Progressin Nonlinear Dynamics and Chaos
Vol. 6, No. 1, 2018, 19-28

ISIN: 2321 — 923gonline) Progl;ess in
Published on 10 February 2018 Nonlll‘lear
www.researchmathsci.org .

DOI: http://dx.doi.org/10.22457/pindac.vénla3 Dynamics and Chaos

On Super Standard Elements of a L attice

Md. Ayub Ali, A.S.A.Noor? and Sompa Rani Podder®

L3Department of Mathematics, Jagannath UniversitygkahBangladesh.
E-mail: ayub_ju@yahoo.com
’Department of E.T.E.Prime University, Dhaka, Badgkh.
E-mail: asanoor100@gmail.com
Corresponding author.

Received 20 January 2018; accepted 9 February 2018

Abstract. In this paper, authors introduced the notion ofipes standard element of a
lattice. They have given several characterizatmfrthis element. For a fixed element
a convex sublattice of. containing n is called ann-ideal. n-ideal generated by a
single elementa is called a principlen-ideal, denoted by<a>_ . The set of all

principal n-ideals is denoted by, (L). They proved that whem is super standard,

P, (L) is a meet semi lattice. A meet semi lattice togethith the property that any two

elements possessing a common upper bound haverensup is called a near lattice.
Then the authors have introduced the concept othandype of element, known as

nearly neutral element. They proved whanis nearly neutral, therP, (L) is a near
lattice, but not necessarily a lattice. Moreoverhew n is nearly neutral and
complemented in any interval containing it, thep(L) is a lattice. They preferred to call

it as a nearly central element. At the end theyehaeluded a characterization of super
standard elements.
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1. Introduction
The n-ideal of a lattice have been studied by many astincluding [1,2,3,4,5]. Len

be an element of a lattide . An n-ideal of L is a convex sublattice df containingn.
It is well known that this concept is a general@abf both ideals and filters of a lattice.

For twon-ideals| andJ, ICJ=I1nJandl OJ={x0OL:i, 0}, <x<i,0],
for somei,,i, U1, j;, j, 0J}. The set ofn-ideals in a lattice is denoted By (L).
An n-ideal generated by a finite numbers of elemexpts,,.....,a,, is called a finitely

generatedh-ideal denoted by< a,,a,,.....,a,, >

m n*
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By [2], [3],
<a,a,,..,a,>,={x0L:a Ua, U...0a, On< x<a, Ua, U....0a, On}.
Thus every finitely generated-deal is 2-genrated and it is an interfa)b].
Moreover, it is well known,

[a,b] n[c,d] =[alCc,bCd] and

[a,b]O[c,d] =[alCc,blCd].
The set of all finitely generated-ideals is again a lattice, denoted By(L). The n-
ideal generated by a single element is calledrecipél n-ideal. Set of all principah -
ideals is denoted b¥, (L). Of course<a > =[alIn,aln]. Thus
<a> n<b> =[alnaln] n[bnbn]

=[(@aCn)C(bCn),(aCn)C(bCn] and

<a> O<b> =[alb0Onalb0n]

In this paper we have studied the super standardegits of a lattice. Then we have
given some characterizations &, (L) whenn is a super standard element.

By [7, 8], an elemert is called a standard element in a latticef for all x,y[IL,
xC(yCs)=(xCy)C(xCs).
In the pentagonal lattick ,

Figure 1.
elementn is standard bug,b are not.

2. Main results
Recently we have characterized a standard eleméin¢ ifollowing way:

Theorem 1. Let € be an element of a lattick. Then the following conditions are
equivalent:
i) < isstandard
i) Forallt,x,ylS, tC[(xCy)C(xC9)]=0tCxCy)C({tCxCs).
ii) Proof: i)=>ii). Supposes is standard antl, x, y [] L.
The
tC(XCY) CxE9]=t CIXC(YyL9]=t LY C(yL9 =t CxCy) Lt CxCs)
(i)=>(i) Suppose (ii) holds. Leyy L s=r.Thenr Ly=y andr Ls=s.
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Thus,xC(yCs)=xC[(rCy)C(rC9)
=(tCrCy)C(xCrCs)
=(xCy)C(xCs) and sos is standard. o

An elementd of a latticeL is called a distributive element if
dC(xCy)=(dLCx)C(dCy) forall x,yOL. Itis well known that every standard
element is distributive, but the converse is naessarily true. For example, in Figure-1,
elementb is distributive but not standard.

By [9], an elementm of a lattice L is called modular if for allx, y (I L with y < X,
XC(mCy)=(xCm)LCy.

In Figure 1, elemen@é is modular butb is not. Of course every standard element is
modular.

Following result is due to [9].

Theorem 2. An elements of a lattice L which is both modular and distributive is
standard.
Super standard element: An elementnof a lattice L is called a super standard element
if

()  nisstandard and

M nCmx,n,y)=nC[(XxCyY)C(XCnC(yCn)]=(XxxCnC(yCn)

In Figure 1,n is not only standard but it is easy to verify tiids also super standard.

But in Figure 2,nis standard but not super standard.
1

n \Y

Fiaure 2:

Observe thanC m(x,n,y) =nC1l=n>t=(xCn)C(yLCn).
Now we include a characterization of super standhent.
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Theorem 3. An elementn of a latticeL is super standard if and only if
0 t,xydL,
tCmx,n,y)=tCxCy)CAC(xCn)C(yLCn))).
Proof: Supposen is super standard ib. Thenn is standard and
nCm(x,n,y)=(xCn)C(yCn) forall x,yOL. Then
tCm(x,n,y) =tC[(xCy)C(xCn)C(yCn))]
£C[(m(x,n,y) CXCy) C(nCm(x,n,y))]
#LC(XCy)Cm(x,n,y))C(tCm(xn,y)Cn) (by Theoreml) as is
standard
ECXCY)CEC((XEnC(yCn))).
Conversely, let Cm(x,n,y) =t CxCy)C(tC((xCn)C(yLCn))) forall
0 t,x,ydL.
Then puttingt = n, we have
nCm(x,ny)=(nCxXCy)C(nC((xCEn)C(yCn)))
=(xCyCnC(XxCnC(yCn)
=(xCn)C(yCn).
Moreover,t C[(XCy) C (xCn)]
=tC[(XC(XCy) C(xCn)C(xCyCny)
=tCm(x,n,xCy)
=tCXCXCY)CEAC(xCnC(xCyCn))
=(tCxCy)C(tCxCn), and so by Theorem-1) is standard. Thus is
super standardh

Theorem 4. Let nbe a standard element of a lattice Then the following conditions

are equivalent:
() nis a super standard element.

(i) <x>, n<y>=<m(xn,y)> forall x,yOL.
Proof: (i)= (ii). Supposenis super standard.

Now,

<X> n< y>n=[an,an] N [yDn,yDn] =[(an)D(yDn),(an)D(yDn)]
= [m(x, n, y) Dn,(x 0 y) 0 n]
= [m(x, n,y)dn,m(x,n,y)O n] =<m(x,n,y) >, asnis super

standard and so distributive .

Conversely, lek x>, n <y > =<m(x,n,y) >,

Then[(xOn)O(y On), (xOn)O(yOn)] = [m(x,n, y) On,m(x,n, y) On] .

This impliesn [ m(x, n, y) = (x H n) H (y H n) and sonis super standard

Now we have a nice improvement of Theorem 4.
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Theorem 5. Let n be a modular element of a lattide. The following conditions are
equivalent:
() n is supper standard

(i) <x>, n<y>=<m(xn,y)>, forall x,yOL.
Proof: (i)=>(ii). Supposen is super standard. Then,
<x> n<y>=[xOnxOnn[yOnydn]
[(XCn)C(yCn),(xCn)C(yCn)
[(XCn)C(yCn),nC(xCy)],asn is super standard.
=<m(x,n,y) >,

(i)=>(@) letforall x, yOOL, <x> n<y>=<m(xn,y)>,.
Then[(XCN)C(yCn),(xCn)C(yCn]l=[nCm(x,n,y),nCm(x,n,y)] and so
nCm(x,n,y)=(xCn)C(yCn)
Moreover,(XCn)C(yCn)=nCm(x,n,y)

=nC(xCy)C(xCn)C(yCn)

=nLC(xCy) which implies n is distributive. Sincen is
modular, so by Theorem 2 is standard. Thus by Theoremr,is super standardz

Corollary 6. P,(L) is a meet semi lattice ifi is a super standard elementlafo

Corollary 7. If nis modular andP, (L) is a meet semilattice themis supper standard
and hencenis standardo
A meet semi Iattice(S; s) is called a near lattice if any two elements pssisg a

common upper bound have a supremum. Any finite el lattice is a near lattice.
[ 6, Fig 1], gives an example of a meet semilattitich is not a near lattice.

A
(1,2)
(0,1) + (1,1)
@ >
Figure3:

In R?, S={(10), (0D, y):y>1yLry 1> ameet semilattice(l,2) is a common
upper bound of boti1,0) and (0) . But they don’t have the supremum @4) [ S.
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Now we know from Corollary 6 thaP,(L) is a meet semilattice when is supper
standard. But thef?, (L) need not be a near lattice. In Figureris supper standard. In
P(L), <a>,,<1> 0O<b> . But <a> 6 UO<1> ={anl}0P,(L). Hence
P, (L) is not a near lattice.

An elementn L is called neutral if
0] it is standard and
(i) NC(XCy)=(nCx)C(nCy) forall x,yOL.

If nis neutral then clearlp C m(x,n,y) =nC[(XCy)C(xCn)C(yLCn)]
=(xCyCnCOEC((xCnC(yCn)=xCyCnC(xCnC(yCn)
=(xCn)C(yLCn) implies it is super standard.

In figure 1, n is super standard but_(alCb)=n>a=(nCa)C(nCb) implies it

is not neutral. By above theorerR, (L) is a meet semi lattice whem is super standard.
But it is not necessarily a lattice evenniis neutral. For example consider 3 element
chain {O,nl}. That is, 0sn<1 Then the elements ofP,(L) are {n},

<0>,={0n}, <1>,={1n)

{n}
P.(L)

Figure4:

which is not a lattice.
An elementn L is called nearly neutral if
() nisstandard and
(i) Forallx,yOL, nC[xC(yCn)]=(XCy)C(yCn)
Of course every neutral element is nearly neuindigure 5,
n is nearly neutral, bunC(alCb)=n>0=(nCa)C(nCb) shows thatn is not
neutral. Moreover, ifn is nearly neutral, then
nCm(x,ny)=nC[(xCy)C(xCn)C(yCn)]
=nCIXCy) C(((xCM C(yCm) Cn)]
=(nCxCy)C(xCnC(yCn)
=(xCn)C(yLCn) implies n is super standard.
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1

N

Figure 5:

Theorem 8. If n is nearly neutral, the®, (L) is a near lattice.
Proof: We already know thal, (L) is a meet semi lattice. Moreover, fayy O L,
<X>, n<y>=<mxn,y)>,.
Now, let< x> ,<y> U<t > .
ThentCn<x[CnsxCn<stCnandtCnsylLn<syLn<tln
Thus,tCnsxCyCnsxLCylLn<stln,
Now, < x> O<y> =[x0OyOnxOyOn]
Let, r =t C(xCyCn)C(xCyLCn)
Then,rCn=nC[tC(xCyCn))C(xCyLCn)]
ftnCtC(xCyCn)C(xCyLCn) asn is a nearly neutral
=tCnC(xCyLCn)
=xLylCn
Also,rCn=tC(xCyCn)C(xCyCn)Cn
=tC(xCyCn))Cn
=(tCn)C(xCyLn) asn is distributive
=xLylLn

Hence < x> O<y> =<r> [P, (L).
Therefore,P, (L) is a near latticex
In Fig-5, the elements d?, (L) are
{n}, <c>,={c,n}, <a> ={0,a,n,c}, <0> ={0,n},
<b> ={0b,n,d}, <1> ={n,c,d1},
and <d > ={d,n}. The figure of P, (L) is shown in figure 6.
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<1>,

<a>
n <b>,

<C>n <0>n <d>n

{n}
R (L) Figure6:

which is a near lattice (in fact, a semi Booleatida) but not a lattice.
We already know from [2] and [3] that ihJL is complemented in each interval
containing it thenP, (L) is always a lattice and in fact, thé}(L) = F, (L).

An elementn is called a central element if
i) N isneutral and
ii) Itis complemented in each interval containing it.
Now we call an elemem 1 L as nearly central element if
i) Itis nearly neutral and
ii) Itis complemented in each interval containing it.

In the following figure 7,n is not central but it is nearly central.

1

N
Figure7:
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Elements ofP, (L) are
{n},<c>,,<a>={0an,c, <0> ,<b> ={0b,n,d},
<1> ={n,c,d1}, L=<t>.

The figure of P, (L) is given in Figure 8.
<t>,

<a>, <b>

<

<c>y
<d>,

<n>

Figure8:

We conclude the paper with the following theoremisTalso gives a characterization of

super standard element. To prove this we needadllenving result which is due to [2]
and [3].

Lemma 9. Suppose in a lattick , nJ L is complemented in each interval containing it.
ThenF, (L) = P,(L) and the mag: P,(L) - (n] x[n) defined by
¢<a>,)=(aln,alln) is an isomorphisnu

Theorem 10. Suppose in a lattick , n is complemented in each interval containing it.
Then the following conditions are equivalent:
(i) n is super standard

(i) Foralla,bdL, <a> =<b>_ impliesa=Db is anisomorphism.
Proof: (i)=>(ii). Suppose (i) holds. Let a > =<b>_
=[alCnaln]=[bCnblCn]
=aln=bCn, aCn=bln]
= a=Db asn is standard.
(i)=>()) By Lemma 9, P,(L) is a lattice. Now, @:P,(L) - (n]° x[n) is an
isomorphism, so ¢ is a meet homomorphism. Them <a> n<b> )=
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#<a>,)0@<b>)). That is, d<m(a,n,b)> ) =(aClnaln)C(bCnblCn)
Thatis (nOm(a, n,b),nOm(a,n,b)) = ((alln) O, (bOn),(alin) O(b0n)) Thatis
(nOm(a,n,b),nd(alb)O(alin)O(On)) =((aln), (bOn),(alin) O(bOn))
That is. (nOm(a,n,b),(alb)n)=((atn)d, (bOn),(alin)d(b0On)). This
implies nCm(a,n,b) =(aCn)C(bCn) andnlC(alb)=(nCa)C(nCb). Hence
n is distributive. Finally, letaCn=bLCnand aC n=b[ n. Thisimplies
[aCnalCn=[bCnblCn] Thatis<a> =<b>_  and so by (ii)a=b. Therefore

by [8, Theorem 3] n is standard. Since we have already proved that
nCm(a,n,b) =(aln)C(bCn) son is super standards
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