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Abstract.  Third degree B-spline basis functions are used as basis functions in collocation 
method to approximate the solution of second order Euler–Cauchy equations with 
Neumann boundary conditions. Recursive form of B-spline function is used as basis in 
this present method. This method is demonstrated by considering Euler–Cauchy 
equations with Neumann boundary condition problems. The results are compared with 
exact solutions to find its efficiency and consistency. The easiness of the method reduces 
the complexity and time consuming when compared with other existed methods. 
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1. Introduction 
In this paper Euler- Cauchy’s type of equation of the form        
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, where ‘U’ is a function in ‘x’, is considered with the boundary conditions 
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The above form of Euler-Cauchy homogeneous linear differential equations are solved by 
modifying into linear differential equation with constant coefficients. In this process, the 
solution is obtained to the modified differential equation and processes are involved in 
finding the solutions for such type of Euler –Cauchy homogeneous linear differential 
equations. 
         Many researchers have developed various numerical methods to solve such type of 
differential equations [4-6].  These numerical methods have many other intermediary 
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calculations such as integrations, transforming the given equation into linear equation 
with constant coefficients and suitable substitutions etc.    
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where
iC ’s are constants to be determined and )(, xN pi

 are B-spline basis functions, be 

the approximate global solution to the exact solution )(xU of the considered nth order 

Euler- Cauchy’s differential equation (1).  
 
2. B-splines 
In this section, definition and properties of B-spline basis functions [1-3] are given in 
detail.  A zero degree and higher degree B-spline basis functions are defined at ix  

recursively over the knot vector space },.........{ 13,2,1 xmxxxxX m−=    as       
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where p is the degree of the B-spline basis function and x is the parameter belongs to X. 
When evaluating these functions, ratios of the form 0/0 are defined as zero. 
 
3. B-spline collocation method                       
Collocation method is widely used in approximation theory particularly to solve 
differential equations .In collocation method, the assumed approximate solution is made it 
exact at some nodal points by equating residue zero at that particular node.  B-spline basis 
functions are used as the basis in B-spline collocation method whereas the base functions 
which are used in normal collocation method are the polynomials vanishes at the boundary 
values. Residue which is obtained by substituting equation (2) in equation (1) is made 
equal to zero at nodes in the given domain to determine unknowns in (2). Let ],[ ba be the 
domain of the governing differential equation and is partitioned as 

},.........{ 12,1,0 bxxxxxaX mm === −    
with equal length 

m

ab
h
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domains. The six '  are known as nodes, the nodes are treated as knots in collocation B-

spline method where B-spline basis functions are defined and these nodes are used to 
make the residue equal to zero to determine unknowns siC '  in (2), two extra knot 

vectors are taken into consideration beside the domain of problem both side when 
evaluating the second degree B-spline basis functions at the nodes.  
Substuiting the approximate solution (2) and its derivatives in (1). 
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Equation (3) which is evaluated at six ' ,i=0, 1, 2,....m-1 gives the system of (m-2) × 

(m+1) equations in which (m+1) arbitrary constants are involved. Particularly for third 
degree i.e m=3, three more equations are needed to have (m+1) × (m+1) square matrix 
which helps to determine the (m+ 1) arbitrary constants. The remaining three equations are 
obtained using                     

                                     1
1

2
, k)( =∑

−

−=

m

i
pii bNC ,                                                                   (4)  

                                  2
1

2
,

' k)( =∑
−

−=

m

i
pii bNC ,                                                                (5) 

                                         3
1

2
,

'' k)( =∑
−

−=

m

i
pii bNC                                                                  (6) 

 Now using all the above equations (3),(4), (5), (6) i.e. (m+1) a square matrix is obtained 
which is diagonally dominated matrix because every third degree basis function has values 
other than zeros only in four intervals and zeros in the remaining intervals, it is a 
continuing process like when one function is ending its effect in its surrounding region 
than other function starts its effectiveness as parameter value changing. In other words, 
every parameter has at most under the four (p=3) basis functions. The systems of 
equations are easily solved for arbitrary constants Ci’s. Substuiting these constants in (2), 
the approximation solution is obtained and used to estimate the values at domain points. 
Absolute Maximum Relative error is evaluated by using the following relationship exact 
and approximate solutions.                                    

                   Absolute relative error    =       txaU

approUtxaU

ce

ce −

 
Numerical experiments 
Example 1. 
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Third degree B-spline collocation method is employed to find the numerical solution for 
the numerical example 1 in order to demonstrate the present developed method. The 
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obtained numerical solution is good agreement with the exact solution and the 
applicability of present method is proved. These solutions are presented in Table1. 
Solutions for numerical Example 1.  
 
 
 
 
 
 
 
 
 
  

 
 
 
 

Table 1: Comparison of Exact and Numerical 
 
 
 
 
 
 

Table 2: Maximum relative error corresponding    number of collocation points 
 

Table 2 presents the number of collocation points and maximum relative error. It is 
observed from the table 2 that increase in number of collocation points reduce the 
maximum absolute relative error. This shows convergence of the present method   
unconditionally. 
 
Example 2. 
Third degree Euler-Cauchy differential equation is considered [7] for the applicability of 
the present proposed numerical method under the various order boundary value problems. 
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The exact solution is       xxxU
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Present numerical method is implemented to the third order Euler –Cauchy equation. The 
obtained solution is compared with exact solution and presented in Table3. Clearly from 

nodes Numerical 
solution 

Exact 
solution 

1   2.0000   2.0000 
1.1   2.1000 2.1001 
1.2   2.2003 2.2008 
1.3   2.3013 2.3025 
1.4   2.4035 2.4056 
1.5   2.5072 2.5105 
1.6   2.6126 2.6173 
1.7   2.7200 2.7263 
1.8   2.8295 2.8376 
1.9   2.9414 2.9514 
2   3.0556 3.0679 

Number of 
collocation 
points 

11 21 41 91 201 501 

Maximum 
Relative 
Error 

0.3983 0.2030 0.1024 0.0457 0.0206 0.0083 
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the table 3, the numerical solution is close to the exact solution. The proposed third 
degree B-spline collocation solution is applicable to solve up to the third order boundary 
value problems. 
        The increase in number of collocation points improve the exactness of the solution 
which is shown in the Figure1.It is observed from the figure1 that the present numerical 
solutions guarantees the convergence when increased the number of collocation points. 
   
 
             
 
 
 
 
 
 
 
 
 
 
 

Table 3: Comparison of Numerical and Exact solutions 
 

 
Figure 1: Comparison of numerical and   exact solutions for 101colloation points 
4. Conclusion 
The proposed numerical method is examined to develop numerical solution for Euler-
Cauchy boundary value problems by considering numerical examples. The obtained 
numerical solutions are compared with available exact solutions which are available in 
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Numerical solution

Exact solution

nodes Numerical 
solution 

Exact 
solution 

1   -0.0000 0 
1.1    -0.1000 -0.0987 
1.2    -0.2146 -0.2036 
1.3    -0.3473 -0.3204 
1.4    -0.4976 -0.4510 
1.5    -0.6656 -0.5962 
1.6    -0.8513 -0.7562 
1.7    -1.0546 -0.9310 
1.8    -1.2755 -1.1208 
1.9    -1.5142 -1.3256 
2    -1.7705 -1.5454 
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literature. The numerical solution is close to exact values and further more applying this 
method is very easy and simple when compared with the well established numerical 
methods. This method can be applied to different types of boundary value problems. 
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