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Abstract. In this paper the existing fuzzy meastme’ is defined in a different manner so
as to ensure and enhance the effectiveness of faeagure. Some examples relating to
various contexts whefen” describes a fuzzy measure and wiieté fails to be a fuzzy
measure are stated.
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1. Introduction
Fuzzy sets are defined as a model, fit for vagureepts and subjective judgment. Such a
model is used where the deterministic or probahilimodels fail to describe the system.

Fuzzy set theory is used in various domains as sieci making under
uncertainty, information retrieval, machine fauiaghosis in large scale industries and
image processing etc.

Various definitions of fuzzy measure exist. Foe ttiefinition the reader is
directed to refer [1, 4, 5, 6].

We use fuzzy measure theory for decision makingr @ew fuzzy measure
increases the efficiency so as to make decision @&és measure is monotonic.

2. A new definition of fuzzy measure

A relation R:A—B is a subset of A xB where A aldare any two sets. Let A, B be any
two sets. A relatiop : A - B is said to be a fuzzy relation if

1) D(p) = A whereD(p) is the domain op and

2) there exists a membership functipnn p — [0,1]

Let us consider an example
LetA = {al,az,ag} B = {bl,bz}
Letp — {(alibl) (az,by) (asbi) (a3,b2)}

o1 03 7’ 07
Then Dp) = A
The membership functigm: p —[0,1] is

ullay, by)] = pllaz,by)] = 1
ul(as, b)] = 03 ,ul[(as, by)] = 0.7
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Remarks:

1. For the sake of simplicity,[(a, b)] is simply denoted by, (a, b).

2. If (a,b)e p we write it asp(a) = b.

3. Byu,(a,b) = x we mean thak is the membership value (in [0,1]) of the case
that p(a) = b. That isu[p(a) = b] = x is simply denoted by, (a, b) = x.

The new definition of fuzzy measure

Suppose X is any seff be a class of sub sets of X &aiX] A) be a measurable space. A
fuzzy relationm : A — R is said to be a fuzzy measure if the following ditions are
satisfied

1) up(@0)=1

2) () ADB= supx < Supy
m(A)=x m(B)=y

(ii)ADB FAZ9= p(ASUpX) < 1 (B,Supy)

Making use of this definition, various instancesewh'm’ forms a measure are given
below.

Example2.1. Let X={1,2,3}and4 = P(X) ={{1} {2 {3 {12 { LB{ 2)3{ 1.2}34
={A;, A3, A3, A4, As, Ag, A7, Ag} (say)

Define a measuren: A — Rasm(a) =|aj|

m(4;) = m(4z) = m(43) = 1; m(4y) = m(4s) = m(4e) = 2;

m(A7) = 3, m(Ag) = 0

Let the membership function be defined as

X whenx#0
Hm(ALX) = x+l
1 when x=0
Then the corresponding membership values are
1 2
Hm(Al'l) = P—m(AZ! 1) = P—m(A3! 1) = E ;um(Azh 2) = “'m(AG!Z) = P—m(ASvZ) = §
3
le(147'3) = I ’ um(AS'O) =1
Then the following cases arise

AL S A, mA)=1<m@) =2  and pn(4,1) =35 <un(4s2) =3
Ay € Ay mA) =1<mds) =2  and pu(A;,1) =3 < pu(45,2) =2
A €A, m(A) =1<m(4,)=3  and p,(4;,1) =3 < u(4,,3) =2
Ay C Ay md) =1<m@A) =2  and Az 1) =35 < pn(4s2) ==
Ay C Ag md) =1<me) =2  and Az 1) =35 < pn(ds 2) =3
A, € 4, m(d) =1<m(4,)=3  and pn(dy1) =3 <pn(4,3) =2
Az C As mAz) =1<m(ds)=2  and pn(4s1) =5 <un(4s2) ==
A3 € Ag mdz) =1<m@e) =2  and  pu(ds1) =3 < pn(de2) ==
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As C A, md;) =1< m(4,)=3  and p,(4s1) = % < W (45,3) =%
Ay A;  m(Ay)=2<m(4,)=3 and i (As, 2) =5<um(47,3) =

As ©A;  m(4s) = 2<m(4,)=3 and iy (As, 2) = 2<m(47,3) = =
Ag €A, m(4g)=2<m(4;)=3 and iy (4 ,2)=2<itm (47, 3) =2

and m@g) = 0 but p,,(A45,0) =1,
In all the above cases “m” satisfies thendititons laid down in the definition 2.1
‘m” is a fuzzy measure.

Example 2.2.(Definition of atom) If A is any non empty class of subsets of set§ of
and for any poink € X, the sen {E|x € E € A } is calledatom of A *at x and is
denoted by Ax|A).X = {xq,X3,X3}
PO ={{xuxzxd {xax 3 {x 2x 3{x x b{x hi{x bix be

={ 51,52,53,54, S5, 56,57, Sg} (say)
A(x,/P(X)) denotes the atom &f(X) at x;
A(x1/P(X)) = S1 N S; NSy N Ss = Ss; A(x/P(X)) = S, N S3 NSy N Se=Sg
A(X3/P(X)) = 57
Let the measure be definedty: P(X) - R where

m(S) = ) 1AG /POO)
XES;
m(S1) = 3; m(Sy) = m(S3) = m(Ss) = 2; m(Ss) = m(Se) = m(S7) = 1,m(Sg) = 0.
Letu : m — [0,1]be defined as
1-x
Hpn(Si-X) =|l+x2
1 when x=0

when x#0

Hm(51z3) = 0.7 ) um(SZIZ) = Hm(53'2) = Hm(sél-l 2) = 0.6
um(SSl 1) = um_(s_& 1) = um(57f 1) =0.5 ’ um(SSl 0) =1.
Clearly ‘m’ satisfies the conditions of @iy measure.

Example 2. 3. Let X={a,b,c}
A={{a,b} {b} {a,b.c} ¢} . Here Alis a subclass of P(X).

={A1,4,,A3,A,} (say)

m : A - Ris defined asn(4;) = &

X1
Thenm(4;) = 2;(4z) = 7; m(43) = 1; m(Ag) = 0
u:m - [0,1] be defined as
2 16 1 7
01 (1002 st (41,2) = 35 = 0.6 (403) = &= = 0437
Wy, (4s,1) = 0.75.

Then by the definitiomm exhibits all the properties of fuzzy measure dmhce it is
a fuzzy measure.
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Example 2.4. Let A be as-algebra given by
X=fab.c}; A={{a} {b.c} {ab.c} g}
:‘&41,A2,A3,A4} (Say)
Define measure1:A -~ Ras md;)=[4; |
Them(4,) = 1; m(A;) =2; m(A3) =3; m(4,) =0
u: m - [0,1] be defined as
/Im(AI.'X):(XZ_X+l)/1+X2; #(All 1) = 211 .u(AZI 2) = %! .u(ASI 3) = 1_70
Then m is a fuzzy measure.

Example 2.5. Let X={1,2,3,4,5},A={{1,2 {3, { 3}

The o-algebra generated by A is denoteddiyd) and is given by

oM={{1.3 {343 { 3}{ L2p5{.}5. L.2.34 . L.2. 34}
FALA2A3A4A5A 6A 7A B (SAY)

Letm: 0(A) - Rbe defined asi(4;) = |4;]

Thenm(4,) = 2; m(4,)=3; m(43) = 2; m(4,) =3; m(dg) =1;

m(4g) = 4andm(4,) =5and m(4dg) =0

The membership function 1: m— [0,1]is defined as

X
P A LX) =1
m 1+x2

Hn(AL2F3 5 (A23) = tm(Aad)= Ty um(pez):g s Hm(As)=Y) L u(Aed) =13

H(A75)= 26 pup(Ag0) = 1
Thenm is a fuzzy measure.

Example 2.6. Let X ={1,2,3}
P(X) is ordered in descending order of cardinaitie

POx) ={{1.2.3 {13 { LB{ 2B{}{.}2{ .}34

= {ALA2,A3A2A5A 6A 7A § (SAY)
|Ail

Letm: P(X) - Rbe defined ag4;) = el Then
m(A) =3 ; m(A)=1; mAz) =3 ; m(A,) =2
mds) =z ; mAd=z; m@)=7 ; m(dg) =0

N

u:m - [0,1]is defined asy(aix) ={ 1+x2
1 Aj =@

= 1 = (42) = S (10) = i (1) =

1 1 1 1
b (463) =5 & i (477) =55 bn(4,0) = 1
Thenm is a fuzzy measure.

%
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Example 2.7. Consider X, P(X) and the measure ‘m’ be as in Example 2.6thédf
membership function be definedggai. x) =1- \Ai\/(1+x2). We see that

A0 As@ndm(ap) = % <m(ap) = 1but

1,_1 —
Ml ABg) =5 >0 Zhm( A1)
Thereforem is not a fuzzy measure.

3. Conclusion

We have given different contexts where ‘m’has ptbt@ be a fuzzy measure by means
of examples. The domain of the measure ‘m’ has kbenordinary power set, the
subclass of the power set, the sigma-algebra,tiEmdigma algebra generated by the
subclass of the power set. Measure ‘m’ is alsonéeffin a variety of ways and is proved
to be a fuzzy measure according to the new dedimiti
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