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Abgtract. Let G=(V, E) be a graph. Le§ be the set of all open neighborhood set& of
Let x, y, zbe three variables each taking value + or —. Tdighiorhood transformation
graphNG**is the graph haviny O Sas the vertex set and for any two vertioesdv in
V0O S u andv are adjacent iNG”*if and only if one of the following conditions hits:
() u, vO V. x=+ifu, vO N whereN is an open neighborhood set@fx = —ifu, v N
whereN is an open neighborhood set®fii) u, vO Sy=+ifunvZ@y=—ifunv=

@ (iudVandvOdS z=+ifulv.z=-ifulv. In this paper, we initiate a study of
neighborhood transformation graphs. Also charazations are given for graphs for
which (i) NG™ is connected (iING = NG and (i) N(G) = NG
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1. Introduction
All graphs considered here are finite, undirectethaut loops or multiple edges. Any
undefined term in this paper may be found in [1].

Let G=(V, E) be a graph withv] = p vertices andg|= q edges. For any vertex
ulV, the open neighborhood afis the setN(u) = {vOOV: uvMlE}. We call N(u) is the
open neighborhood set of a verterf G. Let V={uy, U, ...,up} and letS= {N(u,), N(u,),

..., N(up)} be the set of all open neighborhood set&of

The neighborhood grapk(G) of a graphG=(V, E) is the graph with vertex set
VOSin which two verticesi andv are adjacent ifilV andv is an open neighborhood set
containingu. This concept was introduced by Kulli in [2]. Mawgher graph valued
functions in graph theory were studied, for exampi43, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13,
14, 15] and also graph valued functions in domarmatheory were studied, for example,
in [16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27]

The middle neighborhood graph.«(G) of a graphG is the graph with the vertex
setVOSin which two verticesi andv are adjacent ifi,vd Sandunv # @ or udV andv is
an open neighborhood set @fcontainingu. This concept was introduced by Kulli in
[28].
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The semientire neighborhood gralKG) of G is the graph with the vertex set
VOS in which two verticesu and v are adjacent ifu, v 0N, whereN is an open
neighborhood set d& or ulV andv is an open neighborhood set@fontainingu. This
concept was introduced by Kulli in [29].

The entire neighborhood grapR(G) of G is the graph with vertex set
V O S in which two verticesu and v are adjacent iu, v /N whereN is an open
neighborhood set d& oru,vd Sandunv # @ or udV andv is an open neighborhood set
of G containingu. This concept was introduced by Kulli in [30].

Let G be the complement .
Recently some transformation graphs were studmdexample, in [31, 32, 33,
34, 35, 36]. In this paper, we introduce neighbothtvansformation graphs.

2. Neighborhood transformation graphs
Inspired by the definition of the entire neighbastiagraph of a graph, we introduce the
neighborhood transformation graphs.

Definition 1. Let G = (V, E) be a graph and I&be the set of all open neighborhood sets

of G. Let x, y, zbe three variables each taking value + andrhe neighborhood

transformation grapiNG®*is the graph havinyS as the vertex set and for any two

verticesu and v in VOS u and v are adjacent if and only if one of the following

conditions holds:

i) u, vZ7V. x =+ if u, vZZN whereN is an open neighborhood set@®fx =—if u, v
[N whereN is an open neighborhood setGf

i) uvis.y=+ifunvzay=-ifunv=g

iii) u/JVandv 7S. z=+ifu/lJv.z=—if u Jv.

Using the above neighborhood transformation, weaiabteight distinct
neighborhood transformation grapk&:*, G, G, G, G ", G, G G~
Example 2. In Figure 1, a graphG, its neighborhood graph8iG™, NG ~ -

NG~ andNG ~"are shown.

1
1 ’

{1, 2} {1, 3}

1 1,2 (1, 3} /

{23
G NG™ NG
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{2, 3} {2, 3}

»{1, 2}

{1, 3 1.3 {12

NG *~ NG ~*
Figure 1:

Proposition 3. If Gis a nontrivial connected graph, then

(1) NG™ = NG~ 2 NG™ = NG
@) NG =NG" 4) NG =NG"
Proof: Each follows from the definitions &*** and G .

+++

3. Theneighborhood transformation graph NG
Among the neighborhood transformation graphs onehésentire neighborhood graph
Ne(G). It is easy to see that

Proposition 4. For any grapl@, N{(G) =NG"™".

Remark 5. For any graplt, the neighborhood grapfi(G) of G is a spanning subgraph
of NG™.

Remark 6. For any graplG, the middle neighborhood graph,«(G) of G is a spanning

subgraph oNG™".

Remark 7. For any graplt, the semientire neighborhood gragiG) of G is a spanning

subgraph oNG™".

We need the following result to prove our nextutes
Theorem A [2]. Let G be a connected graph. The neighborhood gidfth) of G is
connected if and only i& contains an odd cycle.
Theorem 8. Let G be a connected graph. The neighborhood transfasmagtiaphNG™*
of Gis connected if and only {& contains an odd cycle.
Proof: Let G be a connected graph. Supp@eontains an odd cycle. By Theorem A,
N(G) is connected. Since, by RemarksN{G) is a spanning subgraph dIG™, it
implies thatNG™" is connected.
Conversely supposBlG™ is connected. By Remark B(G) is a spanning
subgraph ofNG™. ThereforeN(G) is connected. Hence by Theorem A, a connected

graphG contains an odd cycle.
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+++

Corollary 9. For any nontrivial bipartite graph, NG ™ is disconnected.

+++

Observation 10. If G is a nontrivial connected bipartite gra@hthenNG
two components.

has exactly

Theorem 11. NG™ = 20K, if and only ifG = pKj, p=1.
Proof: SupposeG = pK,. Then each open neighborhood set of a verte cbntains
exactly one vertex. Thus the corresponding verfeapen neighborhood set is adjacent
with exactly one vertex ilNG™™". SinceG has 2 vertices, it implies thaG has D open
neighborhood sets. Th$G"* has 4 vertices and the degree of each vertex is one.
HenceNG™ = 20K,.

Conversely suppo¥G™* = 2pK,. We now prove thaG = pK,. On the contrary,
assumes # pK,, Then there exists at least one open neighborkebdontaining at least
two vertices ofG. ThenNG"™ contains a subgragPs. HenceNG™ # 2pK,, which is a

contradiction. Thus& = pK..

Theorem 11. NG™" = XK, if and only ifG=K; ,_1, p= 2 orC,, p = 4.
Proof: Let G =Ky p_1, p22. LetV(G) = {V, vy, Vs,...., Vp_4}. Let degv =p — 1 and deg;
=1, 1<i < p-1. ThenN(V) = {Vy, Va,....Vp_ 1}, N(v;) = {V}, 1<i<p-1. Therefor&/(NG™)
= {V, Vi, Vo, ... , Vpg, N(V), N(vi) N(V»), ... N(Vp0)}. By Corollary 9, NG™" is
disconnected. Sindd(v) = {vi, V,, ..., Vp_ 1}, it implies that every pair of vertices of,
Vy, ...,Vp_1are adjacent iNG™" and the verteii(v) is adjacent with every vertex 1<i
<p-1inNG™. This produce¥, in NG™". SinceN(v) n N(v)) 2@, 1<i <p-1, 1<]
<p-1,i 2], it implies that every pair of vertices N{vi), N(v2), ..., N(v,- 1) are adjacent
in NG™" and the vertex is adjacent with the verticéd(v;), N(V2) ,..., N(V,_1) in NG™".
This produce, in NG™*. Thus the resulting graphlis 0 K,. HenceNG™ = X,

Let G=C, Then it is easy to see tHdG""" = 2K,.

Conversely suppos8IG™™ = 2K,,. We prove thaG is eitherK; ,_1, p=2 orCp, p
= 4. SinceNG™™" is disconnected, it implies by Theorem 8, tGdtas no odd cycles. We
consider the following two cases.
Case 1. Supposés has even cycles ar@®# C,. Then each component NG
which is a contradiction. This proves tl@at C,.
Case 2. SupposeG is a tree. We now prove th@& = Ky, ,_1, p22. On the contraryG is
not a star. Thel\(G) < p — 1. Therefore the open neighborhood set of aexent G

contains at most p — 2 vertices. Then in each commoofNG™, there exists a vertex
does not contailk, as a component, a

is notKp,

+++

whose degree is less than- 1. Thus NG
contradiction. Thu& = Ky ,_ 4, p=2.

Remark 12. If G = Ky 3 thenNG™ = 2K,. Also if G = C,, thenNG™ = 2K,. Clearly
NK.3"=NC;™ butK,;# C,.
We characterize grapl@&for whichNG™" = N(G).

Theorem 13. For any graplt without isolated vertices,
N(G) ONG™. (1)
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Furthermore, equality holds if and only if everyeopneighborhood set contains exactly
one vertex.
Proof: By Remark 5N(G) O NG™.

We now prove the second part.

SupposeNG™* = N(G). Assume the open neighborhood set of a verte of
contains at least two vertices, sayv,,..., v, p=2. Then the corresponding vertices/gf
V..., Vp are not mutually adjacent M(G), but they are mutually adjacentNtG™". Thus
two or more vertices db are not in the same open neighborhood set.

Conversely suppose every open neighborhood s&b obntains exactly one
vertex. Then every pair of open neighborhood sdtsGois disjoint. Thus the
corresponding vertices of open neighborhood setdl@*™ are not adjacent. Hence
NG 0 N(G)and sinceN(G) 0 NG™, it implies thatN(G) = NG™™.

We now characterize graptsfor whichNG™ = N4G).

Theorem 14. For any graplt without isolated vertices,
NgG) O NG™.
Furthermore, equality holds if and only if everyirpaf open neighborhood sets of
vertices ofG is disjoint.
Proof: By Remark 7N{(G) O NG™.

We now prove the second part.

SupposeNy(G) = NG™. We prove that every pair of open neighborhood sét
vertices of G is disjoint. On the contrary, assunN, N,, ..., Ny, k= 2 are open
neighborhood sets of vertices @fsuch thaiN; nN, #¢. Then the corresponding vertices
of N; andN; are not adjacent iNy(G) and are adjacent ING™. ThusN(G) # NG™,
which is a contradiction. Hence every pair of opeighborhood sets @ is disjoint.

Conversely suppose every pair of open neighborlsetsl ofG is disjoint. Then
two vertices corresponding to open neighborhoosl s@tnot be adjacent MG™. Thus
NG™ 0 Ng(G) and sincéN(G) O NG™, it implies thatNy(G) = NG,
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