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Abstract. Third degree B-spline basis functions are usdobas functions in collocation
method to approximate the solution of second orHeler—Cauchy equations with
Neumann boundary conditions. Recursive form of Baspfunction is used as basis in
this present method. This method is demonstratedcdysidering Euler—Cauchy
equations with Neumann boundary condition problefige results are compared with
exact solutions to find its efficiency and congiste The easiness of the method reduces
the complexity and time consuming when comparet wiiher existed methods.
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1. Introduction
In this paper Euler- Cauchy’s type of equationhaf torm
n n- n-
aoxnd—U+a1xn_1%+a2xn_2%+ ... +apqU =0, asx<b (1)
dx" dx" dx"

, Where ‘U’ is a function in ‘X', is considered \ithe boundary conditions
Ub)=kiU (b)=ko U (b)=kaU  (b)=Kg...U" L) =kp.

The above form of Euler-Cauchy homogeneous lindgfarential equations are solved by
modifying into linear differential equation with mstant coefficients. In this process, the
solution is obtained to the modified differentiguation and processes are involved in
finding the solutions for such type of Euler —Cauttomogeneous linear differential
equations.

Many researchers have developed varioogericgal methods to solve such type of
differential equations [4-6]. These numerical noelh have many other intermediary
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calculations such as integrations, transforming glven equation into linear equation
with constant coefficients and suitable substingietc.

Let yN(x)= milciNi,p(x) (2)
i=—

whereC,’s are constants to be determined ddd (X) are B-spline basis functions, be

the approximate global solution to the exact sotut (X) of the considered nth order
Euler- Cauchy’s differential equation (1).

2. B-splines
In this section, definition and properties of Bispl basis functions [1-3] are given in
detail. A zero degree and higher degree B-spliasisbfunctions are defined j

recursively over the knot vector spaXe={ Xq X2 X3......... Xm-1, XM} as
i) if p=0
Ni p(X) =1 it xO (%, %)
Ni,p(x):(-) If XD(Xi’XHi)
i) if p=1

- X=X Xitp+1 ~ X
Ni p(X) =———N; p-1(X) + ——————Njs1 pa(X)
i+p A Xi+p+1 ™ K41
where p is the degree of the B-spline basis funaiiod X is the parameter belongs to X.
When evaluating these functions, ratios of the fOfthare defined as zero.

3. B-spline collocation method

Collocation method is widely used in approximatitimeory particularly to solve
differential equations .In collocation method, #ssumed approximate solution is made it
exact at some nodal points by equating residue atetftat particular node. B-spline basis
functions are used as the basis in B-spline cdilmeanethod whereas the base functions
which are used in normal collocation method arepthlgnomials vanishes at the boundary
values. Residue which is obtained by substitutiqgadon (2) in equation (1) is made

equal to zero at nodes in the given domain to deter unknowns in (2). Ldta, b] be the
domain of the governing differential equation ands ipartitioned as

a
X ={a = X X{. X2 erur.. Xm-1, Xm = b}  with equal lengthh=——of m-sub
L) ) m

domains. Thex; 'S are known as nodes, the nodes are treated as iknoddocation B-
spline method where B-spline basis functions affinelé and these nodes are used to
make the residue equal to zero to determine unkad@fis in (2), two extra knot

vectors are taken into consideration beside the afftorof problem both side when
evaluating the second degree B-spline basis fumetib the nodes.
Substuiting the approximate solution (2) and itswdives in (1).

2



Numerical Solution to Euler—Cauchy Equation wittuR&nn Boundary Conditions
Using B-Spline Collocation Method

n;, h n-1, h n-2,; h
nd’U +a1x”_1d—u+a2x“_2d—u+ ... +apqUuN=o0
dx " dx N1 dx N2

ap X

i.e.

-1 -1 -1

aox" 'Y CiNM p(x) +apx" 1Y CINTL p(x)+ . +ang X CiNg p(x=0 ()
i=-2 i=-2 i=-2

Equation (3) which is evaluated % 'S ,i=0, 1, 2,...m-1 gives the system of (m-2) x
(m+1) equations in which (m+1) arbitrary constaate involved. Particularly for third
degree i.e m=3, three more equations are needbdvi® (m+1) x (m+1) square matrix
which helps to determine the (m+ 1) arbitrary cantt. The remaining three equations are
obtained using

mZ_lciNi’p(b):kl, (4)
i=—2

m-1 '

'Y CiNi,p(b) =k (5)
i=—

miICiN"i,p(kas (6)
i=—2

Now using all the above equations (3),(4), (5),i(@. (m+1) a square matrix is obtained
which is diagonally dominated matrix because eviirgl degree basis function has values
other than zeros only in four intervals and zenosthie remaining intervals, it is a

continuing process like when one function is endisgeffect in its surrounding region

than other function starts its effectiveness aspater value changing. In other words,
every parameter has at most under the four (p=3)sbfunctions. The systems of

equations are easily solved for arbitrary const&iss Substuiting these constants in (2),
the approximation solution is obtained and usedstimate the values at domain points.
Absolute Maximum Relative error is evaluated byngsihe following relationship exact

and approximate solutions.

Uexact — U appro

Absoluterelativeerror = Uexact
Numerical experiments
Example 1.
2 .
3x2 4°Y —4x‘2i +20 =0 with U (1)=2:U (1)=1;
X

dx 2
Exact solution is given [7] a3 = 9 Xl/ 3 4 1 x 2
5 5

Third degree B-spline collocation method is emptbi@ find the numerical solution for
the numerical example 1 in order to demonstrateptiesent developed method. The
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obtained numerical solution is good agreement whk exact solution and the
applicability of present method is proved. Thedatgmns are presented in Tablel.
Solutions for numerical Example 1.

node: | Numerical | Exact
solution solution
1 2.000( 2.000(
1.1 2.100( 2.100:
1.2 2.200: 2.200¢
1.2 2.301: 2.302¢
1.4 2.403¢ 2.405¢
1.t 2.507: 2.510¢
1.€ 2.612¢ 2.617:
1.7 2.720( 2.726:
1.8 2.829¢ 2.837¢
1.¢ 2.941: 2.951:
3.055¢ 3.067¢

Table 1: Comparison of Exact and Numerical

Number of | 11 21 41 91 201 501
collocation
points

Maximum | 0.398: | 0.203( | 0.102¢ | 0.045" | 0.020¢ | 0.008:
Relative
Error

Table 2: Maximum relative error corresponding numbecafocation points

Table 2 presents the number of collocation poimd maximum relative error. It is
observed from the table 2 that increase in numifecotiocation points reduce the
maximum absolute relative error. This shows conmecg of the present method
unconditionally.

Example 2.

Third degree Euler-Cauchy differential equationadssidered [7] for the applicability of
the present proposed numerical method under theusaorder boundary value problems.
2 1 n
x3ﬂ +10x29™Y _50x Y 4 200 o withu @) =0 .U @)= -1andu " @)=1
dx3 dx2 dx

The exact solutionis U = - §X2+LX—1O +ix.

Present numerical method is implemented to the thider Euler —Cauchy equation. The
obtained solution is compared with exact solutiod presented in Table3. Clearly from
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the table 3, the numerical solution is close to éiact solution. The proposed third
degree B-spline collocation solution is applicatolesolve up to the third order boundary
value problems.

The increase in number of collocation peimprove the exactness of the solution
which is shown in the Figurel.lt is observed frdra figurel that the present numerical
solutions guarantees the convergence when incrélasetimber of collocation points.

node: Numerical Exact
solution solution

1 -0.000( 0

1.1 -0.100( -0.098"
1.2 -0.214¢ -0.203¢
1.2 -0.347: -0.320¢
1.4 -0.497¢ -0.451(
1.t -0.665¢ -0.596:
1.€ -0.851: -0.756:
1.7 -1.054¢ -0.931(
1.8 -1.275¢ -1.120¢
1.¢ -1.514: -1.325¢
2 -1.770¢ -1.545¢

Table 3: Comparison of Numerical and Exact solutions

0,

Numerical solutiol
-0.2] == Exact solution

-0.4

-0.9

D -0.9

-1

-1.2

-1.4

-1

1 1-.2 l-.4 l-.6 l-.8 -2

X
Figure 1. Comparison of numerical and exact solutionslftitcolloation points
4. Conclusion
The proposed numerical method is examined to dpvelanerical solution for Euler-
Cauchy boundary value problems by considering nioaleexamples. The obtained
numerical solutions are compared with availablecesalutions which are available in
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literature. The numerical solution is close to éxadues and further more applying this
method is very easy and simple when compared wighwell established numerical
methods. This method can be applied to differgm$yof boundary value problems.
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