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Abstract. Standard and neutral elements (ideals) of a lattieee studied by many
authors. In this paper, the author has given sohaacterizations oh -ideals and

extended some of the results. He also includesaeacterization of neutral -ideals of a

lattice whem is a neutral element and including some resultdistnibutiven-ideals of a

lattices.
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1. Introduction

Standard and neutral elements (ideals) in a latticevere studied by G. Gratzer and
Schmidt in [2] also see [1]. These concepts all@vta study a larger class of non-
distributive lattices. Again in [4] and [5], No@nd Latif extended those concepts to
study standardh-ideals in a lattice. In this paper | will examiseme of the properties

of standard and neutral-ideals. | also discussed distributive-ideals of lattices.

An elements of a latticeL is called neutral if

i XC(sCy)=(xCs)C(xCy) forall x,yOL and
(i) for all x, yOL, sO(xOy)=(sOx)0(sOy).

For a fixed elemenn of a lattice L, a convex sublattice containing is called ann-
ideal. The idea oh-ideals is a kind of generalization of both ideatsl filters of lattices.

The set of alln-ideals of a latticeL is denoted byl (L), which is an algebraic lattice
under set-inclusion. Moreove{,n} and L are respectively the smallest and the largest
elements ofl (L). For any two n-idealsl and J of L it is easy to check that
I[J:InJ={xDL:x:m(i,n,j)for some iOl, jOJ}, where
m(x,y,z)= (xOy)O(yOz)O(zOx)and | CJ={xOL:i, C j, <x<i, [ j,, for
someiy, I, 1 and j;, j, 0J}. The n-ideal generated by a finite number of elements
a,, a,,...,a,, is called dinitely generated n-ideal denoted by< a,, a,,...,a, >, which
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is the interval[a, Ca, [...0a,,0n, a Oa,0...0a,0n>_]. The n-ideal generated

by a single element a is called a principeideal, denoted by &>, = [al n, aln].
For detailed literature on-ideals we refer the reader to consult [3].

An n-ideal of a latticel is called neutrah-ideal of L if it is a neutral element
of 1,(L). The following characterization of neutratideals is due to [4].

For any twon-ideals| and Jof L, itis easy to check thatCJ =1 nJ
={x0L:x=nj,n, j)for somei O, j 03}, wherem{x,y,z) =(xCy) C(yC 2 C(zCx) and
I CJ=, {xOL:i, 0}, < x<i,0j, for iy, i,O01 and j;, j,0J3}.

The n-ideal generated by a finite numbers of elememtsa,,...,a,, is called a
finitely generatedn-ideal, denoted by a,, a,,...,a,, >,. Moreover,<a,, a, ,...,a, >,
is the interval [, Ua, U....0a, OOn,a Ua, ....0a, Un]. The n-ideal generated
by single elemera is called a principal n-ideal, denoted by <a>, and

<a> =[aln, aln]. For detailed literature on-ideals we refer the reader to consult
[3,5].

Theorem 1.1. Let n be a neutral element of a lattice L. An n-ideal S is a standard
n-ideal if and only if for any n-ideal K,
SOK ={x0OL:x=(x0s) O(xOk,) O(xOn)}
={x0OL:x=(x0s,) O(xOk,) D(xOn)} for somes,s, 1Sandk,,k, OK .
We start this paper with the following charactation of standardh -ideals.

Theorem 1.2. Let n be a neutral element of a lattice L, An n-ideal Sof alattice L is
standard if and only if <a> n(SC<b> )=(<a> nS)C(<a>, n<b>)
for all a, bOL.

Proof: SupposeS is standard. Then obviously the above relatiod$ol
Conversely, suppose above relation holds for aLa, L. Let K be ann-ideal of L
and xOSLCK. Thens, Ok, <x<s, 0k, for somes,s,0Sand k;,k, K. Now

n<xOn<s, Ok, On implies thatxOnO< x>, n(SO<k, On>,)

=(<x>, nS0O(<x> n<k,0n>)). ThusxCn<tCr for sometd<x> nS
and r<x> n<k,0n>_ . Thent=(xCs)C(xCn)C(sCn) for somesSand
r<(xOn)O(k, On) =(x0k,)On, as n is neutral. Henceln<(xOs) O(xCk,) N,
and so x=x0(xOn)<xO((xOs)O(xUk,)0On)=(x0s) O(xUk,) O(xOn) < x.
Thus x=(x0Os)U(xUk,) O(xOn). By a dual proof of above we can prove that

x=(x0s)O(xOk,) d(xOn)for some s'0S. Therefore by Theorem 1.1Sis
standard. O
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An element dOL is «called a dual distributive element if
dC(xCy)=(dCx)C(dCy) for all x,yL. Hence an element which is both
standard and dual distributive is a neutral element

An n-ideal Dis called a dual distributiven-ideal if it is a dual distributive
element ofl  (L). Now we give the following characterization of aatldistributive n-
ideal.

Theorem 1.3. For nldL, an n-ideal D is dual distributive if and only if
Dn(<a>,0<b>)=(Dn<a>,)0(Dn <b> )forall a,bdL.

Proof. If D is dual distributive, then clearly the relationdws

Conversely, suppose the given relation holds foragb L . Supposel,J U1, (L).

Let xODn(1CJ). Then xOD and i, 0j,<x<i,0j, for some
i,i, 01,],,j,0J3. ThenxtnOD n (<i, On>, O< j,0On>)
=(Dn<i,On>)0(MDOn<j,0On>)0(Dnl)d(Dn J).

A dual proof also shows thax CnJ(D n I)C (D n J). Then by convexity of
n-ideal XxO(Dn I1)C(Dn J). Therefore,Dn (1 CJ)O(Dn1)C(Dn J). Since
the reverse inclusion is trivial, 90 is dual distributive. O

2. Distributive n-ideal
An n-ideal | of a lattice L is called adistributive n-ideal if it is a distributive element

of the lattice |, (L). That is, | is called distributive if for all J, KO, (L)
10(3nK)=(103)n (1 OK).
We start this section with the following charactation of distributiven-ideals.

Theorem 2.1. Ann-ideal | of alattice L isdistributive if and only if
I0(<a>,n<b>)=(I0<a>)n(10<b> )foral a, bOL.

Proof: If | is distributive, then the condition clearly hofdsm the definition. To prove
the converse, suppose given equation holds foaafi(]1L . Let J and K be any two

n-ideals of L. Obviously ID(J N K)D(I DJ)n (I DK). To prove the reverse
inclusion, let xO(1 0J)n (I 0OK). Then xOICJ and xOICK.Then
i, 0j,<x<i, 0], and iy Ok, < x<i, Ok, for someiy, i,, i,, 1,001, j;, j,0J and
ky, kK, OK. Now n<x0On<i,0j,0n implies that xOnOIO< j,0On>_ .
Similarly n<x0On<i, Ok, 0n implies that xOnOlIO<k,0On> . Thus,
xOnO(10< j,On>, )n (10<k, On>.) =I0<j,0n> n<k,0n>)010JnK). By a
dual proof of above, we can show thatin(ll D(J n K). Thus by convexity,
xOl D(J N K). Therefore,| D(J N K):(I DJ)n(I DK), and sol is distributive. O
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Now we give another characterization of distribeitih -ideal. To prove this we
need the following lemma which is well known andli® to [1, Theorem-2, Page-139].

Lemma 2.2. An element a of a lattice L is distributive if and only if the relation 8,
defined by x = yg,ifandonlyif xCa=y[ a isacongruence. 0O

Theorem 2.3. An n-ideal | of a lattice L is distributive if and only if the relation
O(1)defined by x=yO(1) (x, yOL) if and only if x0i,=y i, and x i, =y O,
for some i, i, 1 isthe congruence generated by | .

Proof: At first we shall show thatx = yO(I ) if and only if <x> =<y> 0O, in
I,(L). Let x=yO(I). Then x0i,=y i, and x0i,=yi, for somei,, i, 01 .
Now x0Oi,=yUi,<y<yli, =x0y, implies that yO<x>_ 0Ol. Similarly
xO<y> 0Ol. Therefore, <x> 0Ol =<y>_ 0l , which implies that, ih (L).
Conversely, i< x> =<y> 0O, in | (L), then
<x>=<y> 0 <x> 0Ol =<y> 0. Then x0O<y> L[l and so
yOnOi, < x< yUOnOi,. Similarly, xOnOi, < y< xOnOi,. Thus

x< yOnUi, < xOn0Oi, i, which impliesxOnUi, Oig = yOnOi, iy.

Similarly, xOn0Oi, Oi; =yOnOi, Oi,. That is, XxCi=yLi and xCi'=yLCi'
wherei =n Ui, Oi, andi'=nCi; Ciz. Thereforex=yO(l).

Above proof shows thaE)(I) is a congruence irL if and only if ©, is a
congruence inl (L). But by Lemma 2.2,©0, is a congruence if and only if is
distributive in| (L) and this completes the prodd

By [1] we know that an elemenhL is neutral if and only if for all
abOL, (aOb)O(aon)C(bCn)=(aCb)C(aCn)C(bCn). Since this
relation is self dual, so the dual condition of tnality also implies the neutrality. So we
have following extension of above theorem.

Theorem 24. For a,a,,...a,,n0L, <a;,a,,..,a,>, is neutral if a Un,

a, Un,...,a, Un anda, Un,a, Un,...,a,, Un are all neutral elements in.

Proof. Supposea, Un,a, Un,...,a, Un and a Un,a, Un,...,a, n are neutral.
Then a, Ua, U...Ua, Un and a Ua, U...0a, Un are also neutral. By Theorem
1.4, <a,,a,,...a, >, is standard. So we need to show only the dualildisive
property. Letl,J O1 (L)and xO<a,,a,,...,a, >, n(l 0J). Then

xO<a,a,,..,a, >, andi, 0], < x<i, 0], forsomei,i, Ol,],,j,0J.So
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xOn<(a Ua, O...0a, On) O, On) O(j, On)] = [(a Da, U...0a,, On) O, )]
Ol(a, Da, O...0a, On) O(j, On)] O(<a,a,,...a, >, nl)0(<a,a,,...a, >, NJ)
A dual proof shows thax L n (< a,,a,,...,a, >, nl)O(<a,,a,,...,a, >, nJ)
Hence by convexity U (< &, a,,...,.a, >, nl)0(<a,a,,...,a, >, nJ)

Thus

<a,a,,..a,>,n( 0J)0(<a,a,,..,a,>, nl)0<a,a,,.,a, >, nJd)
Since the reverse inclusion is trivial, so

<a,a,,..,a,>, n(l 0J)=(<a,a,..a,>, nl)0(<a,a,,...a, >, nJ)
Therefore<a,,a,,...,a,, >, is dual standard and so it is neutrald

Following figure shows that the converse of abokieotems are not true.
Therefore<a, f > =L isneutral in1,(L) hut neithera=aln nor f=fLCn is
~

even standard irh.

>
Figure1:

Now we include a characterization of neutnaideals of a lattice with the help of
principal n-ideals.

Theorem 25. An n-ideal S of a lattice L is neutral if and only if
(&<a>) (G <b>))[(<a>, n<b>)) =(SO<a>)n(Sd<b>)n(<a>, O<b>)

for all a, bUIL.

Proof. Let S be neutral. Then above relation holdsSss a neutral element df (L ).

Now suppose the above relation holds foralb[lL . For any|,JOI (L), clearly
(SN )CSNINCUNIOSCI)N(SEI)n(1CJ). To show the reverse
inclusion, letxO(SC1) n (SCJ)n (1 CJ). Then x<s Ui, x<s,Uj,,x<i; 0],
for somes,,s, 0S;i,,i; 01; j,, j;0J. Thisimpliesx UnO(SO<i, Ui, On>,)
n(SO<j, 0j;, 0n> ) n(<iyOi; On> O<j,0j, 0On> )=
(Sn<iyi;On>)0(Sn < j, O, On> ) O(<iy i, On> n<j,0j,0n> ) 0
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(SN )C(SNJ)C(I nJ) by using the given relation. A dual proof of abmrews
that xCnO(Sn 1)C(Sn J)C(I n J). Thus by convexity,
xO(Sn)C(SNnI)C(I nJ).Therefore(SN 1)C(SNI)C(1 nJ)
=(SCI1)n(SCJ)n (I CJ).Hence by [1]S is a neutrain-ideal. O
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