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Abstract. Standard and neutral elements (ideals) of a lattexe studied by many authors
including Gréatzer and Schmidt also see [1]. Gdizéng the concept of standard ideals,
Noor and Latif studied the standartideals in [4,5]. In this paper the author have
given some characterizations of thesédeals and extended some of the results of [4,5].
They also includes a characterization of neutrdtleals of a lattice whem is a neutral
element.
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1. Introduction
Standard and neutral elements (ideals) in a latticevere studied by Gratzer and
Schmidt in [2]. These concepts allow us to stuthrger class of non-distributive lattices.
Again in [4] and [5], Noor and Latif extended thasmcepts to study standardideals
in a lattice. In this paper we will examine soméha properties of standart-ideals.
An elements of a latticel is called astandard elemerit
x [ (S[ y) = (X L S) L (X L y) forall x,yOL. An elementsis called neutral if

(i) it is standard ir. , and

(i) for all x, y O L, sD(ny)=(sDx)D(sDy).

For a fixed elemennh of a lattice L, a convex sublattice containiny is called

ann-ideal. The idea ofh-ideals is a kind of generalization of both ideatsl filters of
lattices. The set of alh-ideals of a latticel. is denoted byl (L), which is an algebraic

lattice under set-inclusion. Moreovem} and L are respectively the smallest and the

largest elements off (L) . For any twon-ideals| and J of L itis easy to check that

ICI=1nJ={x0OL: x:m(i, n, j) for somei 01, j OJ}, where
m(x,y,z)=(xOy)O(y0z)O(zOx) and
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| CJ={x0OL:i,Cj,<x<i,C j,, for someiy, i, Ol and j,, j,0J3}. The
n-ideal generated by a finite number of elemenaisa,,...,a, is called afinitely
generatedn-ideal denoted by< a,, a,,...,a,, >, which is the interval
[a,0a,0...0a,0n, a0a,0d..0a,0n>].

The n-ideal generated by a single elements called a principah-ideal, denoted by
<a>,=[al n, aln]. For detailed literature on-ideals we refer the reader to consult

[3].

An n-ideal of a latticeL is called astandard (neutral) n-ideadf L if it is a standard
(neutral) element of , (L). The following characterization of standandideals is due to

[4].

Theorem 1.1. Let n be a neutral element of a lattice An n-ideal S is a standard n
ideal if and only if for any n-idedK ,

SOK ={x0OL:x=(x0s) O(xk,) O(xOn)}
{ixD L:x=(x0s,) O(xOk,) D(an)} for somes;,s, 1Sand
k,,k, OK . O

We start this paper with the following charactation of standarch -ideals.

2. Main results
Theorem 2.2. Let n be a neutral element of a lattice An n-ideal S of a latticd is

standardf and onlyif<a> n(SC<b> )=(<a> nS)C(<a>, n<b>)
forall @, b L.

Proof: SupposeS is standard. Then obviously the above relatiod#ol
Conversely, suppose above relation holds foagdtl LI L . Let K be ann-ideal of L

andxOSLC K. Thens Uk, < x<s, Ok, for somes,s, DSandk,,k, JK. Now
n< xOn<s, Ok, On implies that

xOnO< x>, n(SO<k,0On>)) =(<x>, nS)UO(<x>, n<k,dn>). Thus
xCn<tCr forsometd<x> nS andr<x> n <k,n>_ . Then
t=(xCs)C(xCn)C(sCn) for somes]Sand

r <(xOn)O(k, On) =(xUk,) On, asn is neutral. Hence

xOn< (xOs)O(xUk,) On, and sox = xU(x0n) < xO((xOs) O(xk,) OIn)
=(xUs) O(xOk,) O(xOn) < x. Thusx = (xUs) O(xk,) O(xOn) .

By a dual proof of above we can prove txat (x Js') O(xOk;) O(xOn)for some

s'0S. Therefore by Theorem 1.5 is standard.O
In [5], Noor and Latif have proved that toneutral elemenm of a latticeL, <a>

is standard if and only i [ n is dual standard and [_n is standard. We extend the
result for a finitely generated -ideal.
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Theorem 23. For a,, a,,...,a,,nUL, <a,a,,...,a,>,Iis standard if

a, 0n,a, Un,...,a,, n are dual standard ara) [In,a, [In,...,a, Ln are standard.
Proof: Let|,J Ol (L). Supposex I n (<a,a,,...a, >, 0J).

Thenx U1 andxO<a,a,,..a, >, J. Thena U...0a, On0]

<x<a 0..0a,0n0j, forsomej, j;0J.ThusxUn<a O..0Oa, 0Ond}],

which implies x L n=(xCn)L (& O...L &, L NLC j;). Then using the standard of
a, 0n,...,a_ 0On, we havex [ n=((X

On) O(a, On)) O...0((xEn) O(a,, On)) O((xOn) O(j, On)).

But (xOn)O(a On)=m(xCn,n,a On)0In<a On> Oln<a,..a,>,.
Similarly,(x On) O(j, On)O1 n J.Therefore,

xOnO(I'n <a,...,a, >,)0( n J). Dually, using the dual standard property of
a, 0n,...,a,, Onwe can show thax OnO(I n <a,,...,a,, >,) J(l n J), and so by
convexity of n-ideal, X (I n <a,...,a,, >,) (I n J).

Therefore, | n(<a,...a,>, 1) O(In<a,...a,>,)0( nJ). Since the reverse
inclusion is trivial, sol n(<a,,...a,>, W)=(In<a,...a,>,)0( nJ), and
hence<aq,,a,,...,a, >, is standard.c]

By [1] we know that an elemenbdL is neutral if and only if for all
abOL, (aOb)O(aon)C(bCn)=(aCb)C(aCn)C(bCn). Since this
relation is self dual, so the dual condition of tnality also implies the neutrality. So we
have following extension of above theorem.

Theorem 2.4. For a,a,,...,a,,,n0L, <a,a,,...,a, >, is neutral if
a, UIn,a, Un,...,a, Un anda, [n,a, [n,...,a,, On are all neutral elements in.
Proof: Supposea, [In,a, [n,...,a,, 0On and a, On,a, Un,...,a,, [n are neutral.
Then g, Oa, ...0a,, [On and a, Oa, ...0a,, O0n are also neutral. By Theorem
1.4, <a,a,,...,.a, >, is standard. So we need to show only the dualildisive
property. Let 1,J0I,(L) and xO<a,a,,..,a,>,n(10J). Then
xUO<a,a,,...,a, >, andi, 0 j, <x<i, 0], forsomei,,i, 01, j,,j,0J. So
xOn<(a Da, O...0a, On) O[(i, On) O(j, On)]

= [(a, Da, U...0a,, On) O(@i, On)] O[(a, Ja, U...0a,, On) O(j, On)]

O(<a,a,,..a,>, nl)0(a,a,,..,a, >, nd).

A dual proof shows that L n[ (< a,,a,,...,.a, >, nl)0(<a,a,,..a, >, nJ).

n
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Hence, by convexiti [ (< a,,a,,...,a,, >, nl)U(<a,,a,,....a, >, nJ). Thus
<a,a,,...a,>,n(l0J)0((<a,a,,..,a, >, nl)0Ka,a,,...,a, >, nJd)
Since the reverse inclusion is trivial, so
<a,a,,.a,>, n(0J)=(<a,a,..a,>, nl)0(<a,a,,..,a, >
Therefore<a,,a,,...,a,, >, is dual standard and so it is neutrald

By [4] we know that amn-ideal S of a lattice L is standard if and only if the
relation ©(S) defined byx = yO(S) ifand only iftx Cy=((xCy)Ct)C(xCy) and
xCy=((XxCy)Cs)C(xCy) for some s, tJS is the smallest congruence

containing S as a class. We also know by [5] that for two staddh-ideals S andT,
both SN Tand SLT are standard. Moreover,

o(snT)=0(S)n ©(T) and O(SCT)=0(S)CO(T) .

The congruences of the forr®(S) where S is a standardh-ideal, are known
as standardn-congruences. Above relations show that the standeicongruence’s

form a distributive lattice. We conclude the papéth the following result which is a
generalization of [1, Example-15, page-150].

nJd)

n

Theorem 2.5. For a neutral element n of a lattice L, the lati€all standard n-ideals is
isomorphic to the lattice of all standard n-congiaes.

Proof: Between these two lattices consider the nf&p> O(S). By above relations
clearly this is a homomorphism and onto. So we rm#d to show that this is one-one.
Suppose®(S) =O(T) for two standardn-ideals Sand T. Let SUS. Then for any

tUT, m(s,n,t)0S Then S=m(s,n,t)O(S)=O(T). Since n is neutral, so
m(s,n,t) =(sCt)C(sCNC(tCn)=(sCt)C(sCn)C(tCn).
Thus,sCm(s,n,t) =sC(tCn)andsC m(s,n,t) =sC (tCn)..
sinces=m(s,n,t)©(T), so
st(s,n,t) = ( (st(s, n,t))Da) D(st(s, n,t)), and
sOm(s,n,t)=((sOm(s,n,t))Ob)O(sOm(s,n,t)) for somea,bOT Thus,
sC@tCn)= ((sc(tCn))Ca)C(sC(tCn)) and
sC(tCn)=((sC(tCn))Cb)C(sC(tCn)). Hence,altCn<sC(tCn)<tCn
which impliess D(t 0 n) T, by convexity of T . Similarly,
tCn<ssC(tCn)<bCtCn impliessC(tCn)OT. Since
sC(tCn)<s<sC(tCn), so by applying the convexity agastlT . This
impliesS O T . Similarly T 0 S and soS =T . Therefore, above mapping is one-one
and hence it is an isomorphisi.
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