Annals of Pure and Applied Mathematics Annals of
Vol. 11, No. 2, 2016, 57-65

ISSN: 2279-087X (P), 2279-0888(online) Pure and App'l@d
Published on 5 May 2016 i
wl\jvvxll.rese(;rrlchm?t/hsci.org Mathematlcs

O-idealsin O-distributive Nearlattice
Y.S.Pawar!and M.A.Gandhi?

Department of Mathematics, Shivaji University, Kattur
Email: yspawar1950@gmail.com
’Department of Mathematics, General Engineering
N. K. Orchid College of Engineering and Technologglapur-413002
Corresponding author. E-maihadhavigandhil7@gmail.com

Received 3 March 2016; accepted 2 April 2016

Abstract. Some properties of 0-ideals in O-distributivenettidas are derived. It is proved
that the set of all O-ideals in a O-distributiveariattice forms a distributive lattice under
the specially defined operations on it.

Keywords: Distributive nearlattice, O-distributive nearla#j Prime ideals,0-ideals.
AMS Mathematics Subject Classification (2010): 06A12, 06A99, 06B10

1. Introduction

Cornish [1] introduced the concept of O-ideal imistributive lattice and studied their
properties with the help of congruence relations.afgeneralization of the concept of a
distributive lattice, O-distributive lattices amtrioduced by Varlet [4]. Recently in [5, 6]
the authors have defined O-distributive nearladtiées in any abstract algebra, ideals play
a vital role in nearlattices. Special types of Ideare introduced and studied in
Nearlattices by various authors (See [2,7,8]). @or is to introduce and study O-ideals
in O-distributive Nearlattices. A necessary andisight condition for a proper O-ideal of
a O-distributive nearlattice to beprime is giverrd¢ii is shown that every 0O-ideal of a O-
distributive nearlattice is the intersection oftalk minimal prime ideals containing it. We
also prove that the poset of all O-ideals under isetusion forms a distributive
nearlattice.

2. Preliminaries
In this article, we collect some basic conceptadeddn the sequel for some other non-
explicitly stated elementary notions please refdb16].

A nearlattice is a meet semilattice together whke fproperty that any two
elements possessing a common upper bound havearsup. This property is known as
theupper bound property. A nearlatticeSis called distributive if for all
xXy,ZES,xAN(y Vvz)=(x Ay)V (xA z), provided(y V z) exists

A nearlatticeSwith 0 is called O-distributive if for alk,y,z € S, with (x A
y) =0=(x A z)andy Vv z exists imply,x A (y Vz) = 0.0f course, every distributive
nearlatticeSwith 0 is O-distributive.A subseltof a nearlatticeSis called a downset if
x € Iandfort € S witht < x implyt € I. An ideal I in a nearlatticeS is a non-empty
subset ofS such that it is down set and whenewer b exists fora,b €  thenaVv b € I.
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A proper ideall in S is called a prime ideal d A b € I implies that either @ I orb € 1.

A non-empty subseFof Sis called a filter ift > a,a € F impliest € Fand ifa,b €
FthenaAb € F. A proper filterF in S is called prime if aVv bexists anda Vv b €

F implies eithera € Forb € F. It is easy to prove thdt is a filter ofS if and only if

S — Fis a prime down set. Moreover, a prime down/ét a prime ideal if and only if
S — Pis a prime filter. A proper filteM of a nearlattice S is called maximal if and offily i
for any filter Q with Q 2 M implies eitheQ = Mor Q = S. Dually we define a
minimal prime ideal (down set).

Let S be a nearlattice with 0. An elemeritis called the pseudo-complement of
aifana*=0andif aAx =0 for somex € S, thenx < a*. A latticeL with 0 and 1 is
called pseudo-complemented if its every element dgseudo-complement. Since a
nearlatticeS with 1 is a lattice, so pseudo-complementationds possible in a general
nearlattice. A nearlattic§ with 0 is called sectionally pseudo-complementedhée
interval [0, x] for eachx € S is pseudo-complemented. RbIC S, we denotd’ = {x €
Sk Ana=0forall a€A}.IfSis distributive then clearlg! is an ideal of. Moreover
At = Nger{{at}}. If Ais an ideal, then obviouslgtis the pseudo-complement of A in
1(S). Therefore, for a distributive nearlatti§awith 0, 1(S) is pseudo-complemented. For
any filter F of S defineF® = {x € S/xry =0, for somey € F}. An ideall in S is
called O-ideal iff = F° for some filterF in S. For any prime ided of S define0(P) =
{x €S/x Ay =0 forsome y & P}. Note that for any prime idea? of, 0(P) € P. For
any non empty subsetof S, the setd* ={x € S/x Ay =0for ally € A} is called an
annihilator of A inS. An ideall in S is called an annihilator ideal if= I**. An ideall in
S is called dense ifif I* = {0}. An elementx € S is said to be dense ;if, (x]* =
{x}* = {0}. Anideall of S is called anx-ideal if (x]** < I for eachx € I.

A O-distributive nearlattic§ with O is said to be quasi-complemented if forreac
x € §, there existx’ € S such thake A x" = 0 and((x]* Vv (x']")* = (0]. A O-distributive
nearlatticeS with 0 is said to be normal if every prime idedl % contains a unique
minimal prime ideal.

Let I(S) denote the set of all ideals of a O-distributieantatticeS with 0, then
(1(S),AVv) is a distributive lattice whedeA J=1 n Jandl v J=<1 U J > for any
two idealsl andj of S .

3.0-ideal

We begin with the following lemma:

Lemma 3.1. In any O-distributive nearlattice with 0, we have

a) For any filterFof S, Flisadown setis andF N F®# @ = F =S = F°,

b) If S contains a dense element,ti®h= S F = S, for any filterF of S.

¢) For a filterFof S ,F° = {0} if and only if S has a dense element

d) For any prime idea? of S, 0(P) is a down set irfand 0(P) = (S\P)°.

e)For a proper filteF of S, F° is contained in some minimal prime idealSof

f) If M is a minimal prime ideal &f containing™®, thenM n F = @ for any filterF of S
Proof:

a) Obviously, for any filterF of S, F° is a down setif. Let F be a filter ofS such that
FNF°+ @. Selectx e FNF°. xe F*=>xAy =0, for somey € F.Asx € F and
yEF,0=xAyeF = F=S5andhencé#? =S.
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b) F =S = F° =S, obviously. LetF® = S andi be a dense elementSnd € F* = d A
f =0, forsomef € F. Asf € {d}* = {0}, we getf = 0.Thu9 € Fand hencé = S..
c) Assume that there exists a filtBrin S such that{0} = F°. But then(f]+= {0} for
somef € F.This shows thatS has a dense element. Conversely, assumeSthais a
dense element.Then the $eof all dense elements kis a filter withD® = {0}. Hence
the result.

d) Let P be a prime ideal of. ThenS \ P is a filter ofS .We havex € 0(P) © xAy =
0 for some ¥ P < x Ay =0 for somey € S\P © x € (S\P)°. Therefore0(P) =
(S\P)°.

€) Let F be a proper filter of. ThenF must be contained in some maximal filter 8&n
S. ThenS\M is a minimal prime ideal containiriy .

f) Let M be a minimal prime ideal &f containingF°. Assume thaM N F # @. Select

X € M n F.M being minimal prime ideal, there exist® M such thatx Ay = 0. As

x Ay =0 andx € F we gety € M; a contradiction. Hendd N F = @m

Remarks. (1) In O-distributive nearlattic§ for any proper filteF, F n F° = .

(2) In a O-distributive nearlattie a proper down sét’contains no dense elements.
(3) If S is a O-distributive nearlattice, then for anyefilf of S, F°is an ideal ins and for
any prime ideal iPof S, 0(P) is an ideal ir§.

Consider the 0-distributive nearlattiSe= {0, a, b, ¢, d, e}as shown by Hasse diagram of
Figure 1.The idedla] is not a 0-ideal af. Hence the sei of all 0-ideals ofS is a subset
of the set of all ideals . The ideal (0] is a 0-ideal ¢f which is not prime. The ideals
(b] and(d] are prime O-ideals .

& d

]

Figure 1.
In general about the 0-ideals of a O-distributieantattice we have

Theorem 3.2. For any O-distributive nearlatticg, the following statements hold.
(a) A proper O-ideal contains no dense elements.

(b) Every prime O-ideal i§ is minimal prime.

(c) Every minimal prime ideal i is a O-ldeal.

(d) Every non dense prime ideakiis a O-ideal

(e) Every O-ideal ir§ is ana-ideal.
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(H) If S is quasi-complemented nearlattice, then every giithealP not containing any
dense element is a O-ideal

Proof:

(@) Let a proper 0O-ideal contains a dense elemehin S.As I is an O-ideal = F° for
some filterF in S. But thend € F® = d A f = 0 for somef € F. As f € {d}* = {0},
we getf =0. As0 € F,F = S. HenceF® = S (by lemma 3.1(b)). This contradicts the
fact thatl is proper and the result follows.

(b) Let P be prime O-ideal in S.Theh= F° for some proper filteF in S. Select
x € P = F° Hencex A f = 0,for somef € F. If f € P, thenf € F n F°. Hence
FNnF°=+@. Then by lemma 3.1(aP = F° = F = S which is not true. Hencg ¢ P.
ThereforeP is minimal prime.

(c) Let P be a minimal prime ideal in S, the\¥F is a filter ofS. SincePis minimal prime
ideal inS, we getP = 0(P). HenceP = (S\P)°(by lemma 3.1(c)). HencRis a0-ideal.

(d) Let P be a non-dense prime ideal &f As {P}* # {0}, there exist® # x € {P}*.
HenceP € P+ c (x]t. Now lety € (x]*. Then xny =0 € P andx & P imply y € P.
Thus (x]* € P. From both the inclusions we gBt= (x]*. As (x]* = ([x))°, we get
P = ([x))°. ThereforeP is a O-ideal of.

(e) Let! be a O-ideal is. Hence there exists a filt€rin S such thal = F°. Letx €
F°.Thenx € (f]*for somef € F.Hencéx]*+ < (f]* € F°. This shows that the 0-
ideall in S is ana-ideal.

(f) LetS be a quasi-complemented nearlattiede a prime idealo§ with PnD = @.
Let x € P. SinceS is quasi-complemented, there exist€ S such thatx Ay =0
andxVv y€D. But thenygP as PnD =@. Thusx € (S\P)° shows thatP €
(S\P)°. As (S\P)° c P always, we geP = (S\P)° and the result followss

Converse of theorem 3.2(b) need not be true, veryeO-ideal need not be a minimal
prime ideal inS. For this consider O-distributive nearlattice reyareted in Figure 1. {O}is
a O-ideal, but not a prime ideal§nand hence not a minimal prime idealin

Necessary and sufficient condition for a proped@al of a O-distributive nearlattice to be
prime is proved in the following theorem.

Theorem 3.3. Let I be a proper O-ideal of a O-distributive nearlatic Thenl is prime if
and only if it contains aprime ideal.

Proof: If I is a prime ideal, then obviously it contains a ima prime ideal. Now
assume thaf contains a prime ideaP but I is not prime.Select € I,b ¢ Isuch
thataAb€l. AsP <1 andP is prime, we havee ¢ P,b ¢ P withaAb & P. Thus
(anb]t € P c I. Aslis a O-ideal of, there exists a filtérin S such thatl = F°,

Now aAb €I =F°=aA bA y=0 for somey€F. Hencey € (aAb]* € I =

F°>y€eFNF° >FnF°+¢.BylLemma 3.1(af = F° = S. Hencel = S, which

is absurd. Hencé is prime.Il being a prime 0- ideal o, it is minimal prime, by
Theorem 3.2(b). Hence the resuit.

It is well known that every ideal of a O-distribeei nearlatticeS cannot be expressed as
the intersection of all prime ideals containing(&] is an ideal but it cannot be expressed
as the intersection of all the prime ideals comtgjrt (ref. Figurel), but for O-ideals of a
O-distributive nearlattic& we have the following theorem.
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Theorem 3.4. Every O-ldeal of a O-distributive nearlattice isetimtersection of all
minimal prime ideals containing it.

Proof. LetI be a O-ideal of. Hence there exists a filtérin S such that = F°. Define
J =n{M/M is a minimal prime ideal containiriyy Clearlyl < ]. Supposd & ]. Choose
x € ] such that ¢ I = F°. Hencex Ay # 0 for eachy € F. Fix up anyy E F.x Ay #
0 = x Ay € G, for some maximal filte€ of S. S\ G is a minimal prime ideal,
y&S\G = (y]t €S\ G. Again we know thaf® =u {(f]*/f € F}. Hencel = F° ¢
S\G.

This in turn shows that € S\ G, which is absurd. Hende= ] and the result followss

Theorem 3.5. Every proper O-ideal of a O-distributive nearlati€ is contained in a
minimal prime ideal.

Proof: Let I be a prime O-ideal if. Thenl = F° for some proper filteF of S. Clearly
INF=F°nF=9.

Let ¢ = {G/G is a filter of S such thatF € G andl N G = @}. Clearly F € ¢ and¢
satisfies Zorn’s Lemma. LeM be a maximal element gf. We claim thatM is a
maximal filter ofS. Suppose is a proper filter o such thaM c K. By maximality of
MandF € M c K,we getiNK # @. Selectx e INnK. Asx €I = F, x Ay = 0, for
somey € F but thenw Ay = 0 € K; a contradiction. HencB is a maximal filter ofS. S
being a O-distributive nearlattidé,is a prime filter. Thereforg is a minimal prime ideal
of S such thaf < S\M. m

Immediately by Theorem 3.5 we have the followingute

Corollary 3.6. A proper filter of a O-distributive nearlatticeis maximal if and only if
S\F is a O-ideal.

Proof: Let F be a maximal filter of. ThenS\F is a minimal prime ideal of and hence
a O-ideal. Conversely, I&0\F be a O-ideal. TheS\F being a proper O-ideal, it must be
contained in some minimal prime ideal 9dgf S (by Theorem 3.5). ThuS\M C F. m

Theorem 3.7. Intersection of any two O-ideals in a O-distribetivearlatticeS is a O-ideal
of S.

It is enough to prove that for any two filtefandG of S, F° N G° = (F n G)°.
Obviously,(F N G)° € FOn G°. Letx € FO n G, thenx A f = 0, for somef € F

Andx A g =0, for someg € G. AsS is O-distributivex A (f Vg) =0.Asfvg € (Fn
G), we getx € (FNG)°. Thus, F°n G° € (F N G)°. Combining both the results
F°NnGg®= (FNnG)'.m

Corollary 3.8. Intersection of any family of O-ideals in a O-distitive nearlattices is a
0O-ideal ofs.

4. The set Q of all O-ideals

Let S be a O-distributive nearlattice and [gtdenote the posef(<) of all O-ideals of
S.In this article we prove that the podgdl, <) need not be a sub lattice of the lattice
(1(S), A, V) of all ideals inS in general. But under the condition of normalitySothe

61



Y.S.Pawarand and M.A.Gandhi

poset(Q, <) will be sub lattice of(I(S), A, Vv).Consider the O-distributive nearlattice
S ={0,a,b,c,d,e, f,g,h} as shown in Hasse Diagram of Figure 2.

i}

Figure2:

For the filtersF = [a) andG = [b),[F)° v [G)° = {0,a, b, c} which is not & —ideal
of S. As join of two O-ideals of a O-distributive nedtiee S is not a 0-ideal of, the sef)
of all O-ideals is not the sub-lattice of the lzt{/(S), A, V). m

In the following theorems we prove some propemie8-ideals in a nearlattice.

Theorem 4.1.The poset(, ©) is a sublattice of the lattid€S) provideds is a normal 0-
distributive nearlattice.

Proof: For any two filtersF and G of S, (F°AG®) =F°nG° = (FnG)°. (See
Theorem 3.7)F°NnG° € 0. Now we prove thatF°v G® = (FvG)°. Obviously,
F'vG°c (FVG)°. Letx € (FVG)°. Thenx At =0for somet € FVvG. Hencet >
fAgfor somef € Fandg € G. HencexAfAg=0=>x€e(fAglt=>x€e(fltV
(g]*(Since S is normal) = x € FOv G°. Since (f]* € F°and (g]* € G°). Thus,
(F v G)° € F°v G°. Combining both the inclusions we getv ¢° = (F v G)°. Hence
(Q,A,V) is a sub lattice of the lattigé(S),A,v). =

Theorem 4.2. Let S be a normal lattice. Then for any idéathich contains a O-ided,
there exist the largest 0-ideal containfhg@nd contained if.

Proof: Define § = {J/] is an0-ideal such thak € J c I}. Clearly, K € B. Let {J;/i €
A} be a chain ing. Thenu {J;/i € A} is a O-ideal and C U J; € I . So by Zorn’s lemma
B contains a maximal element, skfy We now prove thaM is unique. Suppose there
exists a maximal elemen; #= M in 8. Then we have M; vM < [. AsS is a hormal
lattice. M; vM € B (See Theorem 5.1). But, théfh = M; v M = M; and hence the
uniqueness. Thus in a normal latt€efor any ideall which contains a O-ided, there
exists a largest 0-ideal containikgand contained ifh. m

We know that {0} is an ideal in a nearlattiSewith O, if it contains a dense element.
Hence by Theorem 5.2 it follows the following.
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Corollary 4.3. In a normal latticeS containing dense elements, there exists largest 0-
ideals inS.

Corollary 4.4. In a normal nearlatticg, there exist largest 0-ideal/idealsSin

Theorem 4.5. Let S be a normal nearlattice. lf¢/a € A} is a family of O-ideals irS,
thenv I« is a0 - ideal ofSs.

Proof: As Ia is a O-ideal of, let/a = F,° for some filterF,, of S, for eacha € A.E,°
(V F,)°for eacha € A=V E,° € (VF,)°. Conversely, letx € (VE,)°. Thenx At =0
for somet € (VF,). Butthent > fiAfLbAfs A Af, for somef; e F;(1<i<mn), n
finite. Hencex A(fLA L Afap o Af) =02 (XAfDANGAL)ANXAL[)A
(xAf) =0. As Sis normal lattice((x A £)]" V(A )]V oV (A £D] =

sxeSoxe (@A) V(GAR] V.. v(@Aaf)] =

x<a;Va, V..vVa, where a; € ((x/\fl-)]l(l <i<n). Thus xAfiAa; =0.
(1<i<n).Hence xA(AL,f))ANa;=0. As Sis O-distributive, x A (Al=; fi) A
(ViL;a;) =0. But thenx A (AL, fi)=0(asx< (VL a) =>x€ (AL N =>x€
((FO1FV (DT V...V ((FD]* (SinceS is a normal latticey x € F,° VF,° v ...V E,as
(f] € F,°(1 < i <n). This shows thatVv F,) €V (F,°). Combining both the inclusions
we getv Ia =V F,° =(v E,)°, and the result followsa

Though the posdt}, ©) need not be a sublattice Igf), interestingly we prove that the
poset(Q, ©) forms a distributive lattice under the specialratiensrn andu defined on
it.

Theorem 4.6. Let S be a O-distributivenearlattice with 0. The poggt<S)forms a
distributive lattice on its own.

Proof. Let F andG be any two filters inS.

Claim I. The posetQ, <) is a lattice.

(D(F n &) is an infimum of F%and G°in Q.Let K° € G° andK® c F° for some filter
KinS. HenceK? is in Q. Let x € K°. Thenx € F° andx € G° impliesx Ay = 0 for
somey € F and x Az = 0for somez € G. As S is O-distributivex A (y v z) = 0 but
thenx € (FNG)° as(yVvz) € FNG. Hence K° € (F n G)°. So(F nG)? is infimum
of F® andG° in Q. If we denote infimum of® and G° by F°n G° then we have
F'n G°=(Fn@G)°.

(2) (F v G)° is supremum of °andG® in Q. Let F° € K° andG° < Kfor some filterk
inS. Letxe (FVG)°.xAfAg=0for somef €F andg € G. Asx A f € G° € KO,
we getx Ak A f =0 for somek € K. But thenx Ak € G° € K° Hencex AkAs =0
for somes € K. Ask As € K, we getx € K°. Therefore(F v G)° is supremum of*°
and G° in Q.If we denote supremum af® andG®in Qby F°u G°, then we have
Fou G° = (F v G)°From(1) and(2).

We get the pos€i), ©) is a lattice under the binary operatiansi defined on it.

Claim 11. The lattic€Q,r,1) is a distributive lattice.

Now x EFON(KUG)Y=x€F°Nn(KVG)= xAf=0,xAk=0and xAg=0
for some feF,keKandge G = xA(fvk)=0andxA(fvg)=0(as SisO0-
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distributive) = x € (F°n K° andx € (F°n ¢%(asfvke (F°n Kand fvge€
(F'n 6% =>x€e (F°Nn K u(F°n ¢% (asxA(fvkvg)=0)=>F°n

KO UGS (F°n KU F’n G%. AsF°n KD u (F°n 6% ¢

FOn (K°u G°) always, we geF°n (K°u ¢% = (F°n K% u (F°n G°). Hence
(Q,n,u) is a distributive latticem

Corollary 4.7. If a O-distributive latticeS contains dense elements, thenthe lattice
(Q,n,u) is a bounded, complete distributive lattice.

Proof.The lattice(Q,M,L) is a distributive lattice (by Theorem 4.6). ClgafD}and S are
bounds of the poséf, ©). Let{F;/i € A} be any family of filters ofS. Then(n Fi )° =

n (Fio). (See corollary 3.8). Hence the pg€gtc) is a complete lattice. Thus it follows
that the latticQ,n,U) is a bounded, complete distributive lattime.

Corollary 4.8. For a O-distributive latticeS, the lattice(Q,n,u) is bounded complete
distributive lattice.
Any two distinct0 — ideald and/ are said to bel co-maximal iff L] = S.

Lemma 4.9. Let S be a O-distributive latticec Ay = 0= (x]* u (y]t = Sfor x,y € S.
i.e(x]t, (y]*areu co-maximal.

Proof As (x]* = ([x)) and(y]* = ([y))’, we get(x]*, (y]* € Q. Now (x]* U (y]* =
U@’ = (VYN =@xAy)°=ExAyDt=(0]*=5.m

In the following theorem we show that any two distiprime O-idealsof a O-distributive
latticeS areLl co-maximal.

Theorem 4.10. Any two prime O-ideal® andQ of a O-distributive nearlattice are
Lico-maximal.

Proof. Let P andQ be two distinct prime 0-ideals of a nearlattiSe= P andQ be two
distinct minimal prime O-ideals &f. Selecta € P\Q andb € Q\P. Asa € P andP is
minimal there existx ¢ P such thatct A a = 0. Similarly for b € Q\P and there exists
y & Q such thay A b = 0. Now P being a prime ideak € P andb ¢ P => x A b & P.
Similarly, y¢ Qancth € Q > yAa & Q. But then (x Ab]* €P and (yAa]t cQ.
Again(x Ab)A(yAa)=(xAa)A(yAb)=0= (x Ab]* U (yAa]t =Sby Lemma
3.12. AsSH{xAbltu(yAaltSPuUQ,wegettLQ =S.m
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