa(ug, v1)

} = any fuzzy value but
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In this caseu,(uy, v,) or uy(uq, v1) is the lowest fuzzy value of other arcs of X6 G,
and it can occur more than once. By theorem 3lzheaarcs of G X G, are strong.
Case3:
Supposegy (u1) < pz(uz,vz) andoy (v1) > pp(uz, v7) (4)
i Xpa{(ug, uz), (Ug, v2)} = min{ o3 (uy), po(uz, v2)} = 01(uy) (by (4))
i Xpz {(vy, uz), (v, v2)} = min {01 (v1), p2(uz, v2)} = pa(uz, v2) (by (4))
paXpz {(ug, u2), (V1 uz)} = min { py(ug, v1), 02(u2)} = pa(ug, v1)
FH1XH2 {(u1,v2), (v1,v2)} = min {1 (uy, v1), 02(v2)} = paug, v1)
or,
Now, pi(us,v1) < 01(u1) <pp(up, vy).
Therefore, we must have, (u,,v;) < g,(u,) and u, (uy, v;) < a,(v,) . From (4), we
also haver, (u,) > o,(uy), ando,(vy) > gy (uq).
In this caseu, (uq,v,) is the lowest value of all other arcs of x6G, and this arc
occurs more than once in fuzzy cycle. Hence alkties are strong.
Case 4
Supposer; (wy) = py(uz,v2) and o1(v1) < pa(uz, v2),
o1(uy) < pp(uy,v;) and o1 (v1) = uy(u,, v,) and
o1(uy) = uy(uy, v3) and 0, (v1) = py(Up, v3) -
Evidently , this case can be proved by the albloree cases.
Hence, if all the arcs of Gand G are strong then all the arcs of; & G,are strong.

Examplefor case (i)

¥0.5) 2(0.9) 0.5
11(0.4) U, (0.8) 0|4 0.4
Y 0.6) (L) 0.6
G G, G,
Figure7:
Examplefor Case (ii)
¥(0.5) 29.7) 0.3
u(0.4) (or)| 0.2 U (0.3) 0.4 (qr) 0.2 Qot) (0.2
4( 0.4) 2(6)) 30.
G G, X8
Figure8:
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Examplefor Case (iii)

¥(0.7) 2(0.9) 0.5
0.3 50. .3 0.3
W 0.4) 2(0.6) 0.4
G, L 156G,
Figure9:

Examples of the above thrases shows that if all the arcs of &d G
are strong then all the arcs of, & G, are strong.

Note 3.5. Converse need not be true.
If all the arcs in G X G, are strong, it is not necessary that all arcs;iiGin G must
be strong. In other words, non strong arc castéxiG, or in G,.

Note 3.6. If either G or G, have an non strong arc then & G, need not have non
strong arc.

But, if both have non strong arc thepn % G, must have non strong arc.

The following theorem proved that existence of ssong in G X G..

Theorem 3.7. Let G, and G be two fuzzy graph of which at least one has rioong
arc, then the existing non strong arc in; X6 G, depends on the fuzzy value of the
vertices of G or G, depends upon the non strong arc that appears;ior & G
respectively.

That is, though Gor G2 have non strong arc, it is not necessatyGhX G, must have
non strong arc.

Proof: To prove this hypothesis, we can take the minimomnsileration of fuzzy graph
as follows.

Let G, (01, u1) be fuzzy graph which has one non strong and}éb,, u,) be another
fuzzy graph which has no non strong respectivefigiiv) (a) and (b)

o;(wy) 0, (uz)
P (ug, wy) 1(v1, wy) to (Uz, v2)
o1 (uy) p(ug,v1)  0y(vy) 0, (v2)
(@ G () G
Figure 10:
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Assume thatu, (uq, v1) < pu1(vy, w1) < pq(uq, wy) . Therefore py (uq, v1) is anon
strong arc @ by theorem 3.1), there is no non strong in G
Claim: The existing non strong (u,,v,) arc in G X G, depends omn;,(u,) andag, (v,)
The proof of this claim to be discussed in threzmesa
Casel: Let py(uy,v1) <o(uz) andpy (uy,v1) <oy(vy) 0)
Let G(oy X 03, 1y X uy) be the Cartesian product of fuzzy graflioy, u;) and
G, (o4, uy) are drawn in Fig 11.

012 (U, Up) 012(Uy, V)
Non stromg
012 (K, Uz2) 012 ( )
012(Wy, Uz) 012(Wy,uz)
Figure 11.

Now, fuzzy value of the arc of \&X G, are found as follows.
P Xz {(uq, up), (v1,up )} = min{ o, (uy), uy(ug, v1)} = w1 (ug,v4) (by (i)
Xtz {(v1,u2), (Wy, uz)} = min { o3 (), p (v, wi)} = (v, wy) (0r) o2(usz)
(Since, py(uq,v1) < pq(vy,wy) < py(uqg, wy) and by(i) )
Xz {(ug, uz), Wy, uz2)} = min { g (uq, we), 02(uz)} = pq(uq, wy) (0r) oz (uy).

These three fuzzy arc formed in ontheffuzzy cycle in &X G, as in fig (v), in
which yy (uq, v1) is the lowest value and this becomes non streieeu, (uy,v,) <
o (uz) -

Hence , there is one non strong exist i35, when non strong, (u,,v;) arc
in G; depends on,(u,) such thap; (uq,v1) < o,(uy) .
Similarly, pu; Xpp{(ug, v2), (v1,v2)} = min{ 05 (v,), pa (ug, v1)} = pa(ug, v1) (by (i) )
1 Xpz {(vy,v2), Wy, v2)} = min {o2(v2), 1 (v, w1} = py(vy, we) (0r) 02(v2)
(Since, py(ug, 1) < py (v, wy) < py (ug, wy) and by(i) )
ta Xty {(ug, v2), (Wy, v2)} = min { py (ug, wi), 02 (v2)} = pa(ug, wy) (01) 02(v2)

These three fuzzy arc forms another fuzzy cycleGnX G, as in fig (vi), in which

U1 (uq, vy) is the lowest value and becomes non strong arcegi (uy, v;) <o, (v,).
From the above argument , it is concluded the non strong arc existing in &

G, depends om,(u,) ando,(v,) of G, where non strong, (u,,v,) arc is in G and

therefore there are two non strong arcs inXGG, ,since non strong agg (u;,v;) <

02(uz) and py (ug, v1) <0,(vy).

Case2: Let  py(uy,v1) >0(up) andpy(ug,v1) >02(v2) (if)
Now, fuzzy value of the arc of ;& G, are found as follws.

s Xpa{(ug, uz), (v1,uz)} = min{ o3 (uz), pa (ug, v1)} = 02 (uz) (by (i)
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Xz {(vy,uz), (Wi, uz)} = min {0z (uz), 1 (1, w1t = 02(uz)
(Since, p1(ug, v1) < py (v, w1) < pg(wg, wy) and by(i) )
HaXpz {(ug, uz), (We,uz)} = min { py(ug, wi), 02(u2)} = pa(ug, wy) .

These three fuzzy arc forms fueggle in G X G, as in fig (vi), in which all
the arc value becomes strong sin¢éu,,v;) > o,(u,) anda,(u,) is the lowest value
that occurs more than once in & G, Similarly , the same result provided by non
strong arqu; (u4,v1) in Gby the Cartesian product witty, (v,).

Therefore, in this case no non strong aistein G, X G, , sinceyu,(uq,v,) >
02(uz) and py(ug,v1) >02(v2)

Case3: Let uy(uy,v1) =02(uz) and py(uy,v4) = 02(v2)

Now, fuzzy value of the arc of ;& G, are found as follows.

pa Xpa{(ug, uz), (v1,uz )} = min{ o5 (uy), pa (ug, v1)} = 02(U2) = pa(uy, v4) (by (i)

ta Xty {(V1,uz), (W1, up)} = min {0y (uz), g (1, W)} = 02(uz) = py(ug, v1)

(Since , p1(uy,v1) < g (v, wi) < py (ug, wy) and by(ii) )

paXpz {(ug, uz), Wy, uz)} = min { py (ug, wi), 02(u2)} = 02(up) = pa(ug, vy) -
These three arc with same fuzzy value in fuzzylecyie G, X G, are strong

(by theorem 3.2), similarly the same result efdsiother three arcs.
Therefore, in this case also no non strong &ist an G, X G, ,

Cased: Let py(uy,v1) < 03(uz) and py(uy,v1) = 03(v2)

From the above cases, in case (1),there is onestnomg arc existing in GX G, when

u(uq,v1) < 0,(uy) and in case (2), case (3) and case (4) , alhtte of G X G, are

strong, wheny, (uq,v1) = a,(vy).

From the above four cases ,it is concludhed mon strong arc exist iny&X G, only
when fuzzy value of non strong arc of Gor G;) must be greater than the degree
value of the vertex of £&X or G) respectively. Hence ,the existing non strongiare,

X G, depends on the fuzzy value of the vertices pfo6GG, depending upon the non
strong arc that appears in@ in G, respectively.

Corollary 3.8. The number of non strong arc of, €G, = m, P, + myP;
where,
m; - number of vertex of Gwhose fuzzy value must greater than fuzzy vadfieon
strong arc in other fuzzy graph G
m, - number of vertex of & whose fuzzy value must greater than fuzzy vafugon
strong arc in other fuzzy graph G
P, - number of non strong arc in G
P, - number of non strong arc inG

4. Conclusion

In this paper, we discussed the condition for nomng arc to appear in Cartesian product
of fuzzy graph, fuzzy path and fuzzy cycle etd deduced the formula for finding non
strong arc in Cartesian product of fuzzy graph. tNex aim is to find the domination
number of Cartesian product fuzzy graph and vartgpe fuzzy graph by using strong
arc.
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