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1. Introduction

The theory of fuzzy sets proposed by Zadeh [13]965 has achieved a great success in
various fields. Since then, Ahsan and Latif [1] @stigated fuzzy quasi-ideals in a
semigroup. With the research of fuzzy sets, in 1@8fleh [14] introduced the notion of
interval-valued fuzzy sets as a generalizatiompty sets. After then, Biswas [3] applied it
to group theoryRosenfeld [9] defined fuzzy subgroup and gave sofries properties.
Rosenfeld's definition of fuzzy group is a turnipgint for pure Mathematicians. Since
then, the study of fuzzy algebraic structures Haen carried out in many directions such
as semi-group, groups, rings, near-rings, modulaspr spaces, topology and so on.

Recently, Kang and Hur [4] studied intervalaed fuzzy subgroups and investigated
some of its properties. Narayanan and Manikandest(i@lied Interval-valued fuzzy ideals
generated by an interval-valued fuzzy subset ini-geoups and investigated some of its
properties.

Thillaigovindan and Chinnadurai [11] studiedinterval-valued fuzzy quasi-ideals of
semi-groups and investigated some of its prope@ekiraju and Nagarajan [10] defined
a new structure and constructions of Q-fuzzy grédim et al. [5] studied interval-valued
fuzzy Quasi-ideals in a semigroups and investigatede of its properties. Murugadas et
al. [7] studied interval-valued Q-fuzzy ideals gexted by an interval-valued Q-fuzzy
subset in ordered semi-groups and investigated sdriie properties. Venkatesan and
Sriram [12] studied multiplicative operations oME of two operators namel¥; and X,
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and investigated its algebraic properties.

In this paper, we initiate the study of intdrvalued Q-fuzzy quasi-ideal of a
semigroup. In Section 2, we list some basic défing in the later sections. In Section 3,
we investigate interval-valued Q-fuzzy subsemigeowmd in Section 4, we define
interval-valued Q-fuzzy quasi-ideals and estaldisime of their basic properties.

2. Preliminaries
In this section, we give to some basic definitiamfisnterval-valued fuzzy set that are
necessary for this paper.

Definition 2.1. Let A,B € D(I)* and let d,},er <€ D(X. Then
i) Ac B iff AL < BlandAY < BY.

i) A=B iff Ac BandB c A.

iiiy AL =[1—A4Y,1— AL].

iv) AUB = [Alv BL, AUv BY].

v) AnB = [AA BE,AYA BY).

Vi) Ugerde = [VaEFAaL 'VaEFAaU]-

Vil) Ngerdq = [/\aEFAaL:/\aEFAaU]-

Definition 2.2. Let S be semigroup and Iét # A € D(I)S. ThenA is called an:

i) Interval-valued Q-fuzzy semigroup 6f if AX(xy,q) = AX(x,q)r AL(y,q) and
AY(xy,q) = AV(x,q)r AV(y,q) foranyx,y € S,q € Q.

i) Interval-valued Q-fuzzy left ideal of if AX(xy,q) = AX(y,q) and
AY(xy,q) = AY(y.q)foranyx,y € S,q € Q.

iii) Interval-valued Q-fuzzy right ideal of if AX(xy,q) = A:(x,q) and
AY(xy,q) = AY(x,q) foranyx,y € S,q € Q.

iv) Interval-valued Q-fuzzy (two sided) ideal §fif it is both anIVLI andIVRI ofS.
We will denote the set of alVSGs of SasIVSG(S).
It is clear thatd € IVI(S) if and only if AL(xy,q) = AL(x,q)A AL(y,q) and
AY(xy,q) = AY(x, )N AY(y,q) foranyx,y € S,q € Q andifA € IVLI(S),
thend € IVSG(S).

3. Interval-valued Q-fuzzy subsemigroups
In this section, we investigate interval-valued uQ#Zy subsemigroups and its some
algebraic properties.

Definition 3.1. A mapping4 = X X Q - D(I) is called an interval-valued Q-fuzzy set
in X, denoted byd = AX —» AV if AL, AU €IX such thatAl < AY, i.e., AX(x) <
AY(x) for eachx € X where AL(x,q) [respectively AY(x,q)] is called the lower
[respectively upper] end point of to A. For any[a,b] € D(I), the interval-valued
fuzzy setA in X defined byA(x) = [Al(x,q), AY(x,q)] = [a,b] for eachx € X
andgq € Q is denoted byja, b] and ifa = b, then the IVS[a, b] is denoted by simply
d. In particular,0 and 1 denote the interval-valued Q-fuzzy empty set ahd t
interval-valued Q-fuzzy whole set in X, respectivéle will denote the set of all IVSs in
X asD(I)X. Itis clear that sed = [AL,AY] € D(I)* for eachA € I*.
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Definition 3.2. Let (X,-) be a groupoid and let, B € D(I)*. Then the interval-valued
Q-fuzzy producbf A and B, denoted by(A4 ° B), is an IVS inX defined as follows :
Foreachx € X, q € Q

o _(labl, if yz=xq € Q,
A B q) = {[0,0], otherwise.

where = V,,_(A* (v, @) B"(2,q)), b = Vy,=x (A" v, ) BY (2, 9)).
It is clear that for anyi,B,C € D(I)%, if Bc C, then(4°B) c (A°(C) and
(B°A) c (C°A).

Result 3.3. Let (S, .) be a groupoid.
i) If “.”is associative, then so is*” in D(I)".
i) If “.” has an identitye € S, thene; € IVFp (X) is an identity of° in D(I)S.

Proposition 3.4. Let S be a groupoid, lé2 be a non empty set and tB,C € D(I)S.
Then

i) A°(BUC)=(A°B)U(A°C), (BUC)°A=(B°A)u(C"°A).

i) A°(BNC)c (A°B)N(A°C), (BNC)°Ac (B°A)Nn(C"°A).

Proof: (i)Letx € S,q € Q Supposex is not expressible ag = yz.

Then clearly(4° (B U €))(x,q) = 0 = ((A°B) U (A° C0))(x,q).

Supposex is expressible as = yz. Then

(4°(B v 0)(x,q)
= \/ @.or® v ot

x=yz

\/ @oan B @t eon ¢z a)

xX=yz

\ @o.onaoyv\/ @ooncteo
xX=yz xX=yz
= (4° B):(x, q)v(A° O (x,q)
=(A°B)yu@°Nt(xq)
Thus A°(BUC) = (A°B)U(A°C). By the similar arguments, we have
(BUC)° A= (B°A)U(C"°A).
i) Let x € S,q € Q. Supposex is not expressible as = yz.
Then clearly(4° (B U O))(x,q) = 0 = ((A°B) n (A°C0)(x,q).
Supposex is expressible as = yz. Then

(A °(B n C))(x, q)
= \/ @.or® n o ey

x=yz

= \/ @o.on B EaA@to.an cHe o)

x=yz

= \/ @oaorBea) » \/ @oon e
xX=yz x=yz

= (A°B) (x, )N (A° O (x, q)
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= ((A°B)n (A° ) (x,q).
Similarly, we have that(A° (8 n €))"(x,q) < ((4°B) n(4° )" (x,9).
ThusA°(BNC)c (A°B)n (A°C).
By the similar arguments, we hay8 N C) °A c (B °A) n (C ° A).

Proposition 3.5. Let S be a semigroup and I6t= A € D(I)S. ThenA € IVSG(S) if
andonlyif(A°A4) c A

Result 3.6. Let A be a non-empty subset of a semigréup
i) Ais a subsemigroup &if and only if A, YA] €IVSG(S).
i) A € LI(S) ifand only if [y4, xa] € IVLI(S).

Result 3.7. Let S be a semigroup and I&t# A € D(I)S. ThenA € IVLI(S) if and
onlyif (1°4) c A

Proposition 3.8. Let S be a semigroup and let, B,C € D(I)S,q € Q. If A c B, then
(A°C) c (B°C) and (C° A) c (C°B).

Proof: Letx € S, g € Q. Suppos€(x, q) is not expressible a&, q) = (vz, q).
Then clearly(4° €)(x,q) = 0 = (B °C)(x,q). Supposex is not expressible as
x = yz. Then

(4° Ot (x,q)

= \/ @ ety

x=yz

= \/ Bo.on @)
xX=yz
= (B°O)*(x,9).
Similarly, we have thatA ° C)V(x,q) < (B °C)Y(x, q).
Hence(A ° C) c ( B ° C). By the similar arguments, we hav& ° A) c (C ° B).

4. Interval valued Q-fuzzy quasi-ideals
A nonempty subsefl of a semigroufs is called a quasi- ideaf S if AS N SA c A.
We will denote the set of all quasi-idealsSfas QI(S).

Definition 4.1. Let S be a semigroup and lét= A € D(I)S. Then A is called an
interval-valued fuzzy quasi-ideal (in shofgQI) of S if (1°4) n (4°1) c A.
We will denote the set of all IVQIs &as IVQI(S).

Example 4.2. Let S = {a,b,c} be any semigroup with the following multiplication
table:

We define a mappingd : S - D(I) as follows:

A(a) = [0.1,0.8], A(b) = [0.1,0.8], A(c) = [0.3,0.6].

Then we can see thadt € IVQI(S).

Theorem 4.3. Let A be a nonempty subset of a semigr@&ihenA € QI(S) if and
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only if [x4, x4l € IVQI(S).

a b C

a a a a

b a b b

c a a b

Proof: Supposed € QI(S) andletx € S. Supposex € A,q € Q. Then clearly

L

xXalx,q) =1 = ((io[XA'XA])n ([XA'XA]O i)) (x, q).
Thus (1°[xaxal) N ([xaxal°1) € [xa x4l Supposex ¢ A. Then eitherx is
expressible ag = yz or not.
Case (i): Supposeis not expressible as = yz. Then

((A° Dxaxa) 0 (Xaxal > D)X, q) = 1 = [xa, xal(x, @)
Case (ii): Suppose is expressible as = yz.
Sincex ¢ A, eithery € Aorz ¢ A.IfyeAandz ¢ A then there cannot be another
expression of the forrx = ab, wherea ¢ A andb € A (Assume that there exist
a & Aandb € A suchthatc = ab. Thenx € SA n AS c A. Thusx € A.
This contradicts the fact that € A ). Thus either (1° [x4x4])(x.,q) = 0
or ([xa xal D, q) = 0. S0 ((1° [xaxa) N (Lxaxal ° 1)) = 0.
Then ((i *Itaxal) N ([xa xal° i)) C [xa xal. Hence, in all,[x4, x4] € IVQI(S).
Conversely, suppose the necessary condition holds.
Let x € SA N AS. Thenx € SA andx € AS. Thus there exist,a’ € A and
s,s' € S suchthatx = sa andx = a's’. So

((i ° [XA:XA]) n ([XA:XA]O i))L (,q)

= (1° Dea ) G @) (Lt 2a1° 1) )
\/ @o.orueo s \/ ot oon st e

x=yz x=yz

(s(s) A xa(@) A (xa(a’) A T4(s")
=1

Similarly, we have thaf(1 ° [x4, xa]) N ([xaxa]l °1))V(x) = 1. Then, by the
hypothesis,y,(x) = 1.Thusx € A. S0SA n AS c A. HenceA € QI(S).

v

Definition 4.4. A nonempty fuzzy sefl of a semigrougs is called a Q-fuzzy quasi-ideal
of S if (xs°A)A(A°xs) <A, whereys is the whole fuzzy set defined Iyt (x,q) = 1
for eachx € S,q € Q.

Remark 4.5. Let S be a semigroup.

i) If A isaQ-fuzzy quasi-ideal of, then[A4, A] € IVQI(S).
i)yIf A € IVQI(S), thenAL and AU are Q-fuzzy quasi-ideals &f
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Proposition 4.6. Let S be a semigroup. ThelVQI(S) c IVSG(S).

Proof: Let A € IVQI(S). SinceA c 1, by Proposition 3.84°A4 c 1°A and
A°A c A°1.ThenA°A c [1°A] n [A°1]. Sinced € IVQI(S),(1°A) n
(A°1) € A.ThusA°A c A.

Hence, by Proposition 3.2 € IVSG(S).

Definition 4.7. Let Sbe a semigroup and I6t= A € D(I)%, q € Q.

Then A is called an interval-valued Q-fuzzy bi-idéad short,IVBI) of Sif it satisfies the
following conditions: for any,y,z € S,q € Q.

i) A'(xy,q) = A, )N A*(y,q) and AY(xy,q) = AY(x, )r AY (v, @).

i)y Al(xyz,q) = AL(x, Q)N AL(z,q) and AY(xyz,q) = AY(x, )1 AY(z, q).

We will denote the set of all IVBIs of as IVBI(S).

Result 4.7. Let A be a nonempty subset of a semigroup. TAea BI(S) if and only if
[Xarxal € IVBI(S).

Theorem 4.8. Let Sbe a semigroup and |6t A € D(I)S, q € Q.

ThenA € IVBI(S) ifandonlyifA°A ¢ AandA°1°A c A.

Proof: Supposed € IVBI(S). From Proposition 3.54°4 c A. Letx € S,q € Q
Supposex is not expressible ag = yz. Then clearly(4d-1° A)(x,q) = 0.
ThusA-1°4 c A.

Suppose is expressible as = yz. Then(4°1°A4)(x,q) # 0. Thus

(A°1° A)L(x, q)

= \/ @o.ord o) >0
x=yz

and
= \/ @o.prd°a'Ga) >0

x=yz

So (1 °A)L(z,q) > 0 and (1 °A)U(z, q) > 0. Then there exist;, v € S with
z = uv such that

a D)2 =Voew(@ DN 444 D) = Vo w AW,0)
an
= \/ A%, A AY(v,q)) = \/ AY(v,q))

SinceA € IVBI(S), Ak(x,q) = A(yuv,q) = AL(y,q) A A(v,q) and
AV(x,q) = AV(yuv,q) = AY(y,q) A AY(v,q). Then
AL (x, )
> \/ @oord\/ taon=ui e
xX=yz zZ=uv

and
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>\/ W\ @on=uTa'w
X =yz Z=uv
Hence,inallA°1°A4 c A.
Conversely, suppose the necessary condition holds.
Sinced° A c A, itis clear that the following hold:
At(xy,q) = A" N AY(y,q) and AY(xy,q) > AY(x, )1 AY(y, ).
For anyx,y € S,q € Q. Letx,y,z € S and letu = xyz. Then
At(xyz) = AM(p)
> (4°1°4) @)

= \/ @ean @) o
u =st B L
2 Al(x,q) A (1°4) z,9)
= AL(x: QA Vyz=ab(1L(av QA AL(b' q))
> A'(x,q) A Ay, @) A ANz q)
= A'(x, @) A Az Q).
Similarly, we have thattV (xyz, q) = AY(x,q) A AY(z,q).
Hence,A € IVBI(S).

Proposition 4.9. Let Sbe a semigroup. ThefVQI(S) c IVBI(S),q € Q.

Proof: Let A € IVQI(S). Then, by Proposition 4.64 € IVSG(S).

Thus AX(xy,q) = Al(x,q) A AL (y,q) and Ak (xy,q) = AL(x,q) A AX(y,q) for any
x,y € S,q €Q.

So, by Proposition 3.54 A4 c A. ltisclearthatdc1 c 1 andi-4 c 1.

Then, by Proposition 3.8c1°A ¢ 1°4 andA4°1°4 c A-1.

ThusA°1°A c [1°A] n[A°1] c A.

Hence, by Theorem 4.81 € IVBI(S).

5. Conclusions

In this paper, we initiate the study of intervalued fuzzy quasi-ideal of a semigroup and
investigate interval-valued Q-fuzzy subsemigroupd define interval-valued Q-fuzzy
guasi-ideals and establish some of their basicqtigs.
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