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Abstract. In this paper a new type of fuzzy multifunctionnted as fuzzye* (respectively
6s and 6p) -continuous multifunction has been introduced artddisd. Some
characterizations and several properties of fuamet and uppee* (respectivelyss and
édp)-continuous multifunctions are obtained.
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1. Introduction

The concept of fuzzy set was introduced by ZadgB&sed on the concept of fuzzy sets,
Chang [2] introduced and developed the conceptizifyf topological spaces. Since then
various important notion in the classical topol@yeh as continuous functions [2] have
been extended to fuzzy topological spaces. Fuzatiradty is one of the main topics in
fuzzy topology. Various authors introduced varityses of fuzzy continuity. One of them
is fuzzy e-continuity. In 2014, Seenivasan [5] introduce toacept of fuzzye-open and
fuzzy e-continuity. Throughout this paper spadgs é) and (Y, o) (or simply X andY)
represent nonempty fuzzy topological spaces deeadage [2] and the symbolsand %
have been used for the unit closed intef@gl] and the set of all functions with domaih
and codomair, respectively. The support of a fuzzy geis the sef{x € X: A(x) > 0}
and is denoted byupp(A4). A fuzzy set with only nonzero valyee (0,1] at only one
elementx € X is called a fuzzy point and is denotedsy and the set of all fuzzy points
of a fuzzy topological space is denoted®y(X). For any two fuzzy setd andB of X,

A < B ifandonly if A(x) < B(x) forall x € X. A fuzzy pointx, is said to be in a fuzzy
setA (denoted byx, € 4) if x, < A, that is, ifp < A(x). The set of all fuzzy points
having nonzero value, 0 < € <1 and contained in the fuzzy sdtis denoted by

Pr(4,¢). The constant fuzzy sets &f with values0 and1 are denoted bﬁ and1,
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respectively. A fuzzy sed is said to be quasi-coincident with (written asAgB) [3] if
A(x) + B(x) > 1 for somex € X. A fuzzy setd is said to be not quasi-coincident with
B (written asAqB) [3] if A(x) + B(x) <1 for all x € X. A fuzzy open setl of X is
called fuzzy quasi neighbourhood of a fuzzy poiptif x,,qA and the collection of all
fuzzy quasi neighbourhood of a fuzzy poiyt is denoted by QN(X,x,). The fuzzy
closure of4, fuzzy interior of A, fuzzy -closure ofA and the fuzzy§-interior of A are
denoted byCl(A), Int(A), Cls(A) and Ints(A) respectively. A fuzzy subset of
spaceX is called fuzzy regular open [1] (respectively Zuzregular closed) ifA =
Int(CI(A)) (respectivelyd = Cl(Int(A)). The fuzzyd-interior of fuzzy subsefi of X

is the union of all fuzzy regular open sets coradiim A. A fuzzy subsetd is called fuzzy
6-open [4] if A = Ints(A). The complement of fuzz§-open set is called fuzz§-closed
(i.e, A = Cls(A)). In this paper we use fuzzy/-open sets in order to obtain certain
characterizations and properties of upper (lowerzy e*-continuous multifunctions.

2. Preliminaries

Definition 2.1. [5] A fuzzy set 1 of a fuzzy topological space X is said to be fuzzy
e-open if 1 < Cl(Intgd) v Int(Clsd), where CI(A) =A{u: = A, u is fuzzy closed in
X} and Int(A) =V {p: u < A, p isfuzzy openin X}. If A isfuzzy e-open, then 1 — 1 is
fuzzy e-closed.

Definition 2.2. [5] Let X be afuzzy topological space and A be any fuzzy setin X. The
fuzzy e-closure of 1 in X is denoted by eCl(1) asfollows. eCl(u) =A{Al: A= u, A isa
fuzzy e-closed set of X}. Smilarly we can define elnt(A).

Definition 2.3.[1] A fuzzy topological space X is product related to a fuzzy topological
space Y if for fuzzy sets 6 of X and n of Y whenever 1—A226 and 1 —u 2n
>(1-2AXxDAAx1—pu)=3d6xn,where 1 isafuzzyopensetin X and u isafuzy
open set in Y, there exists 1, a fuzzy open set in X and u; a fuzzy open set in Y such
that 1—2,>6 and 1—pu; =17 and 1—-A4, x1D)V(Ax1—p)=1A—-Ax1)V
(1x1—p).

We know that a nefxg ) in a fuzzy topological spacgX,7) is said to be
eventually in the fuzzy sed < X if there exists an index, € / such that(x¢ ) € p for
all a = ay.

Definition 2.4. Suppose that (X, 1), (Y,v) and (Z, w) arefuzzy topological spaces. It is
known that if F;:X -Y and F,:Y - Z are fuzzy multifunctions, then the fuzzy
multifunction F; o F,: X — Z isdefined by (F; o F,)(x.) = F,(F;(x.)) for each x, € X.

Definition 2.5. Suppose that F: X — Y is a fuzzy multifunction from a fuzzy topological
space X to afuzzy topological space Y. The fuzzy graph multifunction Gp: X - X X Y of
F isdefined as Gp(x.) = {x:} X F(x,).

3. Fuzzy e* (respectively dsand &8p)-continuous multifunctions

Definition 3.1. Let F: X —» Y be a fuzzy multifunction from a fuzzy topological space
(X, 1) toafuzzy topological space (Y,v). Thenitissaidthat F is.
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(1) Upper fuzzye* (respectivelyds and dp)-continuous atc. € X if for each fuzzy
open set u of Y containingF(x;), there exists a fuzzy* (respectivelyés and
&p)-open setp containingx, such thatp < F* ().

(2) Lower fuzzye™ (respectivelyds and dp)-continuous atr, € X if for each fuzzy
open setu of Y such thatx, € F~(u) there exists a fuzzy* (respectivelyds and
ép)-open setp containingx, such thatp < F~(u).

(3) Upper (lower) fuzzye* (respectivelyds and §p)-continuous if it has this property
at each point oX.

Definition 3.2. A sequence (x,, ) is said to e* (respectively §s and §p)-converge to a
point X if for every fuzzy e* (respectively s and 6p)-open set pu containing x, there
exists an index ny such that for n >ny, x, € pu. This is denoted by x, —.- x,
(respectively x, —ss xe and x; —sp X¢).

Theorem 3.1. Let F: X — Y be a fuzzy multifunction from a fuzzy topological (X,t) toa

fuzzy topological space (Y, v). Then the following statements are equivalent:

(1) F is upper fuzzye* (respectivelyds and §p)-continuous.

(2) For eachx, € X and for each fuzzy open setsuch thatx, € F*(u) there exists a
fuzzy e* (respectivelyds and ép)-open sefp containingx, such thatp < F*(u).

(3) F*(n) is a fuzzye* (respectivelyds and &p)-open set for any fuzzy open set
u<sY.

(4) F~(w) is a fuzzye* (respectivelyds and ép)-closed set for any fuzzy open set
u<sY.

(5) for each x, € X and for each net(xZ) which e” (respectively §s and
ép)-converges tax. in X and for each fuzzy open sgt<Y such that x, €
F*(w), the net(x¢)) is eventually inF* ().

Proof. (1) & (2): This statement is obvious.

(1) & (3): Letx, € F*(u) and letu be a fuzzy open set. It follows from (1) that ther

exists a fuzzye* (respectivelyds and 6p)-open setp,, containing x, such that

pxe S FF(u). It follows that F*(u) =V, e+ Px, and henceF*(u) is fuzzy e

(respectivelyss and 6p)-open. The converse can be shown easily.

(3) = (4): Letu <Y be a fuzzy open set. We have tifau is a fuzzy open set. From
(3), F*(Y\n) = X\F~(u) is a fuzzye* (respectivelyds and dp)-open set. Then it is
obtained that"~(u) is a fuzzye* (respectivelyds and dp)-closed set.

(1) = (5): Let (x£) be a net whicke™ (respectivelyds and dp)-converges tox, in X
and letu <Y be any fuzzy open set such thate F*(u). SinceF is an upper fuzzy*
(respectivelyds and 6p)-continuous multifunction, it follows that thergigts a fuzzye*
(respectivelyds and 6p)-open setp < X containingx, such thatp < F*(u). Since
(x2)) e* (respectivelyds and §p)-converges tox,, it follows that there exists an index
ay €] such that(xZ ) € p for all @ = a, from here, we obtain thatf € p < F*(u)
for all @ > a,. Thus the ne(x¢)) is eventually inF* ().
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(5) = (1): Suppose that is not true. There exists atpainand a fuzzy open set with
xe € FT(u) such thatp < F*(u) for each fuzzye* (respectivelyds and 6p)-open set
p < X containingx,. Let Xe, €p andx, € F*(u) for each fuzzye* (respectivelyss

and Jp )-open setp <X containing x, . Then for thee* (respectivelyds and
dp)-neighbourhood nefx;, ), x., —.- x; (respectivelyx, —ss x, andx, —sp X¢) ,
but (xgp) is not eventually inF*(u). This is a contradiction. Thug, is an upper fuzzy
e* (respectivelyds and §p)-continuous multifunction.

Theorem 3.2. Let F: X » Y be a fuzzy multifunction from a fuzzy topological space

(X, 1) toafuzzy topological space (Y, v). Then the following statements are equivalent.

(1) F is lower fuzzye* (respectivelyds and §p)-continuous.

(2) For eachx, € X and for each fuzzy open sgtsuch thatx, € F~(u) there exists a
fuzzy e* (respectivelyds and §p)-open sefp-containingx, such thatp < F~(u).

(3) F~(n) is a fuzzye* (respectivelyds and dp)-open set for any fuzzy open set
u<sY.

(4) Ft(u) is a fuzzye* (respectivelyds and &p)-closed set for any fuzzy open set
u<sY.

(5) For eachx, €X and for each net(x?) which e* (respectively 6s and
dp)-converges toc, in X and for each fuzzy open set< Y such thatx, € F~(u),
the net(xg) is eventually inF~(u).

Proof: It can be obtained similarly as Theorem 3.1.

Theorem 3.3. Let F: X — Y bea fuzzy multifunction from a fuzzy topological (X,t) toa
fuzzy topological space (Y,v) and let F(X) be endowed with subspace fuzzy topology. If
F is an upper fuzzy e* (respectively 6s and &p )-continuous multifunction, then
F:X = F(X) isan upper fuzzy e* (respectively §s and &p)-continuous multifunction.
Proof: Since F is an upper fuzzye* (respectivelyds and dp)-continuous,F (X A
F(X)=Ft(w)AFY(F(X)) =F*(n) is fuzzy e* (respectivelyss and 6p)-open for
each fuzzy open subsgtof Y. HenceF: X — F(X) is an upper fuzzye* (respectively
ds and ép)-continuous multifunction.

Theorem 3.4. Let (X,7), (Y,v) and (Z, w) befuzzytopological spacesandlet F: X — Y
and G:Y — Z be fuzzy multifunction. If F: X = Y is an upper (lower) fuzzy continuous
multifunction and G:Y - Z is an upper (lower) fuzzy e* (respectivdy és and
6p )-continuous multifunction. Then GoF:X — Z is an upper (lower) fuzzy e*
(respectively s and 6p)-continuous multifunction.

Proof: Let 1 < Z be any fuzzy open set. From the definitionGo¢ F, we have(G o
F)*(A) =F*(G*tQ) ((GoF) (1) = F (G~ (1)), sinceG is an upper (lower) fuzzy
e* (respectivelyds and §p)-continuous, it follows that *(1)(G~ (1)) is a fuzzy open
set. Since F is an upper (lower) fuzzy continuous, it followshat
FH(GT(W))(F~(G~(Q)) is a fuzzye* (respectivelyds and §p)-open set, this shows
that G o F is an upper (lower) fuzzyg* (respectivelyds and dp)-continuous.

Theorem 3.5. Let F: X - Y be a fuzzy multifunction from a fuzzy topological space
(X,7) to afuzzy topological space (Y,v). If F isalower (upper) fuzzy e* (respectively
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ds and &p)-continuous multifunction and u < X is a fuzzy set, then the restriction
multifunction F|,:u—Y is an lower (upper) fuzzy e* (respectively s and
&p)-continuous multifunction.

Proof: Suppose thaf <Y is a fuzzy open set. Let, € u and letx, € F~[,(8). Since
F is a lower fuzzye® (respectivelyds and §p)-continuous multifunction, it follows that
there exists a fuzzy open set € p such thatp < F~(f). From here we obtain that
Xe EpAp andp Ap < F|,(B). Thus, we show that the restriction multifunctiBf, is
lower fuzzye* (respectivelyds and dp)-continuous multifunction .

The proof for the case of the upper fuzZy (respectivelyds and dp)-continuity of the
multifunction F|, is similar to above.

Theorem 3.6. Let F: X — Y be a fuzzy multifunction from a fuzzy topological (X, t) to
a fuzzy topological space (Y,v), let {1,:y € @} be a fuzzy open cover of X. If the
restriction multifunction F, =F, is lower (upper) fuzzy e* (respectively és and
ép )-continuous multifunction for each y € @, then F is lower (upper) fuzzy e*
(respectively s and 6p)-continuous multifunction.

Proof: Let u <Y be any fuzzy open set. Sinég is lower fuzzye* (respectivelyds
and dp)-continuous for eacly, we know thatF, (1) = Intly(Fy‘(u)) and from here
F~w) A Ay, < Inty (F~() A2y) and F~(u) A4, < Int(F~(uw)) A4,. Since{A,:y €
@} is a fuzzy open cover df. It follows thatF~(u) < Int(F~(u)). Thus we obtain that
F is lower (upper) fuzzye* (respectivelyds and &p )-continuous multifunction.

The proof of the upper fuzzy* (respectivelyss and dp)-continuity of F is similar to
the above.

Theorem 3.7. Let F: X - Y be a fuzzy multifunction from a fuzzy topological space
(X,7) toafuzzy topological space (y,v). If thegraphfunctionof F islower (upper) fuzzy
e* (respectively §s and &p)-continuous multifunction, then F is lower (upper) fuzzy e*
(respectively s and 6p)-continuous multifunction.
Proof: For the fuzzy setg < X, n <Y, we take
0 ifz¢p
ExmEN =1y itees
Let x, € X and letu € Y be a fuzzy open set such thate F~(u). We obtain that
Xe € GF (X xu) andX x u is a fuzzy open set. Since fuzzy graph multifunciir is
lower fuzzye* (respectivelyss and dp)-continuous, it follows that there exists a fuzzy
e* (respectivelyds and dp)-open setp < X containingx, such thatp < Gp (X X p).
From here, we obtain that< F~(u). Thus,F is lower fuzzye® (respectivelyss and
ép)-continuous multifunction.
The proof of the upper fuzzg* (respectivelyss and ép)-continuity of F is similar to
the above.

Theorem 3.8. Supposethat (X,7) and (X,,1,) arefuzzytopological spacewhere a € J.
Let F: X - [[4e; Xo beafuzzy multifunction from X to the product space [[,¢; X, and
let Py:[lqe; Xo = X, bethe projection multifunction for each a € ] which is defined be
Py ((xg)) = {x4}. If F isanupper (lower) fuzzy e* (respectively 6s and &p)-continuous
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multifunction, then P,oF is an upper (lower) fuzzy e* (respectively ds and

ép)-continuous multifunction for each a € J.

Proof: Take anya, €. Let u,, be a fuzzy open set (X, 74). Then (P,

F)* (Hay) = F* (P () = F* (ap X [aeag Xa)  (respectively (Py, © F)™(Hg,) =

F™(Pgy () = F~ (e, X [laza, Xa)- SinceF is upper (lower) fuzzye*-continuous
multifunction and sincet,, X [[yxq, Xo iS @ fuzzy open set, it follows that" (u,, x

[z, Xo) (respectively F~(ug, X [lazq, X)) is fuzzy e* (respectively s and
dp)-open in(X, 7). It shows that?, o F is upper (lower) fuzzye* (respectivelyss and
ép)-continuous multifunction. Hence we obtain thgte F is an upper (lower) fuzzy*

(respectivelyss and §p)-continuous multifunction for each € J.

Theorem 3.9. Suppose that for each « € J, (X,,7,) and (Y,,v,) are fuzzy topological
spaces. Let F,: X, — Y, be a fuzzy multifunction for each a € J and let F:[]qe; Xo —
[lae; Yo be defined by F((x4)) = [lae; Fx(x,) from the product space [[,¢; X, to
product space [[qe; Y. If F isan upper (lower) fuzzy a-continuous multifunction, then
each F, isan upper (lower) fuzzy e* (respectively és and dp)-continuous multifunction
for each a € J.

Proof: Let u, <Y, be afuzzy open set. Then, x [[,-5 Y5 is a fuzzy open set. Since
F is an upper (lower) fuzzg* (respectivelyds and ép)-continuous multifunction, it
follows that F*(u, X Ha:tﬁ Y,B) = F*(ug) X Ha:tﬁ Xp ( F7 (g % Ha:t,B Y,B) =
F~(ug) X [lazp Xp) is a fuzzye™ (respectivelyds and 5p)-open set. Consequently, we
obtain thatF* (u,) (F~(1g)) is a fuzzye* (respectivelyds and ép)-open set. Thus, we
show thatF, is an upper (lower) fuzzy* (respectivelyds and 8p )-continuous
multifunction.

Theorem 3.10. Suppose that (X;,71), (X,,75), (Y1,v;) and (Y,,v,) are fuzzy
topological spaces and F;: X; —» Y;, F,: X, —» Y, are fuzzy multifunctions and suppose
that if n x B is fuzzy e* (respectively 6s and &p)-open set then n and g are fuzzy e*
(respectively 8s and dp)-open setsfor any fuzzy setsn <V, § <Y,. Let F; X F: X; X
X, = Y, xY, beafuzzy multifunction which is defined by (F; X F,)(x, »,) = Fi(xg) X
Fy(n). If F; X F, is an upper (lower) fuzzy e* (respectively 6s and &p)-continuous
multifunctions, then F; and F, are upper (lower) fuzzy e* (respectively 6s and
&p)-continuous mutifunctions.

Proof: We know that(u* X %) (x,, y1,) = min{u*(x), B*(y)} for any fuzzy setg.*, §*
and for any fuzzy poink,,y,. Letu x 8 <Y; XY, be a fuzzy open set. It known that
(F1 X F,))T(ux B) = Fif(u) x F5 (B). SinceF; x F, is an upper fuzzye*-continuous
multifunction, it follows thatFjt(u) x F}(B) is a fuzzye* (respectivelyds and
&p )-open set. From heref;f (1) and Ff(B) are fuzzye* (respectivelyds and
dp)-open sets. Hence, it is obtain thigtand F, are upper fuzzye* (respectivelyds and
dp)-continuous multifunctions. The proof of the loweizzy e* (respectivelyds and
ép)-continuity of the multifunctiong; andF, is similar to the above.

Theorem 3.11. Suppose that (X, t), (Y,v) and (Z, w) are fuzzy topological spaces and
Fi:X =Y, F): X - Z are fuzzy multifunction and suppose that if n X 8 is a fuzzy e*
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(respectively 8s and dp)-opens set, then n and g are fuzzy e* (respectively 6s and
ép)-open sets for any fuzzy set n <Y, f<Z. Let F; XF,;:X ->Y X Z be a fuzzy
multifunction which is defined by (F; X F,)(x.) = Fi(xe) X Fy(x.). If F; X F, is an
upper (lower) fuzzy e* (respectively 6s and &p)-continuous multifunction, then F; and
F, areupper (lower) fuzzy e* (respectively s and &p)-continuous multifunctions.
Proof: Let x, € X and letu < B, B < Z be fuzzye® (respectivelyss and ép)-open
sets such thak, € F;*(u) and x, € F;/(8). Then we obtain thaf;(x,) <u and
Fy(x.) < B and from here Fi(x;) X F(x.) = (F; X F,))(xg) <uxpB . We have
x. € (F; X F))Y(ux pB). Since F; X F, is an upper fuzzye* (respectivelyds and
dp)-continuous multifunction, it follows that thergist a fuzzye™* (respectivelyds and
8p )-open setp containing x, such thatp < (F; X F,)*(u x B) . We obtain that
p < Ff(w) andp < Ff(B). Thus we obtain thak; andF, are fuzzye* (respectively
ds and ép)-continuous multifunctions.

The proof of the lower fuzzye* (respectively 6s and dp )-continuity of the
multifunctions F; andF, is similar to the above.
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