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1. Introduction

An automaton is a control mechanism designed fovfodutomatically a predetermined
sequence of operations or respond to encoded dtising It involves a sequential
switching circuit with a finite number of statesithwstate changing when it is subjected
to an input symbol. Zadeh introduced the conceptfuazy sets and W. G. Wee
introduced fuzzy automata. The theory of inverse noids were introduced
independently by Wagner and Preston via the stfighadial one-one transformations of
a set. Sebastian and Johnson [10] defined an mvieizzy automaton such that its
transition monoid is an inverse monoid and study structure of the automorphism
group of an inverse fuzzy automaton. Samuel efahffoduced A Watson-Crick online
tessellation automata which work on double-straratealys where the two strands relate
to each other through a complementary relationiiedpby the DNA complementarity.
Chatrapathy and Ramanswamy [2] proved the equigalbetween acceptance by empty
stack and acceptance by final states for an iotigttic fuzzy pushdown automata.

Fuzzy tree automata have been studied in [4] caeked alphabet to recognize
fuzzy tree language [1]. Fuzzy tree language idubey set of trees. Fuzzy tree automata
is an extension of fuzzy automata [6] when the wak viewed as an element of unary
term and fuzzya tree automata is an extension of fuzzyautomata [3,5,6,8] when the
words are viewed as an elementrof- ary term. In this paper, a fuzzy tree automata i
redefined to recognizé - ary tree. Further, we defined a fuzay tree automata as a
generalization of the redefined fuzzy tree autontataecognize a fuzzy set of infinite
trees. Fuzzyw tree language is the fuzzy set of infinite- ary trees. In Section 2, we
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redefined the fuzzy tree automata and studied gumeléminaries. Section 3 studies the
relationships among fuzzgt - tree automata and section 4 presents the cooiclasthe
paper.

2. Fuzzy finite tree automata
Let n be a positive integer arfeh] denote the sg0,1,2,---,n—1}. Let[n]" be a set of
all strings over[n] including the null stringA . A finite subsetD of [n] is called a
finite tree domain if the following conditions hold

(1) wOD andw=uv impliesuD, whereu,v,wO[n];

(2) wnOD andm<n implieswmOD , wherewO[n] ,m,n0O[n].

Let A be a nonempty set of alphabets. A finiteary tree is a mapping
t:D - A. We denote byl the set of alln-ary trees onA. The elements oD are
called the nodes of the tree. XfL1D is a node, any node of the forry for y[n] is

called a child ofx. The height of a finite trek is the maximal length of the elements of
D.
The frontier oft, denotedFr (t) is the set

Fr(t) ={xOD|Xn]nD=¢}
The elements ofr (t) are usually called the leaves of the tree. Therduontier oft,
denoted byFr *(t) is the set
Fr*(t)=D[n]-D
formed by allxy (1D such thatx(0D and y[I[n] and the seD*(t)=DOFr*(t). A
path P through the tred is a sequencel,,u,,U,,---,U, of successive nodes string in
the rootu, = A\.

Definition 2.1. A fuzzy finite tree automaton over the alphabdtis a 4 - tuple
F=(Sf,I,F), where

*Sis the finite set of states.

«f: SxAxS" - [0,1] is a fuzzy transition function.

*l:' S - [0,1] is a fuzzy set of initial states.

*F: S - [0,1] is a fuzzy set of final states.

A run of the fuzzy finite tree automatof on a treet is a finite tree

R:D" - S with I (R(N\)) >0 such that
f (R(x),t(x), R(x0),R(x1),---,R(x(n=1)))>0 for all xUD. The run R is
successful ifF (R(u)) > 0 for all u on the outer frontieFr *(t) of t.

Let R denote the set of all different runs Bf on a treet. The weight of an
accepted tre¢ is calculated as follows:

W(t) = Ueer { XL T(R(AD} H T (R(X),1(X), R(X0), ROA), -+, R(X(n=1))},
C{F (R()) [uBFre ()}
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The setT of finite tree languages recognized by a fuzzitditree automaton is
formed by all treest such that there is a successful ri&h on t. A fuzzy set
M1:T - [0,1] of finite tree languages is recognizable if thisra fuzzy tree automaton

F such thatW(t) = u(t).

3. Classes of fuzzy « - tree automata
An infinite N-ary tree on the alphabé is a mappingt:[n] — A. We denote byl “

the set of alln-ary infinite trees onA. An infinite tree is a generalization of an infmi
word when[n] ={0} . A path P through the infinite tree is an infinite sequence

Uy, U, U,, -+ of successive nodes string in the rogt= /..

Definition 3.1. A fuzzy «-tree automaton on the alphabed is a 4-tuple
F=(S f,I,Acc), where

*Sis the finite set of states.

«f: SxAxS" -, [0,1] is a fuzzy transition function.

*l: S - Fisfuzzy set of initial states.
*Acc is the acceptance component.
A run of the fuzzy infinite tree automatdn on a infinite tred is a infinite tree

R:[n]" — S with I (R(A)) > 0 such that
f (R(x),t(x), R(x0),R(x1),---, R(x(n=1))) > 0 for all xO[n]".

Definition 3.2. A fuzzy Buchi tree automaton is a 5 - tute= (S, A, f,1,B), where
* (S A f,1) isafuzzyw - tree automaton.

B : S - Fisthe fuzzy set of infinitely repeated states.
Arun R in F is successful if each patR visits B infinitely often, that is
inf (R) n B # ¢ . The weight of the accepted - tree is calculated as follows

W(t) = D { B{ H(R(AD} O f (R(X),t(X), R(X0), R(XL),---, R(x(n 1))},
C{B (t)|tTinf (R) n B}}}

Theorem 3.3. Let L(F,) and L(F,) be the fuzzya - tree languages recognized by
fuzzy Buchi tree automatk, and F, respectively. Then there exists a fuzzy Buchi tree
automatonF such thatL(F) = L(F,) O L(F,) .

Proof: Let F,=(S, f,1,,B,) and F,=(S,, f,,1,,B,) be fuzzy Buchi tree automata.
Construct a fuzzy Buchi tree automatbre(S, A, f,1,B ), where

s=s50S,
f=f0f,
| =1,01,,
B=B,0B,
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Definition 3.4. A fuzzy Muller tree automaton is a 4 - tugte= (S, f,1,M ), where
* (S A f,1) isafuzzyw - tree automaton.
* M is a set of fuzzy sets of S, thatVé [ F(S).
Arun R of F on ainfinite treet is successful if for every patR of R the set
of infinitely often states occurs is a membedf, that isinf (R)CIM .
The weight of the accepted woud is calculated as follows
W(t) = Oegr { X{ H(R(A)D)} L f (R(X),1(x), R(X0),R(x1),- -, R(x(n—1))},
C{M ()|t Oinf (R)}}}

Theorem 3.5. Let L(F,) and L(F,) be the fuzzya - tree languages recognized by
fuzzy Muller tree automat&, andF, respectively. Then there exists a fuzzy Mulleetre
automatonF such thatL(F) = L(F,) O L(F,) .

The idea of constructing the desirédis very similar to the one for fuzzy Buchi
tree automaton.

Definition 3.6. A fuzzy Rabin tree automaton is a 4 - tuple=(S, f,|,R), where
(S, f,l) is afuzzya - automaton.
*R={(E,R ).(E,,F,),---.(E,,F, ) }is a pairs of fuzzy set of states. That
is
R={(E: Q- F,F:Q- F)|l<i<n}
A run R in F is successful if each patR visits F, infinitely often and visitsE,
finitely often, that is

[ (R) €, = ginf (R F: # )
O{HE (). R(t)[sO fli_n(R) n E,tOinf (R) n F}}}

The weight of the accepted - tree is calculated as follows
W(t) = O {O{ HR(A)} K T (R(X),1(x), R(X0),R0A), -, R(x(n 1))},

Theorem 3.7. A fuzzy & - tree language recognized by a fuzzy Buchi trgeraaton is
also recognized by a fuzzy Muller automaton.
Proof: Let F = (S, f,1,B) be a fuzzy Buchi tree automaton recognizes theyfuz -

tree languagd_(F) . Construct a fuzzy Muller tree automatbi'= (S, f,1,M ) where
M ={uOF(S)|unB #¢}. It can be easily verify that(F) = L(F') and the weight
of the accepted infinite tree remains the same.

Theorem 3.8. A fuzzy & - tree language recognized by a fuzzy Rabin tueenaaton is
also recognized by a fuzzy Muller automaton.

42



Fuzzyw-Tree Automata
Proof: Let F = (S, f,1,R) be a fuzzy Rabin tree automaton. Construct a fialer
tree automator'= (S, f,1,M ) where
M ={uOFS)|(E,F)OR,unE=¢CunF #¢}. It can be easily verify that
L(F) = L(F") and the weight of the accepted infinite tree reimaie same.

Theorem 3.9. A fuzzy & - tree language recognized by a fuzzy Muller tleomaton is
also recognized by a fuzzy Rabin tree automaton.
Proof: Let F=(S,f,I,M) be a fuzzy Muller tree automaton with

M={M_ M, M}, M, OF(S),i=12;--,n. Construct a fuzzy Rabin tree
automatonF'= (S, f,1,R) where

R={(S-M,M,),(S5-M,,M,),---,(S—M ,,M ,)}. It can be easily verify that
L(F) = L(F") and the weight of the accepted infinite tree reimaie same.

Theorem 3.10. Let L(F,) and L(F,) be the fuzzya - tree languages recognized by
fuzzy Rabin tree automatl, and F, respectively. Then there exists a fuzzy Rabin tree

automatonF such thatL(F) = L(F,) O L(F,) .

By theorem 3.8 and 3.9, the fuzzy language recegnitzy a fuzzy Muller tree
automaton is recognized by a fuzzy Rabin tree aatomand conversely. Since the class
of languages recognized by fuzzy Muller tree autanmclosed under union. Hence the
same is true for the fuzzy language recognizedibyyf Rabin tree automata.

Theorem 3.11. A fuzzy a - tree language is recognized by fuzzy Buchi treeomaton
if and only if it is & - rational.

Proof: Let F = (S, f,I,B) be a fuzzy Buchi tree automaton wgh={s,S,,--, S}
For eachs[]S, let 4, be the fuzzy set of finite treéson AL S such that

(1) they have values iB on their frontier but elsewhere iA,
(2) there is a rurR starting ats on the tree obtained by deleting the frontier of
t and R is such thatR(x) = t(x) for all xFr(t).

Each fuzzy sety, is recognizable. For eachllS, let 4, be the fuzzy set
recognized by the fuzzy Buchi tree automa(@ f,1,B). We can write eacly, as
Be = Ho® o (s s Moo M )P
where p=(s,S,,:*+,S,,) - Indeed, for any treé which belongs to the right-hand side of

the formula, there is a run df ont starting ats and passing infinitely often i3 .
Thusty, . Conversely, ift[ 4, let R be a successful run ¢65, f,s,B) ont. Any

path P in R passes infinitely often ilB . Thus, there is a tret such thatsll /.
Continuing the above procedure repeatedly leatisetdesired decomposition.
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4. Conclusion

In this paper, we have proved that a fuzzy treguage recognized by a fuzzy Buchi tree
automaton is also recognized by a fuzzy Muller aamaton. Further, it is proved that
a fuzzy tree language recognized by a fuzzy Rabmadutomaton is also recognized by a
fuzzy Muller tree automaton and conversely. Alse, studied the closure properties of
fuzzy tree languages recognized by fuzzy- tree automata. Finally, we proved that a
fuzzy « - tree language is recognized by fuzzy Buchi &rematon if and only if it is

G - rational.
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