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Abstract. Based on the general Struble’s technique and eeteK®M method a simple
analytical solution has been developed to determpproximate solutions for nonlinear
over damped vibrating systems with varying coefiits. The determination of the
solution is more systematic and easier than th&tiegi procedures developed by several
authors. The method is illustrated by an example.
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1. Introduction

The asymptotic method Krylov-Bogoliubov-MitroplshifKBM) [1-3] is particularly
convenient and extensively used methods to studyinear differential systems with
small nonlinearities. Originally, the method waseleped by Krylov and Bogoliubov
[1] for obtaining periodic solution of a second erchonlinear differential equation.
Letter, the method was amplified and justified neatltically by Bogoliubov and
Mitropolishkii [2,3]. Popov [4] extended the methtwla damped oscillatory process in
which a strong linear damping force acts. Murtyk&letulu and Krisna [5] extended the
method to over-damped nonlinear system. Shams@] [Brestigated over-damped
nonlinear systems and found approximate solutidriduffing’s equation when one root
of the unperturbed equation was respectively doabliples of the other. Shamsul [9]
has presented a unified method for solving ruth order differential equation
(autonomous) characterized by oscillatory, dampeadillatory and non-oscillatory
processes with slowly varying coefficient. Pinalkaal [10] has presented extended
KBM method for under-damped, damped and over-danvi@ating systems in which
the coefficients change slowly and periodicallyhntime. Pinakeet.al [11] extended the
technique for damped forced nonlinear system witlyimg coefficients. Recently
Shamsul [12] has developed the general Strubletmniques for several damping effect.
The aim of this paper is to find a solution of od@mped nonlinear vibrating systems
that vary slowly with time in which one of the emgealues is multiple (almost two
hundred timesij.e., Bicentuple) of the other eigen-value and measatter result for
strong nonlinearities.
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2. Method
Let us consider a nonlinear differential systemegned by

X+ 2K, (1) + (k2 + k, cost)x = =€ f (X, %, T), r=¢t (1)
where the over-dots denote differentiation withpesst tot, € is a small parameter,
k., k,and k, are constantsk, =O(€) =k;, T=¢&t is the slowly varying time,
k,(r)=0, f is a given nonlinear function. We se¥’(r) = (k5 +k, cosr), where
«(7) is known as internal frequency.

Putting £ =0 and 7 = 7,= constant, in Eq.(1), we obtain the unperturbddtm
of (1) in the form

X(t,0) = X, €™ + x_, e, )

Let Eq.(1) has two eigenvalues,(7,) andA,(7,) are constants, but whenz O,
A, (7,) and A,(r,) vary slowly with time. We may consider thiak, (7,)|>> |, (7)) .
Whene # O, we seek a solution of Eq. (1) in the form
x(t, 5) =X (t,7) + X, (t,7) + au, (x, X, t,7) + €U, (X, X, ,1,T) + ..., (3)
where X; and x_; satisfy the equations
% = A (T)% + X, (X, X4, 1) + €7 X, (%, X4, 7)oy
Xy = Ap(D)Xy + X (X, X4, 1) + €7 X (%, Xy, 7)oy
Differentiating X(t,€) two times with respect th substituting for the derivative¥ and
x in the original equation (1) and equating the fioeht of £, we obtain

(4)

(/]1X1DX1 +A2X—1DX—1) xl + (AlxlDX.l. +A2X—1DX—1) X—l +/]1'X1 +A;X—1 _Ale _Alx—l +

+ (/]1)(1DX1 +A2X—1DX—1 _/]1)(/]1)(1DX1 +A2X—1DX—1 _/12 )ul (5)
=—1 O(x,x4,7),
where ] :%, Al :%, Dx, :i,Dx_l :L, fO=1f(x,,%,,7)
dr dr 0x, 0X,
Herein it is assumed thdt @ can be expanded in Taylor’s series
f 0 — Z Frl,r2 (T) Xlrl Xizl (6)

r,r,=0
To obtain a special over-damped solution of (1),invpose a restriction that, -
exclude the termsx2 i, A, +i,A, < (i, +i,)K(7,), i,,i, = 01,2---. The assumption
assures thatl, --- are free from secular type terrts ' . This restriction guarantees that
the solution always excludescular-type terms or the first harmonic terms, othervése
sizeable error would occur [12]. Moreover, we assutrat X, and X_ respectively

contains terms<; and X .
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3. Example
As example of the above procedure, let us consideonlinear vibrating system with
slowly varying coefficients

X+ 2k, (T)x + (K> +k, cosT)x = —&x° 7)
Here over dots denote differentiation with respectt. X, = X, + X, and the
function f © becomes,
fO =—(x+3xx, +3x,x% +x%). )(8
We substitute in (5) and separate it into two pasts
(/11)(1DX1 +/]2X—1DX—1) X+ (/]leD)S. +/]2X—1DX—1) X4 +/]1'X1 +/1£X_1 _/12 X, _Alx—l
= (Xf +3X12X—1 + Xfl)
And (Alxlel + A%, DX, _Al)(Alxlel + A%, DX _Az)ul = _(‘?’Xlel) (10)
The patrticular solution of (10) is
u, = ¢ X X3 (11)
wherec, = =3/2A,(A, + A,)
Now we have to solve (9) for two function$;, and X_; (discussed in section 2)
The particular solutions are
(/]1X1DX1 + A2X—1DX—1) Xy +Ax = A, X == (6 +3x/x,)
(12)
and (A, Dx, + A,x DX, )X, + Ax A X, ==X, (13)
The particular solution of (12)-(13) is
X, =Axn, +n,x3 +nx2x_, and X_, = A;X

9)

B PR (14)
where
n =-1(A,-A4,), n, ==1/(34, - A,), n, = =3/2A,,1, =1/(A, = A,),
l,=-1/(34,-A,)
Substituting the functional values of,, X_; into (4) and rearranging, we obtain

% = A+, + ¢ +nd) (15)

and X, =A%, + 5(/1;x_lll + szfl) (16)
Therefore, the first order solution of (7) is

X(t,&) =X, + X, +&u,, 17)

where X, X_, are given by (15), (16) andl, is given by (11).

4. Results and discussions

A technique is presented based on the general I€sulechnique and extended KBM
method to determine approximate solutions of owenmged nonlinear vibrating systems
which vary with time. The solution has been deteadiunder the technique which gives
better result for long time. In order to test therwacy of an approximate solution
obtained by a certain perturbation method, one ewegpthe approximate solution to the
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numerical solution (considered to be exact). Witdgard to such a comparison
concerning the presented Struble’s technique atehded KBM method of this article,
we refer to the works of Murty, Dekshatulu and Kria [5] Shamsul [6-9] and Pinakete
al [10-11]. In this paper we have compared the peatish solution (17) to those
obtained by Runge-Kutta (Fourth order) method.

First of all, x is calculated by (18) with initial conditionfsx(0) = 1.0, x = 0.0]

orx, =10, x, =-170814or  w=w,/(k +k,cosT), A, =-04, A, =-7,

£=.9. Then corresponding numerical solutions is alssnpated by Runge-Kutta

fourth-order method. The result is shown in Fi§Me see that in Fig. 1 the perturbation
solution nicely agree with the numerical solutidhe corresponding numerical solutions
have also been computed by Runge-Kutta fourth-argethod. From Fig. 2, Fig. 3, Fig.

4, Fig. 5 and Fig. 6, we observe that the approténsalutions agree with numerical
results nicely and give desired result for stronglimearity.

1.2~

1 21 4 6 801 1001 1201 4 181 1801 2001
i

Figure 1. Perturbation solution (dotted line) with corresgimig numerical solution (solid
line) are plotted with initial conditiongx(0) = 1.0, X = 0.0]

orx, =10, X, =-.1708140r w= @,/ (kZ +k,cosr), A, =-04, A, =7,

=9,
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Figure2: Perturbation solution (dotted line) with corresgimig numerical solution (solid
line) are plotted with initial conditiongx(0) = 1.0, x = 0.0]

orx, =10, x, =-.18534%0r w= w,/(kZ +k,cosr), A, =-04, A, =-7,

=1
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Figure 3: Perturbation solution (dotted line) with corresgioig numerical solution (solid
line) are plotted with initial conditionfx(0) = 1.0, x = 0.0]
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orx, =10, x, =-.19988%0r w=w,+/(k? +k,cosr), A, =-04, A, =-7,
=11
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Figure4: Perturbation solution (dotted line) with corresgimig numerical solution (solid
line) are plotted with initial conditiongx(0) = 1.0, x = 0.0]

orx, =10, X, = —.21441%0r w= g/ (k? +k,cosr), A, =-04, A, =-7,
£=12
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Figure5: Perturbation solution (dotted line) with corresgioig numerical solution (solid
line) are plotted with initial conditionx(0) = 1.0, x = 0.0]
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orx, =10, x, =—.22895%0r w=w,+/(k? +k,cosr), A, =-04, A, =-7,
£=13
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Figure6: Perturbation solution (dotted line) with corresgioig numerical solution (solid
line) are plotted with initial conditionfx(0) = 1.0, x = 0.0]

orx, =10, x_, =—.2434880r w=w,+/(k? +k,cosr), A, =-04, A, =-7,
£=14.

5. Conclusion

In this article a technique is developed for obitajnthe solution of over-damped
nonlinear vibrating system where the coefficierttarge slowly with time and when one
of the eigen-values is multiple (almost two hundtieaes;i.e., Bicentuple) of the other

eigen-value. The solution is simpler than clasgdi method. It gives better result and
agrees nicely with the numerical solutions for styaonlinearity. The method can be
preceded to higher order nonlinear systems.
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